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Abstract Investigating word complexity cutoffs for partial and light mixing in subshifts, we
construct partially mixing rank-one subshifts whose word complexity functions p(q) satisfy
lim infq→∞ p(q)/q < 2 + ϵ for any prescribed ϵ > 0 and, conversely, we prove that every lightly
mixing rank-one subshift satisfies lim infq→∞ p(q)/q > 2, establishing 2 as the optimal limiting
threshold in the rank-one setting. More quantitatively, we show that every α-partially mixing
rank-one subshift satisfies lim infq→∞ p(q)/q ≥ 2+α/(1+α). Our constructions are a combination
of staircase and Chacon-like rank-one stages; we introduce the independently interesting notion
of mixing spans and meshes to establish partial mixing while retaining low word complexity.

Introduction

Subshifts are a natural and well-studied class of transformations: transformations on closed subsets
X ⊆ AZ which are invariant under the shift map (here A, the alphabet, is an arbitrary finite set). A key
aspect of subshifts is that there is a finer notion of complexity than for general transformations, namely
we can define the word complexity function p(q) = |{w is a subword of some x ∈ X : |w| = q}| where
|w| is the length. Entropy, the standard measure of complexity for general transformations, cannot
distinguish qualitative behavior, such as various forms of measure-theoretic mixing, among zero entropy
transformations; however, word complexity can. Questions of what the minimal possible word complexity
for subshifts having mixing properties date back to Ferenczi in the 1990s, e.g. [Fer96],[Fer95] and are an
active area of current research.

A word complexity cutoff is a quantitative statement about the asymptotic nature of p(q) for which
some specified qualitative property of the subshift can occur. For example, in [Cre26], the author
showed that the word complexity cutoff for measure-theoretically strong mixing is precisely that p(q)
is superlinear: any strongly mixing subshift has lim p(q)/q = ∞ and for any f(q) → ∞ there exists
a strongly mixing subshift for which p(q) < qf(q) (for sufficiently large q). For another example, the
related question for weak mixing was resolved by the author and R. Pavlov [CP24] who showed that
lim sup p(q)/q < 1.5 implies discrete spectrum, hence precludes weak mixing, and [CP23] where the
existence of a weakly mixing subshift with lim sup p(q)/q = 1.5 and lim inf p(q)/q = 1 was established.

A striking feature of recent work on word complexity is the appearance of a sequence of thresholds of
the form (k+1)/k, in several different senses, at which increasingly restrictive structural and dynamical
properties cease to be forced. In particular, 3/2 is the sharp threshold for the occurrence of weak mixing
in terms of lim sup p(q)/q [CP24], while 4/3 marks a transition in the substitutive structures available
to low-complexity subshifts [CP23]. Further restrictions on substitution incidence matrices arise below
5/4, see [CP23], specifically the discussion following Proposition 3.1. At the other end of this hierarchy,
strong mixing requires superlinear word complexity, i.e. “1/0”. The results of this paper identify 2 = 2/1
as the corresponding limiting threshold for partial mixing within the rank-one class and provide evidence
for the analogous threshold for light mixing in general.

A transformation T is α-partially mixing for 0 < α < 1 if for all measurable sets A and B,

lim inf µ(TnA ∩B) ≥ αµ(A)µ(B)
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A transformation T is lightly mixing if for all positive measure sets A and B, lim inf µ(TnA∩B) > 0.
Strong mixing is defined as limµ(TnA∩B) = µ(A)µ(B) and weak mixing as the existence of a sequence
of times along which that limit holds; as is well-known the implications

strong mixing ⇒ partial mixing ⇒ light mixing ⇒ weak mixing

hold and none of the reverse implications hold.

Main results

Here we establish a quantitative, in terms of word complexity, result regarding partial mixing as it fits
into the general word complexity cutoff framework:

Theorem 1. For every ϵ > 0, there exists a partially mixing subshift such that lim inf p(q)/q < 2 + ϵ.

While weak mixing is possible with lim inf p(q)/q = 1 and strong mixing forces lim inf p(q)/q = ∞, our
work here shows that light mixing can occur with lim inf p(q)/q < 2 + ϵ. Building on this, we establish
that, in the context of rank-one subshifts, 2 is the optimal bound (and in fact cannot be attained by a
rank-one subshift though we suspect it can be attained by a non-rank-one lightly mixing subshift):

Theorem 2. For any lightly mixing rank-one subshift, lim inf p(q)/q > 2.

We also establish lower bounds for word complexity of arbitrary α-partially mixing rank-one subshifts
demonstrating that stronger partial mixing forces increasing lower bounds on word complexity.

Theorem 3. For any rank-one subshift which is α-partially mixing, lim inf p(q)/q ≥ 2 + α/(α+1).

Further directions

Motivated by these results, we propose the following:

Conjecture 4. For any subshift which is α-partially mixing, lim inf p(q)/q ≥ 2 + α/(α+1).

Conjecture 5. For any lightly mixing subshift, lim inf p(q)/q ≥ 2.

The apparent discrepancy with the above and our result is intentional, and in fact we suspect that in the
rank-two setting, equality can be attained just as equality with 1.5 can be attained in the weakly mixing
rank-two setting despite the fact that weakly mixing rank-one subshifts cannot attain the 1.5 bound.

Conjecture 6. There exists a lightly mixing subshift with lim inf p(q)/q = 2.

Our lightly mixing examples with lim inf p(q)/q < 2 + ϵ necessarily have lim sup p(q)/q = ∞ due to the
nature of their construction; we conjecture that such is unavoidable in general when constructing lightly
mixing subshifts:

Conjecture 7. For any lightly mixing subshift, lim sup p(q)/q = ∞.

Mixing spans and meshes

A key new ingredient in the proof of Theorem 1 is the notion of mixing spans and meshes, which is of
independent interest and worth highlighting. A mesh is, in essence, a way of taking specific subsets of
Rokhlin towers which themselves are organized into levels and therefore retain much of the usefulness of
towers when estimating mixing-type asymptotics while being significantly more general.

Our examples essentially depend on meshes in that they are built as a combination of staircase-type
constructions and Chacon-type constructions; the staircase stages introduce some amount of mixing and
meshes allow us to show that said mixing survives in a suitable sense through the Chacon-like stages
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of the construction. In terms of word complexity, the staircase stages, as used in our constructions,
unavoidably increase the complexity in a superlinear fashion and the Chacon-like stages are required to
then reduce the word complexity arbitrarily close to the prescribed bounds; as such the notion of meshes
is crucial to the argument.

We introduce the notion of (uniform) mixing stages of rank-one transformations which involves spans
of times during which a fixed set is mixed uniformly into every mesh laid over every sufficiently large
column. These new ingredients, combined with staircase mixing techniques going back to [AF92] and
used, for example, in [Ada98], [CS04], [CS10], [Cre21], [Cre26], form the bulk of the proof of partial
mixing (the other ingredient being the nonrigidity of our constructions).

Organization of the paper

Section 1 establishes precise definitions and recalls the standard theorems on subshifts and rank-one
constructions, Section 2 defines the class of examples we will use to establish Theorem 1 and Section 3
provides the word complexity estimates for these examples. Sections 4 and 5 establish partial mixing,
with Section 4 being largely devoted to developing the theory of meshes as they relate to mixing estimates
and Section 5 being more focused on our specific class of examples. Section 6 concretely exhibits the
examples proving Theorem 1 and the paper concludes with Section 7 where the lower bounds in Theorems
2 and 3 are demonstrated.
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which, among other things, he suggested the author consider this problem and made multiple useful
observations about how one might prove partial mixing for subshifts while retaining something resembling
low word complexity.

1 Definitions and preliminaries

Definition 1.1. A subshift on the finite set A is any subset X ⊂ AZ which is closed in the product
topology and shift-invariant: for all x = (xn)n∈Z ∈ X and k ∈ Z, the translate (xn+k)n∈Z of x by k is
also in X.

Definition 1.2. A word is any element of Aℓ for some ℓ, the length of w, written |w|. A word w is a
subword of a word or bi-infinite sequence x if there exists k so that wi = xi+k for all 1 ≤ i ≤ |w|. A
word u is a prefix of w when ui = wi for 1 ≤ i ≤ |u| and a word v is a suffix of w when vi = wi+|w|−|v|
for 1 ≤ i ≤ |v|.

For words v, w, we denote by vw their concatenation–the word obtained by following v immediately by
w. We write such concatenations with product or exponential notation, e.g.

∏
i wi or 0

n.

Definition 1.3. The language of a subshift X is L(X) = {w : w is a subword of some x ∈ X}.

Definition 1.4. The word complexity function of a subshift X over A is the function pX : N → N
defined by pX(q) = |L(X) ∩ Aq|, the number of words of length q in the language of X.

When X is clear from context, we suppress the subscript and just write p(n).

For subshifts on the alphabet {0, 1}, we consider:

Definition 1.5. The set of right-special words is LRS(X) = {w ∈ L(X) : w0, w1 ∈ L(X)}.

Cassaigne [Cas97] showed the well-known: p(q) = p(m) +
∑q−1

ℓ=m |{w ∈ LRS : |w| = ℓ}| for m < q.

Definition 1.6. A transformation T is a measurable map on a standard Borel or Lebesgue measure
space (Y,B, µ) that is measure-preserving: µ(T−1B) = µ(B) for all B ∈ B.
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Definition 1.7. Two transformations T on (Y,B, µ) and T ′ on (Y ′,B′, µ′) are measure-theoretically
isomorphic when there exists a bijective map ϕ between full measure subsets Y0 ⊂ Y and Y ′

0 ⊂ Y ′

where µ(ϕ−1A) = µ′(A) for all measurable A ⊂ Y ′
0 and (ϕ ◦ T )(y) = (T ′ ◦ ϕ)(y) for all y ∈ Y0.

Definition 1.8. A transformation T on a finite measure space is lightly mixing if for all positive
measure sets A and B,

lim inf µ(TnA ∩B) > 0

Definition 1.9. A transformation T on a finite measure space is α-partially mixing for 0 < α < 1 if
for all measurable sets A and B,

lim inf µ(TnA ∩B) ≥ αµ(A)µ(B)

A rank-one transformation is a transformation T constructed by “cutting and stacking”. Here Y
represents a (possibly infinite) interval, B is the induced σ-algebra from R, and µ is Lebesgue measure.
We give a brief description, referring the reader to [FGH+23] or [Sil08] for more details.

The transformation is defined inductively on larger and larger portions of the space through Rohlin
towers or columns, denoted Cn. Each column Cn consists of levels In,j where 0 ≤ j < hn is the height
of the level within the column. All levels In,j in Cn are intervals with the same length, µ(In), and the
total number of levels in a column is the height of the column, denoted by hn. The transformation T
is defined on all levels In,j except the top one In,hn−1 by sending each In,j to In,j+1 using the unique
order-preserving affine map.

Start with C1 = [0, 1) with height h1 = 1. To obtain Cn+1 from Cn, we require a cut sequence, {rn}
such that rn ≥ 1 for all n. Make rn vertical cuts of Cn to create rn + 1 subcolumns of equal width.

Denote a sublevel of Cn by I
[i]
n,j where 0 ≤ a < hn is the height of the level within that column, and i

represents the position of the subcolumn, where i = 0 represents the leftmost subcolumn and i = rn is
the rightmost subcolumn. After cutting Cn into subcolumns, add extra intervals called spacers on top
of each subcolumn to function as levels of the next column. The spacer sequence, {sn,i} such that
0 ≤ i ≤ rn and sn,i ≥ 0, specifies how many sublevels to add above each subcolumn. Spacers are the
same width as the sublevels, act as new levels in the column Cn+1, and are taken to be the leftmost
intervals in [1,∞) not in Cn. After the spacers are added, stack the subcolumns with their spacers right

on top of left, i.e. so that I
[i+1]
n,0 is directly above I

[i]
n,hn−1. This gives the next column, Cn+1.

Each column Cn defines T on
⋃hn−2

j=0 In,j and the partially defined map T on Cn+1 agrees with that of
Cn, extending the definition of T to a portion of the top level of Cn where it was previously undefined.
Continuing this process gives the sequence of columns {C1, . . . , Cn, Cn+1, . . . } and T is then the limit of
the partially defined maps.

Though this construction could result in Y being an infinite interval with infinite Lebesgue measure, Y
has finite measure if and only if

∑
n

1
(rn+1)hn

∑rn
i=0 sn,i < ∞, see [CS10]. All rank-one transformations

we define satisfy this condition, and for convenience we renormalize so that Y = [0, 1). Every rank-one
transformation is ergodic and invertible.

The reader should be aware that we are making rn cuts and obtaining rn + 1 subcolumns (following
Ferenczi [Fer96]), while other papers (e.g. [Cre21]) use rn as the number of subcolumns.

For a rank-one transformation defined as above, we define a subshift X(T ) on the alphabet {0, 1} which
is measure-theoretically isomorphic to T provided T is on a finite measure space:

Definition 1.10. The symbolic model X(T ) of a rank-one transformation T is given by the sequence
of words: B0 = 0 and

Bn+1 = Bn1
sn,0Bn1

sn,1 · · ·Bn1
sn,rn =

rn∏
i=0

Bn1
sn,i

and X(T ) is the set of all bi-infinite sequences such that every subword is a subword of some Bn.

The words Bn are a symbolic coding of the column Cn: 0 represents C1 and 1 represents the spacers.
There is a natural measure associated to X(T ):
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Definition 1.11. The empirical measure for a symbolic model X(T ) of a rank-one transformation T
is the measure ν defined by, for each word w,

ν([w]) = lim
n→∞

|{1 ≤ j ≤ |Bn| − |w|+ 1 : Bn[j,j+|w|) = w}|
|Bn| − |w|+ 1

Danilenko [Dan16] (combined with [dJ77] and [Kal84]) proved that the symbolic model X(T ) of a finite
measure rank-one subshift, equipped with its empirical measure, is measure-theoretically isomorphic to
the cut-and-stack construction (see [AFP17]; see [FGH+23] for the full generality including odometers).

Due to this isomorphism, we move back and forth between rank-one and symbolic model terminology as
needed and write L(T ) for the language of X(T ).

2 Staircase-Chacon-like hybrid transformations

Definition 2.1. Given a word Bn representing a column in a rank-one transformation, say that Bn+1

is of staircase form when

Bn+1 =

rn−1∏
j=0

Bn1
cn+j

Bn

for some rn ≥ 2 and cn ≥ 0.

Definition 2.2. Given a word Bn representing a column in a rank-one transformation, say that Bn+1

is of Chacon-like form when

Bn+1 =

rn−1∏
j=0

Bn1
cn+ιn,jMn

Bn

where ιn,j ∈ N ∪ {0} for all n and rn ≥ 2 and cn ≥ 0 and Mn ≥ 1.

Definition 2.3. Let {Formn} be a sequence of forms all either staircase or Chacon-like and let {Mn}
be a sequence of positive integers for those n for which Bn+1 is of Chacon-like form and {rn} a sequence
of positive integers.

Set B0 = 0 and c0 = 1 and r0 = 3. Given, Bn, construct Bn+1 to be of the specified form.

If Bn+1 and Bn+2 are of staircase form, set cn+1 = cn + rn.

If Bn+1 is of staircase form and Bn+2 is of Chacon-like form, set cn+1 ≥ cn+rn minimal such that Mn+1

divides |Bn+1|+ cn+1.

If Bn+1 is of Chacon-like form and Bn+2 is of staircase form, let cn+1 ≥ |Bℓ|+ 1+Mn+1 be any integer
where ℓ < n is the largest stage that was of staircase form.

If Bn+1 and Bn+2 are of Chacon-like form, set cn+1 = cn.

The resulting transformation is an elevated staircase-Chacon-like hybrid transformation.

Notation 2.4. For an elevated staircase-Chacon-like hybrid transformation,

h̃n = |Bn|+ cn

Lemma 2.5. Let T be an elevated staircase-Chacon-like hybrid transformation. If Bn+1 is constructed
using the staircase operation then

h̃n+1 = (rn + 1)h̃n +
1

2
rn(rn − 1) + cn+1 − cn

and if Bn+1 is constructed using a Chacon-like operation then

h̃n+1 = (rn + 1)h̃n + snMn + cn+1 − cn
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where sn is the number of subcolumns over which non-elevation spacers are placed.

Proof. In general, if sn,j is the number of non-elevation spacers added above each subcolumn then

h̃n+1 = (rn +1)hn + rncn +
∑rn−1

j=0 sn,j + cn+1 since no spacers (elevating or otherwise) are added above
the rightmost subcolumn.

For n such that Bn+1 is constructed using the staircase operation, sn,j = j so h̃n+1 = (rn + 1)h̃n +
1
2rn(rn − 1) + cn+1 − cn.

For n such that Bn+1 is constructed using a Chacon-like operation,
∑

sn,j = snMn so the claim follows
similarly.

Definition 2.6. Say that Bn+1 is constructed using the γ-Chacon-like form for γ ≥ 2 if

Bn+1 =
(
Bn1

cn1Mn
)γ

Bn1
cn
(
Bn1

cn1Mn
)γ

Bn

for some Mn ≥ 1.

3 Word complexity estimates

Proposition 3.1. Let T be an elevated staircase-Chacon-like hybrid transformation and n be such that
Bn+1 is of staircase form. Then p(|Bn+1| + cn+1) is completely determined by the cutting and stacking
operations up to Bn+1.

Proof. Let w be a right-special word with |w| ≤ |Bn+1|+ cn+1. Since 1
|w| will appear regardless, we may

assume w has 01z as a suffix for some z ≥ 1 (as 00 is not in the language because cn ≥ 1).

If z < cn+1 then w must be a subword of 1cnBn+1 because 1cn+1v is not right-special for any proper
prefix v of Bn+1 (as 1cn+1 is always followed by Bn+1).

If z > cn+1 then, since 1cn+1+Mn+1 is not right-special and cN ≥ |Bn+1| for the first N > n+1 for which
BN+1 is constructed using the staircase operation, then w = 1|w|.

If z = cn+1 then w has 01cn+1 as a suffix hence shares a suffix with 1cn+1Bn+11
cn+1 and is therefore a

suffix of that word.

Therefore all right-special words of length at most |Bn+1|+ cn+1 are determined by Bn+1 and cn+1.

Proposition 3.2. Let w be a right-special word in the language of an elevated staircase-Chacon-like
hybrid transformation such that |Bn| < |w| for n such that Bn+1 is of Chacon-like form and such that
|w| ≤ CN for the smallest N > n such that BN is of staircase form. Then one of the following holds:

• w = 1|w|

• w shares a suffix with 1cnBn1
cn

Proof. If w = 1|w| then we are in the first case so assume that w has 01z as a suffix for some z ≥ 0. By
construction, 00 /∈ L so z ≥ 1.

Let m such that cm ≤ z < cm+1. Here m is unique by the construction of {cn}. This follows as when
Bm+1 is of staircase form, cm is strictly larger than any spacer amounts added at any prior stage and
cm+1 is strictly greater than any spacer amounts added in Bm+1 (and any values outside the ranges
between cn and cn+1 can never be the suffix of a right-special word).

Suppose m ≥ N . Then |w| ≤ cN ≤ cm so w = 1|w|. Therefore m < N .

Suppose m < n and Bm+1 is constructed using the staircase operation. Then w ends properly inside
a copy of Bm+1. Then w has a suffix of the form u1cm+1v for some word u and some prefix v of
Bm and v has 1cm+j as a suffix for some 0 ≤ j < rm. This follows as |w| > |Bn|. Then w has
1cm+1Bm1cmBm1cm+1 . . . Bm1cm+j−1Bm1cm+j as a suffix. But that word is never followed by a 1 so is
not right-special. Therefore m < n is impossible in this case.
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Likewise, if m < n and m is prior to a staircase operation t which is prior to n then w must contain
1ct+1Bt1

ctBt1
ct+1 . . . Bt1

ct+j−1Bt1
ct+j followed by a prefix of Bt. But that word is never right-special.

Therefore m and n are not separated by a staircase operation. So we may assume that cn ≤ z < cN .
Therefore z is either cn or cn + Mn by construction. Since 01cn+Mn+1 is not in the language (as
CN > cn +Mn +1), then z = cn. So w has 01cn as a suffix. Then by construction w shares a suffix with
Bn1

cn hence with 1cnBn1
cn .

Lemma 3.3. Let w be a right-special word in the language of an elevated staircase-Chacon-like hybrid
transformation such that |Bn| < |w| for n such that all of Bn and Bn+1 and Bn+2 are of γ-Chacon-like
form and such that w shares a suffix with 11cnBn1

cn . Then one of the following holds:

• w shares a suffix with Bn+11
cn

• w is a suffix of
(
Bn1

cn1Mn
)2γ

)Bn1
cn

Proof. Here w shares a suffix with 1cnBn1
cn+MnBn1

cn since 11cnBn1
cn only appears as a suffix of that

word. By construction, cn = cn+1 and Mn = Mn+1.

Suppose w shares a suffix with 01cnBn1
cn+MnBn1

cn . Then w and 1cnBn1
cnBn1

cn+MnBn1
cn have a

common suffix but 1cnBn1
cnBn1

cn+MnBn1
cnBn is not in the language (since γ > 1) so this would mean

w is not right-special.

So w shares a suffix with 11cnBn1
cn+MnBn1

cn hence with 1cn+MnBn1
cn+MnBn1

cn .

If w shares a suffix with 01cn(Bn1
cn+Mn)tBn1

cn+MnBn1
cn for any t ≥ 1 then w0 shares a suffix with

01cn(Bn1
cn+Mn)tBn1

cn+MnBn1
cn0 which only appears as a subword of (Bn1

cn)2(Bn1
cn+Mn)t+1(Bn1

cn)2

meaning that t ≥ γ. Therefore w shares a suffix with (Bn1
cn+Mn)γBn1

cn .

Consider when w shares a suffix with 11cn(Bn1
cn+Mn)γBn1

cn+MnBn1
cn . That word only appears as a

subword of Bn+11
cn+MnBn+11

cn and is always preceded by (Bn1
cn+Mn)γBn1

Mn−1. Therefore w shares
a suffix with (Bn1

cn+Mn)2γ+1B11
cn .

Since (Bn1
cn+Mn)2γ+1B11

cn is not right-special (because (Bn1
cn+Mn)2γ+2 is not in the language), then

w is a suffix of (Bn1
cn+Mn)2γB11

cn and we are in the second claimed case.

Now consider the case when w shares a suffix with 01cn(Bn1
cn+Mn)γBn1

cn . Then w shares a suffix with
Bn1

cn(Bn1
cn+Mn)γBn1

cn which is always preceded by (Bn1
cn+Mn)γBn1

cn , in which case we are in the
second case claimed, or by preceded 1cn+Mn in which case w shares a suffix with ((Bn1

cn+Mn)γBn1
cn)2

so with Bn+11
cn and we are in the first claimed case.

Lemma 3.4. Let w be a right-special word in the language of an elevated staircase-Chacon-like hybrid
transformation such that |Bn| < |w| for n such that all of Bn and Bn+1 and Bn+2 are of γ-Chacon-like
form and such that w shares a suffix with 01cnBn1

cn .

Then w is a suffix of (Bn−11
cn−11Mn−1)γ−1Bn−11

cn−1Bn1
cn .

Proof. Here w shares a suffix with 1cnBn1
cnBn1

cn . By construction, cn−1 = cn and Mn−1 = Mn.

Since Bn1
cnBn only appears as a subword of 1cn+MnBn1

cnBn1
cn+Mn , then 1cnBn1

cnBn1
cnBn is not in

the language so 1cnBn1
cnBn1

cn0 is not so w must be a proper suffix of 1cnBn1
cnBn1

cn .

Consider when w shares a suffix with 01cn(Bn−11
cn+Mn)γBn−11

cnBn1
cn . That word only appears

when the leading zero is the tail zero in the first (Bn−11
cn+Mn)γBn−1 which is in the first Bn of

Bn1
cnBn1

cn . Then 01cn(Bn−11
cn+Mn)γBn−11

cnBn1
cn0 is not in the language so w is a suffix of

1cn(Bn−11
cn+Mn)γ−1Bn−11

cnBn1
cn as claimed.

Now consider when w shares a suffix with 11cn(Bn−11
cn+Mn)γBn−11

cnBn1
cn . Then it shares a suffix

with 1cn+Mn(Bn−11
cn+Mn)γBn−11

cnBn1
cn so, as 1cn+Mn is always preceded by Bn−1 (as it is a suffix of

Bn), then w shares a suffix with 1cnBn−11
cn+Mn(Bn−11

cn+Mn)γBn−11
cnBn1

cn but (Bn−11
cn+Mn)γ+1

is not in the language so this is impossible.
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Proposition 3.5. Let w be a right-special word in the language of an elevated staircase-Chacon-like
hybrid transformation such that |Bn| < |w| for n such that all of Bn and Bn+1 and Bn+2 are of γ-
Chacon-like form and such that |w| ≤ CN for the smallest N > n such that BN is of staircase form.
Then one of the following holds:

• w = 1|w|

• w shares a suffix with Bn+11
cn

• w is a suffix of
(
Bn1

cn1Mn
)2γ

Bn1
cn

• w is a suffix of (Bn−11
cn−11Mn−1)γ−1Bn−11

cn−1Bn1
cn

Proof. By Proposition 3.2, if w ̸= 1|w| then w shares a suffix with 1cnBn1
cn . By Lemmas 3.3 and 3.4

then the claim follows.

Proposition 3.6. Let T be an elevated staircase-Chacon-like hybrid transformation such that all of Bn

and Bn+1 and Bn+2 are of γ-Chacon-like form. Then

p(q + 1)− p(q) ≤


3 if h̃n < q ≤ 3

2 h̃n

2 if 3
2 h̃n < q ≤ 1

2 h̃n+1

3 if 1
2 h̃n+1 < q ≤ h̃n+1 − h̃n

2 if h̃n+1 − h̃n < q ≤ h̃n+1

Proof. Let h̃n < q ≤ h̃n+1. The words 1q and the suffix of Bn+11
cn of length q are both right-special.

By Proposition 3.5, the only remaining right-special words are suffixes of (Bn1
cn+Mn)2γBn1

cn and
(Bn−11

cn+Mn)γ−1Bn−11
cnBn1

cn .

Since (Bn1
cn+Mn)2γBn1

cn and Bn+11
cn share a common suffix of length (γ+1)h̃n + γMn = 1

2 h̃n+1, the

only new right-special words from that word have length 1
2 h̃n+1 < q ≤ (2γ +1)h̃n +2γMn = h̃n+1 − h̃n.

Since (Bn−11
cn+Mn)γ−1Bn−11

cnBn1
cn shares a suffix of length h̃n + cn with Bn+11

cn , the only new
right-special words from that word have length h̃n < q ≤ γh̃n−1 + γMn + h̃n = 1

2 h̃n.

Proposition 3.7. Let T be an elevated staircase-Chacon-like hybrid such that the γ-Chacon-like operation
is used to construct Bm through Bn+2 for n > m. Then

p( 12 h̃n+1)
1
2 h̃n+1

< 2 +
1

γ + 1
+ 3m−n p(h̃m)

h̃m

Proof. Since Bn and Bn+1 and Bn+2 are all constructed using the γ-Chacon-like operation, by Proposi-
tion 3.6,

p(h̃n+1)− p(h̃n) ≤ 2(h̃n+1 − h̃n) +
1

2
h̃n +

1

2
h̃n +

1

2
h̃n+1 − h̃n =

5

2
h̃n+1 −

5

2
h̃n

and therefore, by the telescoping nature of the series,

p(h̃n) ≤
5

2
h̃n − 5

2
h̃m + p(h̃m)

Again by Proposition 3.6,

p

(
1

2
h̃n+1

)
− p(h̃n) ≤ 2

(
1

2
h̃n+1 − h̃n

)
+

1

2
h̃n

and therefore

p

(
1

2
h̃n+1

)
≤ h̃n+1 − 2h̃n +

1

2
h̃n +

5

2
h̃n − 5

2
h̃m + p(h̃m) ≤ h̃n+1 + h̃n + p(h̃m)
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meaning that

p( 12 h̃n+1)
1
2 h̃n+1

≤ 2 +
h̃n

(γ + 1)h̃n + γMn

+
p(h̃m)
1
2 h̃n+1

< 2 +
1

γ + 1
+

h̃m

h̃n

p(h̃m)

h̃m

and the claim follows since h̃t+1 > 3h̃t (as γ ≥ 2) for all t.

4 Mixing spans and meshes

For a column, Cn, recall that In,0 is the base of the column and In,j = T jIn,0 for 0 ≤ j < h̃n are the
levels (including the elevating levels).

For a level In,j and 1 ≤ i ≤ rn, recall that I
[i]
n,j is the ith sublevel, i.e. the 1/rn+1 fraction of In,j in the

ith subcolumn.

Notation 4.1. For a measurable set B, let χB = 1B − µ(B).

For Jn,0 ⊆ In,0, let J
[i]
n,0 := Jn,0 ∩ I

[i]
n,0 for 0 ≤ i ≤ rn.

Definition 4.2. Let In,0 be the base level in a tower Cn of a rank-one transformation. If Jn,0 ⊆ In,0

such that for all 0 ≤ i ≤ rn, it holds that Jn,0 ∩ I
[i]
n,0 has the property that J

[i]
n,0 = T ih̃n+

∑i−1
z=0 sn,zJ

[0]
n,0

then Jn,0 is a mesh prototype for In,0.

Given a mesh prototype Jn,0 for In,0, for 0 ≤ j < h̃n and 0 ≤ i ≤ rn, write

Jn,j = T jJn,0 and J
[i]
n,j = T j

(
Jn,0 ∩ I

[i
n,0

)
and say that

⊔h̃n−1
j=0 Jn,j is a mesh for Cn and that Jn,j are the mesh levels.

Note that Cn is a mesh for itself by putting Jn,j = In,j and also that the intersection of two meshes for
Cn is again a mesh for Cn.

Definition 4.3. For a mesh
⊔h̃n−1

j=0 Jn,j of some column Cn of a rank-one transformation, the size of
the mesh is

µ
(⊔h̃n−1

j=0 Jn,j

)
µ(Cn)

=
µ(Jn,0)

µ(In,0)

Lemma 4.4. Let Jn,0 be a mesh prototype for some base In,0 of some column Cn of a rank-one trans-

formation. Let A be a union of levels in Cn. Then for 0 ≤ j < h̃n and 0 ≤ i ≤ rn,

µ(J
[i]
n,j ∩A) =

1

rn + 1
µ(Jn,j ∩A)

Proof. Since A is a union of levels in Cn, either In,j ⊆ A or In,j ∩ A = ∅. Since J
[i]
n,j ⊆ I

[i]
n,j ⊆ In,j , if

In,j ∩ A = ∅ then Jn,j ∩ A = ∅ so µ(J
[i]
n,j ∩ A) = 0 = 1

rn+10 = 1
rn+1µ(Jn,j ∩ A). Likewise, if In,j ⊆ A

then Jn,j ⊆ A and since µ(J
[i]
n,j) = µ(J

[0]
n,0) (as T is measure-preserving and from the definition of a

mesh) is constant over all 0 ≤ i ≤ rn and j (for a fixed n), then µ(J
[i]
n,j ∩ A) = µ(J

[i]
n,j) =

1
rn+1µ(Jn,j) =

1
rn+1µ(Jn,j ∩A).

Lemma 4.5. Let
⊔
Jn+1,j be a mesh of Cn+1 for some column of a rank-one transformation. Then

Cn ∩
⊔
Jn+1,j is a mesh of Cn.

Proof. Let sn,i for 1 ≤ i ≤ rn be the number of non-elevation spacers added above each subcolumn of

- 9 -
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Cn. Then for 0 ≤ j < h̃n,

In,j =

rn⊔
i=0

I
[i]
n,j =

rn⊔
i=0

In+1,j+ih̃n+
∑i−1

t=0 sn,t

and set

Jn,j := In,j ∩
h̃n+1−1⊔
m=0

Jn+1,m =

rn⊔
i=0

(
In+1,j+ih̃n+

∑i−1
t=0 sn,t

∩ Jn+1,j+ih̃n+
∑i−1

t=0 sn,t

)
Then

J
[i]
n,j = In+1,j+ih̃n+

∑i−1
t=0 sn,t

∩ Jn+1,j+ih̃n+
∑i−1

t=0 sn,t
= T ih̃n+

∑i−1
0=1 sn,tJ

[0]
n,j

meaning
⊔
Jn,j form a mesh of Cn.

Lemma 4.6. Let T be a rank-one transformation and A be a measurable set and let ϵ > 0 and K ∈ N.
Let

⊔h̃n−1
j=0 Jn,j be a mesh for Cn for some n. If for all 1 ≤ k ≤ K,

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣ < ϵ

then for all h̃n ≤ t ≤ Kh̃n,
h̃n−1∑
j=0

∣∣µ(T tJn,j ∩A)− µJn,jµA
∣∣ < 2ϵ

Proof. Let h̃n ≤ t < Kh̃n. Write t = kh̃n + z for the unique 0 ≤ z < h̃n and 1 ≤ k < K. Then

h̃n−1∑
j=0

∣∣µ(T tJn,j ∩A)− µJn,jµA
∣∣

=

h̃n−1∑
j=h̃n−z

∣∣µ(T tJn,j ∩A)− µJn,jµA
∣∣+ h̃n−z−1∑

j=0

∣∣µ(T tJn,j ∩A)− µJn,jµA
∣∣

=

z−1∑
j=0

∣∣∣µ(T (k+1)h̃nJn,j ∩A)− µJn,jµA
∣∣∣+ h̃n−1∑

j=z

∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣ < ϵ+ ϵ

Lemma 4.7. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let A be a union of levels in Cn and
⊔h̃n−1

j=0 Jn,j be a mesh for Cn. Then for

h̃n > j ≥ rn, ∣∣∣µ(T h̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ ∫

Jn,j

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
µJn,j

Proof. For j ≥ rn and 0 ≤ i < rn,

T h̃nJ
[i]
n,j = T−iJ

[i+1]
n,j = J

[i+1]
n,j−i

and since A is a union of levels, by Lemma 4.4,

µ(T h̃nJ
[i]
n,j ∩A) = µ(J

[i+1]
n,j−i ∩A) =

1

rn + 1
µ(Jn,j−i ∩A) =

1

rn + 1
µ(T−iJn,j ∩A)

and therefore

µ(T h̃nJn,j ∩A) =
1

rn + 1

rn−1∑
i=0

µ(T−iJn,j ∩A) + µ(T h̃nJ
[rn]
n,j ∩A)
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Then, since µ(T h̃nJ
[rn]
n,j ∩A) ≤ 1

rn+1µJn,j ,∣∣∣µ(T h̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ ∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

µ(T−iJn,j ∩A)− µJn,jµA

∣∣∣∣∣+ 1

rn + 1
µJn,j

=

∣∣∣∣∣
∫
Jn,j

1

rn + 1

rn−1∑
i=0

χA ◦ T−i dµ

∣∣∣∣∣+ 1

rn + 1
µJn,j

≤
∫
Jn,j

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
µJn,j

Lemma 4.8. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let A be a union of levels in Cn and C̃n =
⊔h̃n−1

j=0 Jn,j be a mesh for Cn. Then for

h̃n > j ≥ rn,∣∣∣µ(T h̃nIn,j ∩A ∩ C̃n)− µJn,jµA
∣∣∣ ≤ ∫

Jn,j

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+ µ(T h̃nI
[rn]
n,j ∩A ∩ C̃n)

Proof. For j ≥ rn and 0 ≤ i < rn,

T h̃nI
[i]
n,j = T−iI

[i+1]
n,j = I

[i+1]
n,j−i

since I
[i+1]
n,j−i ∩A ∩ C̃n ⊆ J

[i+1]
n,j−i and since A is a union of levels, by Lemma 4.4,

µ(T h̃nI
[i]
n,j ∩A∩ C̃n) = µ(I

[i+1]
n,j−i∩A∩ C̃n) = µ(J

[i+1]
n,j−i∩A) =

1

rn + 1
µ(Jn,j−i∩A) =

1

rn + 1
µ(T−iJn,j ∩A)

and the claim follows as in Lemma 4.7.

Lemma 4.9. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let A be a union of levels in Cn and C̃n =
⊔h̃n−1

j=0 Jn,j be a mesh for Cn. Then

h̃n−1∑
j=0

∣∣∣µ(T h̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ ∫

C̃n

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+

(
1

rn + 1
+

rn

h̃n

)
µC̃n

and

h̃n−1∑
j=0

∣∣∣µ(T h̃nIn,j ∩A ∩ C̃n)− µJn,jµA
∣∣∣ ≤ ∫

C̃n

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
h̃n−1∑
j=0

µ(T h̃nI
[rn]
n,j ∩C̃n)+

rn

h̃n

µC̃n

Proof. Since the bottom rn levels in the mesh have measure at most rn
h̃n

µC̃n, by Lemma 4.7,

h̃n−1∑
j=0

∣∣∣µ(T h̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ h̃n−1∑

j=rn

∣∣∣µ(T h̃nJn,j ∩A)− µJn,jµA
∣∣∣+ rn

hn
µC̃n

≤
h̃n−1∑
j=rn

∫
Jn,j

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
µC̃n +

r2n

h̃n

µC̃n

≤
∫
C̃n

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
µC̃n +

rn

h̃n

µC̃n
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where we used that the levels are disjoint to consolidate the integral. Similarly, using Lemma 4.8,

h̃n−1∑
j=0

∣∣∣µ(T h̃nIn,j ∩A ∩ C̃n)− µJn,jµA
∣∣∣ ≤ h̃n−1∑

j=rn

∣∣∣µ(T h̃nIn,j ∩A ∩ C̃n)− µJn,jµA
∣∣∣+ rn

h̃n

µC̃n

≤
h̃n−1∑
j=rn

∫
Jn,j

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+

h̃n−1∑
j=0

µ(T h̃nI
[rn]
n,j ∩ C̃n) +

r2n

h̃n

µC̃n

≤
∫
C̃n

∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+

h̃n−1∑
j=0

µ(T h̃nI
[rn]
n,j ∩ C̃n) +

rn

h̃n

µC̃n

Lemma 4.10. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let A be a union of levels in Cn and C̃
(q)
n be a collection of disjoint meshes of Cn.

Then ∑
q

h̃n−1∑
j=0

∣∣∣µ(T h̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ ≤ ∫ ∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
+

rn

h̃n

and

∑
q

h̃n−1∑
j=0

∣∣∣µ(T h̃nIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ ≤ ∫ ∣∣∣∣∣ 1rn

rn−1∑
i=1

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn
+

rn
hn

Proof. The first is immediate from the first statement in Lemma 4.9 as the meshes are disjoint. For the

second, observe that µJ
(q)
n,j = ρµIn,j where ρ is the size of C̃

(q)
n and that, since A is a union of levels,

µ(A ∩ C̃
(q)
n ) = ρµ(A). Then the claim follows from the second statement in Lemma 4.9 and that, as the

meshes are disjoint,

∑
q

h̃n−1∑
j=0

µ(T h̃nI
[rn]
n,j ∩ C̃(q)

n ) =

h̃n−1∑
j=0

µ(T h̃nI
[rn]
n,j ) =

1

rn + 1

h̃n−1∑
j=0

µ(T h̃nIn,j) ≤
1

rn + 1

Lemma 4.11. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let C̃n =
⊔h̃n−1

j=0 Jn,j be a mesh for Cn. Let 1 ≤ k < rn and A be a union of levels

in Cn. Then for j ≥ krn + 1
2k(k − 1),

∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ ∫

T− 1
2
k(k−1)Jn,j

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ
+

∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣∣∣
and therefore∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA

∣∣∣ ≤ ∫
T− 1

2
k(k−1)Jn,j

∣∣∣∣∣ 1

rn + 1

rn−k−1∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+
k

rn + 1
µJn,j

Proof. For j ≥ krn and 0 ≤ i ≤ rn − k,

T kh̃nJ
[i]
n,j = T−ik− 1

2k(k−1)J
[i+k]
n,j = J

[i+k]

n,j−ik− 1
2k(k−1)

so by Lemma 4.4,

µ(T kh̃nJ
[i]
n,j∩A) = µ(J

[i+k]

n,j−ik− 1
2k(k−1)

∩A) =
1

rn + 1
µ(Jn,j−ik− 1

2k(k−1)∩A) =
1

rn + 1
µ(T−ik− 1

2k(k−1)Jn,j∩A)
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and therefore

µ(T kh̃nJn,j ∩A) =
1

rn + 1

rn−k∑
i=0

µ(T−ik− 1
2k(k−1)Jn,j ∩A) +

rn∑
i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)

Then ∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣

≤

∣∣∣∣∣
∫
T− 1

2
k(k−1)Jn,j

1

rn + 1

rn−k∑
i=0

χA ◦ T−ik dµ

∣∣∣∣∣+
∣∣∣∣∣

rn∑
i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣∣∣
≤
∫
T− 1

2
k(k−1)Jn,j

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣∣∣
Lemma 4.12. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let C̃n =
⊔h̃n−1

j=0 Jn,j be a mesh for Cn. Let 1 ≤ k < rn and A be a union of levels

in Cn. Then for j ≥ krn + 1
2k(k − 1),

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃n)− µIn,jµ(A ∩ C̃n)
∣∣∣ ≤ ∫

T− 1
2
k(k−1)Jn,j

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ
+

∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃nI
[i]
n,j ∩A ∩ C̃n)− µI

[i]
n,jµ(A ∩ C̃n)

∣∣∣∣∣
and therefore∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃n)− µIn,jµ(A ∩ C̃n)

∣∣∣ ≤ ∫
T− 1

2
k(k−1)Jn,j

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+
k

rn + 1
µIn,jµC̃n

Proof. For j ≥ krn and 1 ≤ i ≤ rn − k,

T kh̃nIin,j = T−ik− 1
2k(k−1)I

[i+k]
n,j = I

[i+k]

n,j−ik− 1
2k(k−1)

so by Lemma 4.4, as I
[i+k]

n,j−ik− 1
2k(k−1)

∩ C̃n = J
[i+k]
n,j−ik,

µ(T kh̃nIn,j ∩A ∩ C̃n) = µ(I
[i+k]

n,j−ik− 1
2k(k−1)

∩A ∩ C̃n)

= µ(J
[i+k]

n,j−ik− 1
2k(k−1)

∩A) =
1

rn + 1
µ(Jn,j−ik ∩A) = µ(T−ik− 1

2k(k−1)Jn,j ∩A)

so the claim follows as in the proof of Lemma 4.11 making use of the facts that µJn,jµA = µIn,jµ(A∩C̃n)

and µJn,j = µIn,j
µC̃n

µCn
≤ µIn,jµC̃n.

Lemma 4.13. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the

staircase operation. Let C̃n+1 =
⊔h̃n+1−1

j=0 Jn+1,j be a mesh for Cn+1 (so by Lemma 4.5, C̃n = Cn∩C̃n+1 =⊔h̃n−1
j=0 Jn,j is a mesh for Cn). Let 1 ≤ k < rn. Then for j ≥ rn(rn− 1)+ cn+1− cn and rn− k < i ≤ rn,

T kh̃nJ
[i]
n,j = T h̃n+1Jn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cn

Proof. Since J
[i]
n,j = Jn+1,j+ih̃n+

1
2 i(i−1) and h̃n+1 = (rn + 1)h̃n + 1

2rn(rn − 1) + cn+1 − cn, this follows

from the fact that

ih̃n +
1

2
i(i− 1) + kh̃n = h̃n+1 + (i+ k − rn − 1)h̃n +

1

2
i(i− 1)− 1

2
rn(rn − 1)− cn+1 + cn

- 13 -
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Lemma 4.14. Let T be a rank-one transformation and n be such that Bn+1 and Bn+2 are constructed

using the staircase operation with cn+1 = cn + rn. Let C̃n+1 =
⊔h̃n+1−1

j=0 Jn+1,j be a mesh for Cn+1 (so

by Lemma 4.5, C̃n = Cn ∩ C̃n+1 =
⊔h̃n−1

j=0 Jn,j is a mesh for Cn). Then for 1 ≤ k < rn and any union
of levels A in Cn,

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣ ≤ ∫

T− 1
2
k(k−1)C̃n

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ
+

∫
C̃n+1

∣∣∣∣∣ 1

rn+1 + 1

rn+1−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
r2n

h̃n

µC̃n +
1

rn+1 + 1
µC̃n+1

Proof. For rn − k < i ≤ rn and rn(rn − 1) + cn+1 − cn ≤ j < hn, by Lemma 4.13 then Lemma 4.7,∣∣∣µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣
=
∣∣∣µ(T h̃n+1Jn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cn ∩A)− µJn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)µA

∣∣∣
≤
∫
J
n+1,j+1

2
i(i−1)− 1

2
rn(rn−1)−cn+1+cn

∣∣∣∣∣ 1

rn+1 + 1

rn+1−2∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ
+

1

rn+1 + 1
µ(Jn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cn)

Then, since the levels in Cn+1 are disjoint over j and i,

hn∑
j=rn(rn−1)+cn+1

∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣∣∣
≤
∫
C̃n+1

∣∣∣∣∣ 1

rn+1 + 1

rn+1−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn+1 + 1
µC̃n+1

Then by Lemma 4.11,

hn∑
j=rn(rn−1)+cn+1

∣∣∣µ(T kh̃nJn,j ∩A)− µJn,jµA
∣∣∣

≤
∫
T− 1

2
k(k−1)C̃n

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∫
C̃n+1

∣∣∣∣∣ 1

rn+1 + 1

rn+1−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn+1 + 1
µC̃n+1

As the bottom rn(rn − 1) + cn+1 − cn levels in C̃n have measure at most rn(rn−1)+cn+1−cn
hn

µC̃n, since

i ≤ rn−k, then ik+ 1
2k(k− 1) ≤ rnk− 1

2k
2− 1

2k < rn(rn− 1) and cn+1 = cn+ rn, the claim follows.

Lemma 4.15. Let T be a rank-one transformation and n be such that Bn+1 and Bn+2 are constructed

using the staircase operation with cn+1 = cn + rn. Let C̃n+1 =
⊔h̃n+1−1

j=0 Jn+1,j be a mesh for Cn+1 (so

by Lemma 4.5, C̃n = Cn ∩ C̃n+1 =
⊔h̃n−1

j=0 Jn,j is a mesh for Cn). Then for 1 ≤ k < rn and any union
of levels A in Cn,

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃n+1)− µIn,jµ(A ∩ C̃n+1)
∣∣∣

≤
∫
T− 1

2
k(k−1)C̃n

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ
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+

∫
C̃n+1

∣∣∣∣∣ 1

rn+1 + 1

rn+1−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
r2n
hn

µC̃n +
1

rn+1 + 1
µC̃n+1

Proof. For rn − k ≤ i < rn and rn(rn − 1) + cn+1 − cn ≤ j < hn, by Lemma 4.13 then Lemma 4.8, and
using that µIn+1,jµ(A ∩ C̃n+1) = µJn+1,jµA,∣∣∣µ(T kh̃nI

[i]
n,j ∩A ∩ C̃n+1)− µI

[i]
n,jµ(A ∩ C̃n+1)

∣∣∣
=
∣∣∣µ(T h̃n+1In+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cn ∩A ∩ C̃n+1)− µJn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cnµA

∣∣∣
≤
∫
J
n+1,j+1

2
i(i−1)− 1

2
rn(rn−1)−cn+1+cn

∣∣∣∣∣ 1

rn+1 + 1

rn+1−2∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ
+

1

rn+1 + 1
µ(Jn+1,j+ 1

2 i(i−1)− 1
2 rn(rn−1)−cn+1+cn)

and then the claim follows as in the proof of Lemma 4.14.

Lemma 4.16. Let T be a rank-one transformation and n be such that Bn+1 and Bn+2 are constructed

using the staircase operation with cn+1 = cn + rn. Let C̃
(q)
n+1 be a collection of disjoint meshes of Cn+1

and A be a union of levels in Cn. Then for 1 ≤ k < rn,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣
≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∫ ∣∣∣∣∣ 1

rn+1 + 1

rn+1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
r2n

h̃n

+
1

rn+1 + 1

and

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃n+1)− µIn,jµ(A ∩ C̃n+1)
∣∣∣

≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∫ ∣∣∣∣∣ 1

rn+1 + 1

rn+1−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
r2n

h̃n

+
1

rn+1 + 1

Proof. This is immediate from Lemmas 4.14 and 4.15 using the disjointness.

Lemma 4.17. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the
staircase operation and Bn+2 through Bn+z using Chacon-like operations with the same Mn+1 and cn+1 <

cn+rn+Mn+1 and Bn+z+1 be constructed using the staircase operation. Let C̃
(q)
n =

⊔h̃n−1
j=0 J

(q)
n,j be disjoint

meshes for Cn. Then for 1 ≤ k < rn and any union of levels A in Cn,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ ≤ ∫ ∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∫ ∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
+

∫ ∣∣∣∣∣ 1

rn+z + 1

rn+z−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn+z
+

r2n + cn + 2Mn+1

hn

Proof. Let C̃n =
⊔h̃n−1

j=0 Jn,j be one of the meshes. Let S⋆ be the spacer levels added above Cn+z. Let

Q = {x ∈ In+1,0 : ∃ 0 < y ≤ h̃n+1 s.t. T yx ∈ S⋆}. Let Ln+1 = {x ∈ In+1,0 \ Q : T h̃n+1x ∈ In+1,0}
and L⋆

n+1 = {x ∈ In+1,0 \Q : T h̃n+1+Mn+1x ∈ In+1,0}. Since Bn+2 through Bn+z are constructed using
Chacon-like operations all with the same Mn+1 and cn+1, In+1,0 = Ln+1 ⊔ L⋆

n+1 ⊔Q.

- 15 -



Word complexity cutoffs for mixing properties Darren Creutz

Let Ln =
⊔rn

i=1 T
ih̃n+

1
2 i(i−1)Ln+1 and L⋆

n =
⊔rn

i=1 T
(ih̃n+

1
2 i(i−1)L⋆

n+1. For x ∈ Ln+1, since x /∈ Q

and T h̃n+1x ∈ In+1,0, it follows that if x ∈ T ih̃n+
1
2 i(i−1)Ln+1 then T h̃n+1x ∈ T ih̃n+

1
2 i(i−1)Ln+1. Let

Kn,0 = T h̃n+1(Jn,0 ∩ L). Then Kn,0 ⊆ In,0 and K
[i]
n,0 = T ih̃n+

1
2 i(i−1)K

[0]
n,0 so Kn,0 is a mesh prototype

for Cn. Likewise, K
⋆
n,0 = T h̃n+1(Jn,0 ∩ L⋆) is a mesh prototype for Cn.

For rn − k < i ≤ rn and 0 ≤ j < h̃n, since h̃n+1 = (rn + 1)h̃n + 1
2rn(rn − 1) + cn+1 − cn,

T kh̃nJ
[i]
n,j = T kh̃nT (ih̃n+

1
2 i(i−1)J

[0]
n,j = T h̃n+1T (i+k−rn−1)h̃n+

1
2 i(i−1)− 1

2 rn(rn−1)−cn+1+cnJ
[0]
n,j

= T h̃n+1T
1
2 i(i−1)− 1

2 rn(rn−1)−cn+1+cn− 1
2 (i+k−rn)(i+k−rn−1)J

[i+k−rn]
n,j

= T h̃n+1T i(rn−k)−xn,kJ
[i+k−rn]
n,j

where xn,k = rn(rn − 1)− 1
2k(rn − k + 1) + cn+1 − cn. Since cn+1 < cn + rn +Mn+1, xn,k < r2n +Mn+1

Then for r2n +Mn+1 ≤ j < h̃n,

T kh̃nJ
[i]
n,j = T h̃n+1J

[i+k−rn]
n,j+i(rn−k)−xn,k

Now observe that

T h̃n+1Jn,j = T h̃n+1T jJn,0 = T j
(
T h̃n+1 ((Jn,0 ∩ Ln) ⊔ (Jn,0 ∩ L⋆

n) ⊔ (Jn,0 ∩Q))
)

= T j
(
Kn,0 ⊔ T−Mn+1K⋆

n,0 ⊔ T h̃n+1(Jn,0 ∩Q)
)

Since Jn,0, Kn,0 and K⋆
n,0 are all meshes, then for j ≥ r2n + 2Mn+1,

T h̃n+1J
[i+k−rn]
n,j+i(rn−k)−xn,k

= K
[i+k−rn]
n,j+i(rn−k)−xn,k

⊔ (K⋆
n,j+i(rn−k)−xn,k−Mn+1

)[i+k−rn] ⊔ T h̃n+1Zi,j

where Zi,j is a collection of levels in Cn+z such that T h̃n+1 pushes each level through the top of Cn+z.

Since Kn,0 and K⋆
n,0 are mesh prototypes for Cn and A is a union of levels in Cn, then by Lemma 4.4,

µ(K
[i+k−rn]
n,j+i(rn−k)−xn,k

∩A) =
1

rn + 1
µ(Kn,j+i(rn−k)−xn,k

∩A) =
1

rn + 1
µ(T i(rn−k)−xn,kKn,j ∩A)

and

µ((K⋆
n,j+i(rn−k)−xn,k−Mn+1

)[i+k−rn] ∩A) =
1

rn + 1
µ(Kn,j+i(rn−k)−xn,k−Mn+1

∩A)

=
1

rn + 1
µ(T i(rn−k)−xn,k−Mn+1Kn,j ∩A)

Therefore∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃nJ
[i]
n,j ∩A)− µJ

[i]
n,jµA

∣∣∣∣∣ ≤
∣∣∣∣∣ 1

rn + 1

rn∑
i=rn−k+1

µ(T i(rn−k)−xn,kKn,j ∩A)− µKn,jµA

∣∣∣∣∣
+

∣∣∣∣∣ 1

rn + 1

rn∑
i=rn−k+1

µ(T i(rn−k)−xn,k−Mn+1Kn,j ∩A)− µKn,jµA

∣∣∣∣∣
+

∑
levels in Cn+z

µ(T h̃n+zIn+z,y ∩A)

Using that T is measure-preserving,∣∣∣∣∣ 1

rn + 1

rn∑
i=rn−k+1

µ(T i(rn−k)−xn,kKn,j ∩A)− µKn,jµA

∣∣∣∣∣
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=

∣∣∣∣∣ 1

rn + 1

k∑
i=1

µ(T i(rn−k)+(rn−k)2−xn,kKn,j ∩A)− µKn,jµA

∣∣∣∣∣
≤
∫
T (rn−k)2−xn,kKn,j

∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
and similarly ∣∣∣∣∣ 1

rn + 1

rn∑
i=rn−k+1

µ(T i(rn−k)−xn,k−Mn+1Kn,j ∩A)− µK⋆
n,jµA

∣∣∣∣∣
≤
∫
T (rn−k)2−xn,k−Mn+1K⋆

n,j

∣∣∣∣∣ 1

rn + 1

k∑
i=1

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
Since Kn,0 and T−MnK⋆

n,0 are disjoint and contained in T h̃n+1Jn,0, then∫
T (rn−k)2−xn,kKn,j

∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ+

∫
T

(rn−k)2−xn,k−Mn+1K⋆
n,j

∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
≤
∫
T (rn−k)2−xn,k+h̃n+1Jn,j

∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
Therefore if C̃

(q)
n are disjoint meshes of Cn then by Lemma 4.10 applied to the levels of Cn+z pushed

through the top of Cn+z,

∑
q

∣∣∣∣∣
rn∑

i=rn−k+1

µ(T kh̃n(J
(q)
n,j)

[i] ∩A)− µ(J
(q)
n,j)

[i]µA

∣∣∣∣∣ ≤
∫ ∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ+
r2n + 2Mn+1

hn

+

∫ ∣∣∣∣∣ 1

rn+z + 1

rn+z−1∑
i=0

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn+z

so the claim follows from Lemma 4.12.

Lemma 4.18. Let T be a rank-one transformation and n be such that Bn+1 is constructed using the
staircase operation and Bn+2 through Bn+z using Chacon-like operations with the same Mn+1 and cn+1 <

cn+rn+Mn+1 and Bn+z+1 be constructed using the staircase operation. Let C̃
(q)
n =

⊔h̃n−1
j=0 J

(q)
n,j be disjoint

meshes for Cn. Then for 1 ≤ k < rn and any union of levels A in Cn,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣

≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+

∫ ∣∣∣∣∣ 1

rn + 1

k∑
i=0

χA ◦ T i(rn−k)

∣∣∣∣∣ dµ
+

∫ ∣∣∣∣∣ 1

rn+z

rn+z−1∑
i=1

χA ◦ T−i

∣∣∣∣∣ dµ+
1

rn+z
+

r2n + 2Mn+1

h̃n

Proof. Let C̃n =
⊔h̃n−1

j=0 Jn,j be one of the meshes. Let Ln,0 and L⋆
n,0 and Q be as in the proof of Lemma

4.17. Then Ln,0 and L⋆
n,0 are mesh prototypes. As in the proof of Lemma 4.17, for rn − k < i ≤ rn and

r2n + 2Mn+1 ≤ j < h̃n+1,

T kh̃nI
[i]
n,j = T h̃n+1I

[i+k−rn]
n,j+i(rn−k)−xn,k

= L
[i+k−rn]
n,j+i(rn−k)−xn,k

⊔ (L⋆
n,j+i(rn−k)−xn,k−Mn+1

)[i+k−rn] ⊔ T h̃n+1Zi,j

where Zi,j is a collection of levels in Cn+z such that T h̃n+1 pushes each level through the top of Cn+z.
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Since Ln,0 is a mesh prototype and C̃n is a mesh, C̃n ∩
⊔
Ln,j is a mesh (and likewise with L⋆

n,0) so by
Lemma 4.4,

µ(L
[i+k−rn]
n,j+i(rn−k)−xn,k

∩A ∩ C̃n) =
1

rn + 1
µ(Ln,j+i(rn−k)−xn,k

∩A ∩ C̃n)

=
1

rn + 1
µ(T i(rn−k)−xn,k(Ln,j ∩ Jn,j) ∩A)

and similarly

µ((L⋆
n,j+i(rn−k)−xn,k−Mn+1

)[i+k−rn] ∩A ∩ C̃n) =
1

rn + 1
µ(T i(rn−k)−xn,k−Mn+1(L⋆

n,j ∩ Jn,j) ∩A)

The claim now follows similar to the proof of Lemma 4.17.

Lemma 4.19. Let T be a rank-one transformation such that the staircase operation is used infinitely
often and rn → ∞ along the sequence of n for which the staircase operation is used. Then {h̃n} is a
mixing sequence along those n for which the staircase operation is used.

Proof. Let A and D be unions of levels in some column Cn0 . Then for n ≥ n0 such that the staircase
operation is used, as A and D can be written as unions of levels in Cn, by Lemma 4.10 applied to the
single mesh

⊔
In,j ,

∣∣∣µ(T h̃nD ∩A)− µDµA
∣∣∣ ≤ h̃n−1∑

j=0

∣∣∣µ(T h̃nIn,j ∩A)− µIn,jµA
∣∣∣

≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χA ◦ T−i − µA

∣∣∣∣∣ dµ+
1

rn + 1
+

rn

h̃n

which tends to zero as T is ergodic and rn → ∞ (and rn
h̃n

→ 0 since T is on a finite measure space).

Lemma 4.20. Let T be a totally ergodic rank-one transformation such that the staircase operation is
used infinitely often and rn → ∞ along the sequence of n for which the staircase operation is used. Then
for each fixed k, the sequence {kh̃n} is a mixing sequence along those n for which the staircase operation
is used.

Proof. Let k ≥ 1 be fixed. Let A and D be unions of levels in some column Cn0
. Then for n ≥ n0 such

that the staircase operation is used, as A and D can be written as unions of levels in Cn, by Lemma 4.11
(the second statement) applied to the mesh

⊔
In,j ,∣∣∣µ(T kh̃nD ∩A)− µDµA

∣∣∣
≤

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A)− µIn,jµA
∣∣∣

≤
h̃n−1∑

j=krn+
1
2k(k−1)

(∫
T− 1

2
k(k−1)In,j

∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+
k

rn
µIn,j

)
+

krn + 1
2k(k − 1)

h̃n

≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−k∑
i=0

χA ◦ T−ik

∣∣∣∣∣ dµ+
k

rn + 1
+

krn + 1
2k(k − 1)

h̃n

which tends to zero as k is fixed, rn → ∞, rn
hn

→ 0 and T k is ergodic.
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Lemma 4.21 ([Ada98]; see Lemma A.16 [CPR23]). Let T be a transformation and n, p, k, L be nonzero
integers with n,L > 0 and χ ∈ L1. Then∫ ∣∣∣∣∣ 1n

n∑
i=1

χ ◦ T−ik

∣∣∣∣∣ dµ ≤
∫ ∣∣∣∣∣ 1L

L∑
i=0

χ ◦ T−ipk

∣∣∣∣∣ dµ+
|p|L
n

Lemma 4.22 ([Ada98]; see Lemma A.15 [CPR23]). Let T be a transformation and J a measurable set.
Let ϵ > 0 and L such that 1

L < ϵ. Let p such that for all 1 ≤ i < L,∣∣µ(T ipJ ∩ J)− µJµJ
∣∣ < ϵ

Then ∫ ∣∣∣∣∣ 1L
L−1∑
i=0

χJ ◦ T−ip

∣∣∣∣∣ dµ <
√
2ϵ

Definition 4.23. Let T be a rank-one transformation and A be a union of levels in some column Cn0
.

Let ϵ > 0 and n ∈ N. Then A is uniformly mixed within ϵ at stage n if for any collection of disjoint

meshes C̃
(q)
n of Cn and all (1− 1

2ϵ)h̃n ≤ t < (1− 1
2ϵ)h̃n+1,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T tJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < ϵ

and ∑
q

h̃n−1∑
j=0

∣∣∣µ(T tIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < ϵ

Lemma 4.24. Let T be a rank-one transformation and A be a union of levels in some column Cn0
. Let

ϵ > 0 and n ∈ N and let A be uniformly mixed within ϵ at stage n. Then for any collection of disjoint

meshes C̃
(q)
n of Cn and any union of levels D in Cn and all (1− 1

2ϵ)h̃n ≤ t < (1− 1
2ϵ)h̃n+1,∑

q

∣∣∣µ(T t(D ∩ C̃(q)
n ) ∩A)− µ(D ∩ C̃(q)

n )µA
∣∣∣ < ϵ

Proof. Since D is a union of levels in Cn, there exists D ⊆ {0, 1, . . . , h̃n − 1} such that D =
⊔

j∈D In,j .
Then∑

q

∣∣∣µ(T t(D ∩ C̃(q)
n ) ∩A)− µ(D ∩ C̃(q)

n )µA
∣∣∣ ≤∑

q

∑
j∈D

∣∣∣µ(T t(In,j ∩ C̃(q)
n ) ∩A)− µ(In,j ∩ C̃(q)

n )µA
∣∣∣

≤
∑
q

h̃n−1∑
j=0

∣∣∣µ(T tJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < ϵ

Proposition 4.25. Let T be an elevated staircase-Chacon-like hybrid transformation on a finite measure
space such that the staircase operation is used infinitely often and that along the sequence of n for which
Bn+1 is constructed using the staircase operation,

• rn → ∞

• r2n
hn

→ 0

• rn = h̃ℓ for ℓ < n such that Bℓ+1 was constructed using a staircase operation

• cn+1 = cn + rn

and along the sequence of n for which Bn+1 is constructed using a Chacon-like operation,

• cn < cn−1 + rn−1 +Mn

- 19 -
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• for all consecutive Chacon-like operations prior to the next staircase operation, the same cn and
Mn are used.

and such that Mn

hn−1
→ 0 along the sequence of n for which Bn+1 is constructed using a Chacon-like

operation and Bn was constructed using a staircase operation.

Let ϵ0 > 0 and A be a union of levels in some column Cn0
. Then there exists n1 > n0 such that for all

n ≥ n1 for which Bn+1 is constructed using the staircase operation, A is uniformly mixed within ϵ0 at
stage n.

Proof. By Lemma 4.19, the sequence {h̃n} restricted to those n for which the staircase operation is used
forms a mixing sequence so T is weakly mixing. Then T is totally ergodic so by Lemma 4.20, for each
fixed k, again along the staircase heights, {kh̃n} is mixing.

Choose ϵ such that 4
√
ϵ + 3

√
2ϵ + 5ϵ < 1

4ϵ0. Choose L ≥ 1 such that 1
L < ϵ. Take n such that the

staircase operation used to construct Bn+1 to be large enough that
∫ ∣∣∣ 1

rn

∑rn−k
i=0 χ ◦ T−ik

∣∣∣ dµ < ϵ for all

1 ≤ k ≤ L2 and that 1
rn

< ϵ and
r2n+2Mn+1

hn
< ϵ (or just

r2n
hn

if the following stage is also a staircase
operation)

Since {kh̃n} is a mixing sequence along n for which Bn+1 is constructed using the staircase operation,
by Lemma 4.6, we may also take n large enough that for all h̃ℓ ≤ t ≤ 4Lh̃ℓ,∣∣µ(T tA ∩A)− µAµA

∣∣ < ϵ

since ℓ → ∞ as n → ∞ because rn → ∞.

By Lemma 4.16, then for 1 ≤ k ≤ L2,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < 4ϵ <
1

4
ϵ0

and ∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < 4ϵ <

1

4
ϵ0

Let k such that L2 ≤ k < rn = hℓ. Choose p to be the minimal integer such that pk ≥ h̃ℓ. Then
pk < 2h̃ℓ. Write χ = χA. By Lemma 4.21,∫ ∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χ ◦ T−ik

∣∣∣∣∣ dµ ≤
∫ ∣∣∣∣∣ 1L

L−1∑
i=0

χ ◦ T−ipk

∣∣∣∣∣ dµ+
pL

rn + 1

Since pk < 2h̃ℓ and rn = h̃ℓ and k ≥ L2,

pL

rn + 1
<

pL

rn
=

pkL

h̃ℓk
<

2h̃ℓL

h̃ℓk
=

2L

k
≤ 2L

L2
=

2

L
< 2ϵ

Now h̃ℓ ≤ ipk < 2Lh̃ℓ for all 1 ≤ i ≤ L so by Lemma 4.22,∫ ∣∣∣∣∣ 1L
L−1∑
i=0

χ ◦ T−ipk

∣∣∣∣∣ dµ <
√
2ϵ+ 2ϵ

Therefore if Bn+2 is constructed using the staircase operation, then by Lemma 4.16,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < √
2ϵ+ 2ϵ+ ϵ+ ϵ+ ϵ <

1

4
ϵ0
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and ∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < 1

4
ϵ0

Now consider when Bn+2 through Bn+z are constructed using the same Chacon-like operation and
Bn+z+1 using the staircase operation.

If k <
√
ϵrn then

∫ ∣∣∣ 1
rn

∑k
i=1 χ ◦ T i(rn−k)

∣∣∣ dµ <
√
ϵ so we may assume k ≥

√
ϵrn. Likewise, if rn−k < 1

2L
2

then since we have taken n large enough already,
∫ ∣∣∣ 1

rn

∑k
i=1 χ ◦ T i(rn−k)

∣∣∣ dµ < ϵ.

Take p minimal such that p(rn − k) ≥ h̃ℓ. Then p(rn − k) < 2h̃ℓ and

pL

k
<

pL√
ϵrn

=
p(rn − k)L√
ϵ(rn − k)krn

<
2h̃ℓL√
ϵL2h̃ℓ

=
2√
ϵL

< 2
√
ϵ

So by Lemma 4.21,∫ ∣∣∣∣∣ 1

rn + 1

k∑
i=0

χ ◦ T i(rn−k)

∣∣∣∣∣ dµ ≤
∫ ∣∣∣∣∣ 1L

L−1∑
i=0

χ ◦ T i(rn−k)p

∣∣∣∣∣ dµ+ 2
√
ϵ

and since h̃ℓ ≤ 2i(rn − k)p < 4Lh̃ℓ for all 1 ≤ i < L, by Lemma 4.22,∫ ∣∣∣∣∣ 1

rn + 1

k∑
i=0

χ ◦ T i(rn−k)

∣∣∣∣∣ dµ <
√
2ϵ+ 2

√
ϵ

Then by Lemma 4.17,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < √
2ϵ+ 2ϵ+ ϵ+ 2

(√
2ϵ+ 2

√
ϵ
)
+ ϵ+ ϵ <

1

4
ϵ0

and by Lemma 4.18,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T kh̃nIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < 1

4
ϵ0

Therefore, by Lemma 4.6, for every h̃n ≤ t < (rn − 1)h̃n,

∑
q

h̃n−1∑
j=0

∣∣∣µ(T tJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < 2

(
1

4
ϵ0 +

1

4
ϵ0

)
= ϵ0

and likewise ∑
q

h̃n−1∑
j=0

∣∣∣µ(T tIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < ϵ0

Finally, consider (1− 1
2ϵ0)h̃n ≤ t < h̃n. Then by Lemma 4.10,

∑
q

hn∑
j=h̃n−t

∣∣∣µ(T tJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ ≤∑
q

t∑
j=rn

∣∣∣µ(T h̃nJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣+∑
q

rn−1∑
j=0

µJ
(q)
n,j

≤
∫ ∣∣∣∣∣ 1

rn + 1

rn−1∑
i=0

χ ◦ T−i

∣∣∣∣∣ dµ+
1

rn + 1
+

rn

h̃n
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and therefore

∑
q

h̃n−1∑
j=0

∣∣∣µ(T tJ
(q)
n,j ∩A)− µJ

(q)
n,jµA

∣∣∣ < ϵ+
hn − t

hn
+ ϵ+ ϵ < ϵ+

1

2
ϵ0 + 2ϵ < ϵ0

Similar reasoning using the second statement in Lemma 4.10 gives

∑
q

h̃n−1∑
j=0

∣∣∣µ(T tIn,j ∩A ∩ C̃(q)
n )− µIn,jµ(A ∩ C̃(q)

n )
∣∣∣ < ϵ0

5 Partial mixing

Lemma 5.1. Let T be a rank-one transformation such that Bn+1 through Bn+m are constructed using
Chacon-like operations with cn+z = cn and Mn+z = Mn for all 0 ≤ z < m where Mn and cn are such
that Mn divides h̃n.

For any 1 ≤ ℓ < h̃n+m

Mn
, there exist disjoint mesh prototypes J

(q)
n−1,0 of In−1,0 for each − h̃n

2Mn
< q ≤ h̃n

2Mn

and a set Qn−1,0 which is a union of levels in Cn+m such that T jQn−1,0 ∩ Qn−1,0 = ∅ for 1 ≤ j < h̃n

and

T ℓMnIn−1,0 = T h̃n+mQn−1,0 ⊔
h̃n/2Mn⊔

q=−h̃n/2Mn+1

T qMnJ
(q)
n−1,0

If there exists 0 < β < 1 such that µ(T ℓMnIn,0 ∩ In,0) ≤ βµ(In,0) and µ(T (ℓ−1)MnIn,0 ∩ In,0) ≤ βµ(In,0)

then µ(J
(0)
n−1,0) ≤ βµ(In−1,0) and µ(J

(−1)
n−1,0) ≤ βµ(In−1,0).

Proof. Since h̃n+1 = (rn + 1)h̃n + snMn + cn+1 − cn where sn is the number of subcolumns with Mn

non-elevation spacers placed over them, and since cn+1 = cn, it follows that h̃n+1 is divisible by Mn as
by hypothesis h̃n is. The same reasoning gives that h̃n+z is divisible by Mn for all 0 ≤ z < m.

Note that ℓMn < h̃n+m. Let S be the union of all non-elevation spacers levels placed above Cn through
Cn+m−1 and let S⋆ be the non-elevation spacer levels placed above Cn+m. Let

Qn,0 = {x ∈ In,0 : ∃ 0 < y ≤ ℓMn s.t. T yx ∈ S⋆}

be the set of points in In,0 which T ℓMn pushes through the top of Cn+m. For − h̃n

2Mn
< q ≤ h̃n

2Mn
, let

Z
(q)
n,0 = {x ∈ In,0 \Qn,0 : T−qMn+ℓMnx ∈ In,0}

be the set of points in In,0 such that T ℓMn does not push them through the top of Cn+m and leaves

them exactly qMn away from In,0. Since Mn divides h̃n+z for all 0 ≤ z < m,

In,0 \Qn,0 ⊆
h̃n/2Mn⊔

q=1−h̃n/2Mn

Z
(q)
n,0

For x ∈ Qn,0, if x ∈ In+m,j then since T yx ∈ S⋆ for some 0 < y ≤ ℓMn < h̃n+m, it follows that the same
holds for all y ∈ In+m,j since if any point in a level is pushed through the top of the column then all

points in the level are (and no point is pushed through twice as ℓMn < h̃n+m). Therefore Qn,0 can be
written as union of levels in Cn+m. For any In+m,j ⊆ Qn,0, since T ℓMn pushes In+m,j through the top

of Cn+m exactly once, it must be that j ≥ h̃n+m − ℓMn.

Set Q′
n,0 = T ℓMn−h̃n+mQ. Then Q′

n,0 is a union of levels in Cn+m and T ℓMnQn,0 = T h̃n+mQ′
n,0. If

x ∈ T jQn,0 ∩Qn,0 for 0 ≤ j < h̃n then x ∈ In,j ∩ In,0 so j = 0.
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By construction, T ℓMnZ
(q)
n,0 ⊆ T qMnIn,0. Set

J
(q)
n,0 = T−qMn

(
T ℓMnZ

(q)
n,0

)
⊆ In,0

and set, writing sn−1,y for the non-elevation spacer amounts added above Cn−1,

J
(q)
n−1,0 =

rn−1⊔
i=0

T ih̃n−1+
∑i−1

y=0 sn−1,yJ
(q)
n,0

Then J
(q)
n−1,0 is a mesh prototype for In,0 (since I

[i]
n−1,0 = T ih̃n−1+

∑i−1
y=0 sn−1,yIn,0) and

T ℓMnIn−1,0 = T ℓMn

(
rn−1⊔
i=0

T ih̃n−1+
∑i−1

y=0 sn−1,yIn,0

)

=

rn−1⊔
i=0

T ih̃n−1+
∑i−1

y=0 sn−1,y

(
T h̃n+mQ′

n,0 ⊔
⊔
q

T qMnJ
(q)
n,0

)

= Thn+m

(
rn−1⊔
i=0

T ih̃n−1+
∑i−1

y=0 sn−1,yQ′
n,0

)
⊔
⊔
q

T qMnJ
(q)
n−1,0

Set Qn−1,0 =
⊔rn−1

i=0 T ih̃n−1+
∑i−1

y=0 sn−1,yQ′
n,0. Then Qn−1,0 is a union of levels in Cn+m since ih̃n−1 +∑i−1

y=0 sn−1,y < h̃n for all 0 ≤ i < rn−1.

Since for q < q′, J
(q)
n,0 ∩J

(q′)
n,0 ⊆ T ℓMn+qMn(Z

(q)
n,0 ∩T (q′−q)MnZ

(q′)
n,0 ), if the intersection were nonempty then

(q′ − q)Mn would have to be a multiple of h̃n as Z
(q)
n,0 ⊆ In,0. But that is impossible so it follows that

the J
(q)
n,0 and hence the J

(q)
n−1,0 are mutually disjoint.

Assume now that there exists 0 < β < 1 such that µ(T ℓMnIn,0 ∩ In,0) ≤ βµ(In,0) and µ(T (ℓ−1)MnIn,0 ∩
In,0) ≤ βµ(In,0). Since J

(0)
n,0 ⊆ In,0 ∩ T ℓMnIn,0, it follows that µ(J

(0)
n,0) = µ(J

(0)
n,0 ∩ In,0 ∩ T ℓMnIn,0) ≤

βµ(In,0). Likewise, since J
(−1)
n,0 ⊆ In,0 ∩ T (ℓ−1)MnIn,0, the same holds for J

(−1)
n,0 .

Proposition 5.2. Let T be an elevated staircase-Chacon-like hybrid transformation and A and D be
unions of levels in some column Cn and let ϵ > 0. If for some m > 2,

• A and D are uniformly mixed within ϵ at stages n− 2 and n− 1

• A is uniformly mixed within ϵ at stage n+m

• Bn+1 through Bn+m are constructed using Chacon-like operations

• Mn+z = 2h̃n−2 for all 0 ≤ z < m

• for all 0 ≤ z < m, cn+z = cn is the unique minimal positive integer such that cn ≥ cn−1+ rn−1 and
2h̃n−2 divides hn + cn = h̃n

• there exists 0 < β < 1 such that µ(T ℓMnIn,0 ∩ In,0) ≤ βµ(In,0) for all h̃n

Mn
− 1 ≤ ℓ < h̃n+m

Mn

then for all (1− 1
2ϵ)h̃n−2 ≤ t < (1− 1

2ϵ)h̃n+m,

µ(T tD ∩A) ≥ (1− β)µDµA− 5ϵ

Proof. The claim is immediate for (1− 1
2ϵ)h̃n−2 ≤ t < (1− 1

2ϵ)h̃n since

∣∣µ(T tD ∩A)− µDµA
∣∣ ≤ hn−1∑

j=0

∣∣µ(T tIn,j ∩A)− µIn,jµA
∣∣ < ϵ

so µ(T tD ∩A) ≥ µDµA− ϵ.

Let h̃n ≤ t < (1 − 1
2ϵ)h̃n+m. Let ℓ be the unique integer such that ℓMn ≤ t < (ℓ + 1)Mn. Then
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h̃n

Mn
≤ ℓ < h̃n+m

Mn
and let y = t− ℓMn be such that 0 ≤ y < Mn. Let J

(q)
n−1,0 be the mesh prototypes and

Qn−1,0 be the set from Lemma 5.1. Then

T tIn−1,0 = T yT ℓMnIn−1,0 = T h̃n+m+yQn−1,0 ⊔
h̃n/2Mn⊔

q=1−h̃n/2Mn

T qMn+yJ
(q)
n−1,0

Let C̃
(q)
n−1 =

⊔h̃n−1−1
j=0 J

(q)
n−1,j be the disjoint meshes from the prototypes. By Lemma 4.5, Cn−2 ∩ C̃

(q)
n−1 is

a mesh of Cn−2 which we will write as C̃
(q)
n−2 =

⊔h̃n−2−1
j=0 J

(q)
n−2,j .

Since Qn−1,0 is a union of levels in Cn+m and Qn−1,0 ∩ T jQn−1,0 = ∅ for 1 ≤ j < h̃n, set Qn−1,j =

T jQn−1,0 for each 0 ≤ j < h̃n−1 and Qn−1 =
⊔h̃n−1

j=0 Qn−1,j is a union of levels in Cn+m.

Since D can be written as a union of levels in Cn−1, there exists D ⊆ {0, 1, . . . , h̃n−1 − 1} such that
D =

⊔
j∈D In−1,j . Then

T tD =
⊔
j∈D

T tIn,j =
⊔
j∈D

(
T h̃n+m+yQn−1,j ⊔

⊔
q

T qMn+yJ
(q)
n−1,j

)

= T h̃n+m+y (D ∩Qn−1) ⊔
⊔
q

T qMn+y
(
D ∩ C̃

(q)
n−1

)
and therefore, since D ⊆ Cn−2,

µ(T tD ∩A) ≥ µ(T h̃n+m+y(D ∩Qn−1) ∩A) +
∑

q:h̃n−2≤|qMn+y|<h̃n−1

µ(T qMn+y(D ∩ C̃
(q)
n−2) ∩A)

+
∑

q:|qMn+y|≥h̃n−1

µ(T qMn+y(D ∩ C̃
(q)
n−1) ∩A)

Since Qn−1,j are disjoint sets which are unions of levels in Cn+m, then

∣∣∣µ(T h̃n+m+y(D ∩Qn−1) ∩A)− µ(D ∩Qn−1)µA
∣∣∣ ≤ h̃n−1−1∑

j=0

∣∣∣µ(T h̃n+m+yQn−1,j ∩A)− µQn−1,jµA
∣∣∣

=

h̃n−1−1∑
j=0

∣∣∣∣∣∣
∑

j′:In+m,j′⊆Qn−1,j

µ(T h̃n+m+yIn+m,j′ ∩A)− µIn+m,j′µA

∣∣∣∣∣∣
≤

h̃n+m−1∑
j=0

∣∣∣µ(T h̃n+m+yIn+m,j ∩A)− µIn+m,jµA
∣∣∣ < ϵ

since A is uniformly mixed at stage n+m and h̃n+m ≤ h̃n+m + y < h̃n+m +Mn < (1− ϵ)h̃n+m+1.

By Lemma 4.24, since A is uniformly mixed within ϵ at stage n − 2 (and at stage n − 1 for when
qMn + y ≥ (1− ϵ

2 )h̃n−2),∑
q:h̃n−2≤qMn+y<h̃n−1

∣∣∣µ(T qMn+y(D ∩ C̃
(q)
n−2) ∩A)− µ(D ∩ C̃

(q)
n−2)µA

∣∣∣ < ϵ

and since A is uniformly mixed at stage n− 1 and |qMn + y| ≤ 1
2 h̃n +Mn = 1

2 h̃n +2h̃n−2 < (1− 1
2ϵ)h̃n,∑

q:h̃n−1≤qMn+y

∣∣∣µ(T qMn+y(D ∩ C̃
(q)
n−1) ∩A)− µ(D ∩ C̃

(q)
n−1)µA

∣∣∣ < ϵ

Since D is uniformly mixed at stages n − 2 and n − 1, using the second condition of uniformly mixed
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within ϵ, ∑
q:h̃n−2≤−(qMn+y)<h̃n−1

∣∣∣µ(T qMn+y(D ∩ C̃
(q)
n−2) ∩A)− µ(D ∩ C̃

(q)
n−2)µA

∣∣∣
=

∑
q:h̃n−2≤−(qMn+y)<h̃n−1

∣∣∣µ(D ∩ C̃
(q)
n−2 ∩ T−(qMn+y)A)− µ(D ∩ C̃

(q)
n−2)µA

∣∣∣ < ϵ

and likewise since D is uniformly mixed at stage n− 1,∑
q:h̃n−1≤−(qMn+y)

∣∣∣µ(T qMn+y(D ∩ C̃
(q)
n−1) ∩A)− µ(D ∩ C̃

(q)
n−1)µA

∣∣∣ < ϵ

Since y < Mn, for every q ̸= 0,−1 it holds that |qMn + y| ≥ Mn and also that one of | −Mn + y| ≥ 1
2Mn

or |y| ≥ 1
2Mn. Therefore

∑
q:|qMn+y|<h̃n−2

µ(D∩C̃
(q)
n−1) ≤ µ(D∩C̃

(q′)
n−1) where q

′ ∈ {0,−1}. From Lemma

5.1, µJ
(q′)
n−1,0 ≤ βµIn−1,0 and so µJ

(q′)
n−1,j ≤ βµIn−1,j for all 0 ≤ j < h̃n−1 − 1. Therefore, as D is a union

of levels,

µ
(
D ∩ C̃

(q′)
n−1

)
≤ βµD

Since T qMnIn,0 = T h̃n+mQn−1,0 ⊔
⊔

q T
qMnJ

(q)
n−1,0 and T is measure-preserving, µIn,0 = µQn−1,0 +∑

q µJ
(q)
n−1,0. and therefore

µ(D) = µ

(
D ∩

(
Qn−1 ⊔

⊔
q

C̃
(q)
n−1

))
= µ

D ∩

Qn−1 ⊔
⊔
q ̸=q′

C̃
(q)
n−1

+ µ
(
D ∩ C̃

(q′)
n−1

)
meaning that

µ

D ∩

Qn−1 ⊔
⊔
q ̸=q′

C̃
(q)
n−1

 = µ(D)− µ
(
D ∩ C̃

(q′)
n−1

)
≥ µD − βµD

Putting all of this together (and using that D ∩ C̃
(q)
n−2 = D ∩ C̃

(q)
n−1), since the meshes are disjoint and

disjoint from Qn−1,

µ(T tD ∩A) ≥ µ(D ∩Qn−1)µA+
∑
q ̸=q′

µ(D ∩ C̃
(q)
n−1)µA− 5ϵ

= µ

D ∩

Qn−1 ⊔
⊔
q ̸=q′

C̃
(q)
n−1

µA− 5ϵ ≥ (1− β)µDµA− 5ϵ

6 Low complexity partial mixing

Fix an integer γ ≥ 2. We will construct an elevated staircase-Chacon-like hybrid transformation Tγ .

Let B0 = 0 be the starting word. Let S0 = −1 and Q0 = 0. Set r−1 = 3 and c0 = 1 and h−1 = 3.

Assume that the transformation has been constructed up to BQn
and that cQn

has been specified.

Construct BQn+1 and BQn+2 using the staircase operation with rQn = rQn+1 = h̃Sn and cQn+1 =
cQn + rQn . Set Sn+1 = Qn + 2.

Let MSn+1 = 2h̃Qn . Let cSn+1 be the minimal integer such that cSn+1 > cSn+1−1 + rSn+1−1 and MSn+1

divides hSn+1 + cSn+1 . By Proposition 3.1, p(h̃Sn+1) is now completely determined. Choose yn+1 >
Sn+1 + 2 such that

3Sn+1−yn+1
p(h̃Sn+1

)

h̃Sn+1

<
1

n+ 1
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Construct Bt for Sn < t ≤ yn+1 using the γ-Chacon-like operation with Mt = MSn+1 and ct = cSn+1 .

Choose Qn+1 > yn+1 + n+1 such that h̃2
Sn+1

< 1
n+13

Qn+1 . Construct Bt for yn+t < t ≤ Qn+1 using the

γ-Chacon-like operation with Mt = MSn+1
and ct = cSn+1

. Set cQn+1
= |Byn+1

|+ 1.

Proceed inductively for all n.

6.1 Basic properties

Lemma 6.1. Tγ satisfies

|Byn+1 |+ 1

|BQn+1 |
< 3−n−1 and

r2Qn+1

|BQn+1 |
<

1

n+ 1
and

r2Qn+1+1

|BQn+1+1|
<

1

n+ 1

Proof. By construction, since |Bt+1| ≥ 3|Bt| for all t and Qn+1 ≥ yn+1 + n+ 1,

|Byn+1
|+ 1

|BQn+1
|

< 3−Qn+1+yn+1+1 < 3−n and
h̃2
Sn

|BQn+1
|
<

1
n+13

Qn+1

3Qn+1
=

1

n+ 1

and we have chosen rQn+1
= rQn+1+1 = h̃Sn

.

Lemma 6.2. Tγ satisfies
MSn

hSn−1
≤ 3−n.

Proof. Since |Bt+1| > 3|Bt| (and cn+1 > cn),

hSn−1 > rSn−2h̃Sn−2 = rQn−1

1

2
MSn = hSn−1

1

2
MSn ≥ 3Sn−1

1

2
MSn

and Sn−1 ≥ n+ 1 so the claim follows.

Lemma 6.3. Tγ satisfies
∑ cn

|Bn| < ∞.

Proof. By Lemma 6.1,
cQn

|BQn | =
|Byn |+1
|BQn | < 3−n. By construction, using that |Bt| > 3t and Qn ≥ n,

cQn+1

|BQn+1|
=

cQn
+ rQn

|BQn+1|
<

cQn
+ rQn

rQn |BQn |
=

1

rQn

cQn

|BQn |
+

1

|BQn |
< 3−n−1 + 3−n−1 < 3−n

and similarly, by Lemma 6.2,

cSn+1

|BSn+1 |
<

cQn+1 + rQn+1 +MSn+1

|BSn+1 |
<

cQn+1 + rQn+1 +MSn+1

rQn+1|BQn+1|
< 3−n−1 + 3−Qn−1 + 3−n−1 < 3−n

For 0 < t < Qn+1 − Sn+1,
cSn+1+t

|BSn+1+t| <
cSn+1

3t|BSn+1
| < 3−n−t. Therefore

∞∑
t=0

ct
|Bt|

=

∞∑
n=0

Qn+1−1∑
t=Qn

ct
|Bt|

<

∞∑
n=0

3 · 3−n +

Qn+1−Sn+1−1∑
t=1

3−n−t

 <

∞∑
n=0

(
3−n+1 + 3−n 1

2

)
< ∞

Proposition 6.4. Tγ is on a finite measure space.

Proof. The total number of spacers added at each stage is ct levels of the same size as those in Bt and
either approximately 1

2r
2
t levels the size of those in Bt+1 or Mt levels the size of those in Bt+1.

The measure of the elevation levels is then
∑

t
ct
ht

which is finite by Lemma 6.3. By Lemma 6.1,
r2n
hn

→ 0
for those n for which Bn+1 is constructed using the staircase operation so the spacer levels in the staircase
operations have finite total measure.
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At each Chacon-like form operation, the non-elevation levels have measure at most Mt

|Bt| since at most

Mt spacers are added above each subcolumn. By Lemma 6.2,
∑ MSn

|BSn | < ∞. Since |Bt+1| > 3|Bt|, the
total measure added by the non-elevation spacers in Chacon-like form operations is, as Mt = MSn+1

for
Sn+1 ≤ t < Qn+1,

∞∑
n=0

Qn+1−1∑
t=Sn+1

Mt

|Bt|
≤

∞∑
n=0

Qn+1−Sn+1−1∑
t=0

MSn+1

|BSn+1
|
|BSn+1

|
|BSn+1+t|

≤
∞∑

n=0

MSn+1

|BSn+1
|

∞∑
t=0

3−t < ∞

6.2 Word complexity

Proposition 6.5. Tγ satisfies lim inf p(q)/q ≤ 2 + 1/(γ+1)

Proof. By Proposition 3.7, since |Byn | < cQn ,

p
(

1
2 h̃n+1

)
1
2 h̃n+1

< 2 +
1

γ + 1
+ 3Sn−yn

p(|BSn
|)

|BSn |

so by our choice of yn, then

p
(

1
2 h̃n+1

)
1
2 h̃n+1

≤ 2 +
1

γ + 1
+

1

n
→ 2 +

1

γ + 1

Remark 6.6. The Tγ also satisfy lim sup p(q)/q = ∞ which is the primary motivation for Conjecture 7.

The staircase construction, which necessarily occurs infinitely often in our constructions with cut pa-
rameter tending to infinity in order to ensure partial mixing, forces there to be a sequence of times
along which p(q)/q → ∞. Specifically, at each staircase stage, Bn1

cn+i is a right-special word for each
0 ≤ i < rn and therefore for cn + rn ≤ q < |Bn| we effectively have p(q+1)− p(q) ≥ rn − 1 (we omit the
details). As |Bn| → ∞ rapidly, this forces p(|Bn|)/|Bn| → ∞ for n such that a staircase construction is
about to be implemented.

In essence, the tension here is that the Chacon-like stages are required to reduce the word complexity to as
close to 2 as possible while the staircase constructions are required to ensure partial mixing. Conjecture
5 in essence states that this sort of tension should be unavoidable regardless of what subshift is exhibited
since the partial mixing condition should effectively mean that “mixing occurs infinitely often” and, as
shown in [Cre26], outright mixing implies lim p(q)/q = ∞.

6.3 Partial mixing

Notation 6.7. For two words u and v of the same length, dH(u, v) = |{i : u[i,i+1) ̸= v[i,i+1)}| is the
Hamming distance.

Proposition 6.8. Let P ≥ 1 and let T be the subshift on the alphabet {0, 1, . . . , P} constructed using
B0 = 023 . . . P and Bn+1 = (Bn1)

γBn(Bn1)
γBn. Let Wn = (Bn1)

γBn and for 1 ≤ i < |Wn|, let
Wn,i = (Wn)[i,|W |n](Wn)[1,i) be the word obtained by shifting Wn to the left i places (with wraparound).

Let W be the right-infinite word which has Wn at the origin for every n. Then there exists a constant
κγ > 0 depending only on γ (and not on P ) such that if i ≥ 1 and n is such that |Wn| > i then
dH(W[1,|Wn|], (σ

iW )[1,|Wn|]) ≥ κγ |Wn|.

Proof. Let |u|0 be the number of 0s in a word u and likewise |u|1 be the number of 1s. Since |B0|0 = 1
and |Bn+1|0 = (2γ+2)|Bn|0, then |Bn|0 = (2γ+2)n. Since |B0|1 = 0 and |Bn+1|1 = 2γ+(2γ+2)|Bn|1,
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then |Bn|1 = 2γ(1 + (2γ + 2) + · · ·+ (2γ + 2)n−1) = 2γ (2γ+2)n−1
2γ+1 . Then for n ≥ 1,

|Bn|1
|Bn|0

=
2γ − 2γ

(2γ+2)n−1

2γ + 1
>

2γ − 1

2γ + 1
and

P |Bn|0
|Bn|

=
1

1 + |Bn|1
P |Bn|0

>
1

1 + 2γ
P (2γ+1)

For a word u which is a concatenation of 1s and Bn blocks, since 0 is always followed by 23 . . . P in such
a block, the number of letters in u which are not 1 is P |u|0. For words u and v of the same length, let
d0(u, v) =

1
P |u|0 |{i : u[i,i+1) ̸= 1, v[i,i+1) ̸= u[i,i+1)}|.

Since Bn begins with 0 and 11 never appears, every occurrence of a 1 in 1Bn coincides with an occurrence
of 0 in Bn1. As there are then at least P discrepancies between the words starting at that location,

d0(Bn1, 1Bn) ≥
P |Bn|1
P |Bn|0

>
2γ − 1

2γ + 1

and likewise d0(1Bn, Bn1) >
2γ−1
2γ+1 .

We claim now that for every n and every word w in the language such that |w| = |Bn|, if w ̸= Bn then
d0(Bn, w) ≥ 1

2γ+2
2γ−1
2γ+1 . When n = 0, the claim is immediate since d0(a, 1) = 1 for any letter a ̸= 1.

Assume the claim holds for n. Let w be a word in the language such that |w| = |Bn+1| and w ̸= Bn+1.
Then there exist words wj for 1 ≤ j ≤ 2γ + 2 and zj for 1 ≤ j ≤ γ and γ + 2 ≤ j ≤ 2γ + 1 with
|wj | = |Bn| and |zj | = 1 such that

w =

 γ∏
j=1

wjzj

wγ+1

 2γ+1∏
j=γ+2

wjzj

w2γ+2

Since Bn+1 = (Bn1)
γBn(Bn1)

γBn and d0 ignores the locations where Bn+1 reads 1,

d0(Bn+1, w) =
|{i : (Bn+1)[i,i+1) ̸= 1, w[i,i+1) ̸=, i is in a Bn in Bn+1}|

(2γ + 2)P |Bn|0
=

1

2γ + 2

2γ+2∑
j=1

d0(Bn, wj)

Suppose wj ̸= Bn for all j. Then by the inductive assumption, d0(Bn+1, w) ≥ 1
2γ+2

∑2γ+2
j=1

1
2γ+2

2γ−1
2γ+1 =

1
2γ+2

2γ−1
2γ+1 . So we may assume that wj = Bn for some j. Take j to be the minimal location at which

wj = Bn.

Consider first the case when j ̸= 1, j ̸= γ + 1, j ̸= 2γ + 2. Since Bn is always preceded by either Bn or
Bn1, and since wj−1 ̸= Bn, it must be that wj−1zjwj = aBnBn for some letter a. Since BnBnBn never
appears, then wj−1zjwj = 1BnBn so w and Bn+1 have at least one location where w reads 1Bn and
Bn+1 reads Bn1.

Now consider when j = 1. Let k minimal such that wk ̸= Bn. Then w has prefix (Bn1)
k−2Bn but does

not have prefix (Bn1)
k−1 so, as Bn is always followed by Bn or 1Bn, then w has prefix (Bn1)

k−2BnBn

hence BnBn1 as BnBn is always followed by 1. If k = γ+2 then w would have prefix (Bn1)
γBnBn1 but

then wk = Bn so k ̸= γ + 2. Therefore zk−1 exists and zk−1wk = Bn1. So there is at least one location
where w reads Bn1 and Bn+1 reads 1Bn.

Then in both cases,

d0(Bn+1, w) ≥
1

2γ + 2
d0(Bn1, 1Bn) ≥

1

2γ + 2

2γ − 1

2γ + 1

By induction this holds for all n and all words w ̸= Bn with |w| = |Bn|.

Since Bn+1 = WnWn, for all words w with |w| = |Wn|, then d0(Wn, w) ≥ 1
2γ+2

2γ
2γ+1 and P |Wn|0

|Wn| =
P |Bn+1|0
|Bn+1| and therefore

dH(Wn,Wn,i)

|Wn|
≥ d0(Wn,Wn,i)

P |Wn|0
|Wn|

>
1

2γ + 2

2γ − 1

2γ + 1

1

1 + 2γ
P (2γ+1)

- 28 -



Word complexity cutoffs for mixing properties Darren Creutz

≥ 1

2γ + 2

2γ − 1

2γ + 1

1

1 + 2γ
2γ+1

=
2γ − 1

(2γ + 2)(4γ + 1)

Let W be the right-infinite word that is the limit of Wn. Then for any i ≥ 1, taking n sufficiently large
that |Wn| > i, σiW has Wn,i at the origin. Then for such n,

dH(W[1,|Wn|], (σ
iW )[1,|Wn|] = dH(Wn,Wn,i) >

2γ − 1

(2γ + 2)(4γ + 1)
|Wn|

so the claim follows setting κγ = 2γ−1
(2γ+2)(4γ+1) .

Remark 6.9. The above transformations, in the case P = 1 so on a two letter alphabet, are pre-
cisely the examples exhibited in [Cre24] demonstrating rank-one weak mixing transformations with word
complexity lim inf p(q)/q = 1 and lim sup p(q)/q < 1.5 + ϵ.

Lemma 6.10. Tγ has the property that for all n such that Bn+1 through Bn+t are constructed using the

γ-Chacon-like operation and all h̃n

Mn
− 1 ≤ ℓ < h̃n+t

Mn
,

µ(T ℓMnIn,0 ∩ In,0) ≤ (1− κγ)µ(In,0)

for κγ as in Proposition 6.8.

Proof. Since Mn divides |Bn1
cn |, treating Bn1

cn as 023 . . . P where P = h̃n

Mn
and 1Mn as 1, the action

of TMn on Bn+1 through Bn+t generates the same right-infinite word W as the transformation in
Proposition 6.8.

Suppose that µ(T ℓMnIn,0 ∩ In,0) ≥ (1− κγ + δ)µIn,0 for some δ > 0. Then the corresponding shift of W
has the property that d(W[1,|Wn|], (σ

ℓW )[1,|Wn|]) ≤ (κγ−δ)|Wn| since it would force every block of p levels

to line up at least (1− κγ + δ) of the time. But Proposition 6.8 states that d(W[1,|Wn|], (σ
ℓW )[1,|Wn|]) ≥

κγ |Wn| so this is a contradiction.

Proposition 6.11. Tγ is at least κγ-partially mixing where κγ = 2γ−1
(2γ+2)(4γ+1) .

Proof. By construction, rQn
= rQn+1 → ∞. Also, since |Bt+1| ≥ 3|Bt| for all t,

r2Qn

hQn

=
h̃2
Sn−1

hQn

<
1

n

3Qn

hQn

≤ 1

n
→ 0

and therefore the conditions in Proposition 4.25 required on the n for which the staircase operation is
used are satisfied.

By Lemma 6.2, Mn

hn−1
→ 0 along n for which the γ-Chacon-like operation is used. By construction, cn

and Mn satisfy the remaining conditions required by Proposition 4.25 on the n for which the Chacon-like
operations are used. The conditions required by Proposition 5.2 are also satisfied using the above and
Lemma 6.10.

Let D and A be unions of levels in some fixed column Cm0 and fix ϵ > 0. By Proposition 4.25, there
exists m1 > m0 such that for all m ≥ m1 for which Bm+1 is constructed using the staircase operation,
A and D are both uniformly mixed within ϵ at stage m. Therefore there is n0 such that for all n ≥ n0,
A and D are both uniformly mixed within ϵ at stages Qn and Qn + 1.

By Proposition 5.2, since the γ-Chacon-like operation is used to construct BSn+1+1 through BQn+1
and

Sn+1 − 2 = Qn, then for all (1− 1
2ϵ)h̃Qn

≤ t < (1− 1
2ϵ)h̃Qn+1

,

µ(T tD ∩A) ≥ κγµDµA− 5ϵ

As this holds for all n ≥ n0, then the above holds for all t ≥ h̃Qn0
. Since ϵ > 0 was arbitrary, the claim

is proved.
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Proof of Theorem 1. Let ϵ > 0. Choose γ ≥ 2 such that 1
γ+1 < ϵ. By Proposition 6.5, Tγ satisfies

lim inf p(q)/q ≤ 2 + 1
γ+1 < 2 + ϵ. By Proposition 6.11, Tγ is at least κγ-partially mixing.

7 Lower bounds on word complexity of partially mixing rank-one subshifts

Definition 7.1. A rank-one transformation is in canonical form if Bn is a suffix of Bn+1 for all n.

Lemma 7.2. Let T be a rank-one transformation. Then T is measurably isomorphic to a rank-one
transformation in canonical form which generates the same language as T .

Proof. Since Bn+1 is a concatenation of Bn and 1, there exists a unique cn such that Bn+1 has Bn1
cn

as a suffix. Set B̃n+1 to be the prefix of Bn+1 of length |Bn+1| − cn. Then Bn+1 = B̃n+11
cn . Clearly

Bn and B̃n generate the same language. The measure isomorphism is likewise immediate (and can be
viewed as saying that we place zero spacers over the rightmost subcolumn but instead place that many
extra above every subcolumn at the next stage).

For the remainder of this section, all rank-one transformations are assumed to be in canonical form,
without loss of generality.

Definition 7.3. A rank-one transformation has bounded spacers if there exists some t ≥ 0 such that
for every n and j, sn,j ≤ t and has unbounded spacers otherwise.

Lemma 7.4. Let T be a nontrivial rank-one subshift in canonical form that is lightly mixing. Then T
has unbounded spacers.

Proof. Suppose that T has bounded spacers. Since T is in canonical form, Thn pushes every point in a
level In,j through exactly one spacer string (for points in the rightmost subcolumn, the spacers from a

future stage). Then ThnIn,j ⊆
⋃t

i=0 T
−iIn,j for every height hn.

Let B be a union of levels in some fixed column such that every level in B is at least 2t+ 2 away from
every other level in B. Then ThnB ∩ T t+1B = ∅ since every point in ThnB is within t levels of a level
in B so none of those points can be exactly t+ 1 away as the levels in B are all at least 2t+ 2 apart.

This would contradict light mixing so T must have unbounded spacers.

Proof of Theorem 2. By Lemma 7.2, we may assume T is in canonical form. By Lemma 7.4, T has
unbounded spacers so 1∞ is a left-infinite right-special word. Therefore if for infinitely many q we had
p(q+1)−p(q) = 1 then the unique right-special word of length q would be 1q. The path from 1q to itself
starting with 1 is labeled 1, call the other path uq. Then 1+ |uq| = p(q)+1 so |uq| = p(q). Now uq must
have 1q as a suffix so, since the total measure of the spacers added is finite, it must be that q/|uq| → 0.
But then p(q)/q → ∞. So p(q + 1)− p(q) ≥ 2 for all sufficiently large q.

Suppose that lim inf p(q)/q ≤ 2. Fix ϵ > 0. By Theorem 2.2 [Bos85], there exist infinitely many q such
that p(q + 1)− p(q) ≤ 2 and p(q) < (2 + ϵ)q. For such q, by the above, p(q + 1)− p(q) = 2 so there are
two right-special words of length q. Since 1q must be one of them, call the other wq. Since wq ̸= 1q,
there is some cq, dq ≥ 1 such that wq = 1dqz1cq for some word z which starts and ends with 0.

Since 1dq and 1cq correspond to spacers being added at some nth stage so |wq| ∼ hn, and since T is on
a finite measure space, then cq/q → 0 and dq/q → 0.

Consider the Rauzy graph for such a q. The path from wq to 1q must have label 1q−dq because wq is
followed by arbitrarily long strings of 1s in the language. The path from 1q to wq must have label z1cq .
The path from 1q to itself has label 1. Let vq be the label of the path from wq to itself.

Since the total length of the paths is p(q) + 2, then

|vq|+ q − cq + q − dq + 1 = p(q) + 2 < (2 + ϵ)q + 2

meaning that |vq| < ϵq + cq + dq + 1.
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As this holds for all ϵ > 0, then |vq|/q → 0 over such q (as cq/q → 0 and dq/q → 0). By Lemma 5.6 [Cre26],

|vq| < |wq| implies vq is a root of wq, meaning that wq = v′qv
tq
q for some tq ≥ 1 and v′q a suffix of vq.

Since |vq|/q = |vq|/|wq| → 0, then tq → ∞.

Now vq is always followed by vq or by 1q−dq as those are the only paths in the Rauzy graph. Note that if
µ([1q−dq ]) ≥ δ infinitely often then, as T is rank-one, this would imply the measure of the spacers added
at each level does not go to zero so the transformation would not be on a finite measure space. So vq is
followed by 1q−dq at most ϵq of the time for some ϵq → 0.

For a fixed q0 and q > q0, it then follows by the shift-invariance of the measure that for x ∈ [vq0 ], we have
T |vq|x ∈ [vq0 ] for at least (1− 1/tq − ϵq)µ([vq0 ]) since every occurrence of vq0 must be in some copy of vq
and then T |vq| will take that occurrence to the same occurrence in the following vq whenever vq is followed
by vq (which must be at least (1 − 1/tq) − ϵq of the time by shift-invariance and that µ([1q−dq ]) ≤ ϵq).
Therefore

µ(T |vq|[vq0 ] ∩ [vq0 ]) ≥
(
1− 1

tq
− ϵq

)
µ([vq0 ])

Since ϵq → 0 and tq → ∞, then

µ(T |vq|[vq0 ] ∩ [vq0 ]) → µ([vq0 ])

contradicting light mixing.

Remark 7.5. In fact, the above proof shows that a rank-one transformation with lim inf p(q)/q = 2 and

unbounded spacers is rigid. This follows since µ(
⋃|vq0

|
i=0 T i[vq0 ]) → 1 since the spacer levels added have

measure tending to zero. However, we do not elaborate as we do not need this and there exist nonrigid

rank-one transformations with lim sup p(q)
q < 2, e.g. the examples in Section 4 [Cre24] (which, of course,

have bounded spacers)

Proof of Theorem 3. By Lemma 7.2, we may assume T is in canonical form. We may and will assume

lim inf p(q)
q < 3 − 2δ for some δ > 0 since otherwise the claim is immediate. Then, by Theorem 2.2

[Bos85], there exists infinitely many q for which p(q + 1) − p(q) ≤ 2 and p(q) ≤ (3 − δ)q and we may
assume that the lim inf is attained along this sequence of q’s. Since T must have unbounded spacers
by Lemma 7.4, p(q + 1) − p(q) ≥ 2 for all q. So the lim inf is attained along a sequence of q such that
p(q + 1)− p(q) = 2 and p(q) ≤ (3− δ)q.

For such q, let vq be as in the proof of Theorem 2. The paths in the Rauzy graph have total length

|vq|+ 1 + q − cq + q − dq = p(q) + 2 ≤ (3− δ)q + 2

meaning that
|vq| ≤ (1− δ)q + cq + dq + 1

so again vq is a root of wq (as cq/q → 0 and dq/q → 0) so wq = v′qv
tq
q .

Let Cq =
⋃|vq|−1

i=0 T i[vq] (note that we are not assuming the translates are disjoint). Since µ([1q−dq ]) → 0,
it follows that µ(Cq) → 1. As in the proof of Theorem 2, we have that for a fixed q0 and any q > q0 such
that p(q + 1)− p(q) = 2 and p(q) ≤ (3− δ)q,

µ
(
T |vq|[vq0 ] ∩ [vq0 ]

)
≥
(
1− 1

tq
− ϵq

)
µ([vq0 ])

and therefore

µ
(
T |vq|[vq0 ] ∩ (Cq0 \ [vq0 ])

)
<

(
1

tq
+ ϵq

)
µ([vq0 ])

Now µ(Cq) → 1 and µ([vq]) → 0 (since |vq| → ∞ as otherwise the subshift is periodic), so µ(Cq\[vq]) → 1.

Fix ϵ > 0 and choose q0 in the set of possible q such that µ(Cq0 \ [vq0 ]) > 1− ϵ. Then

µ
(
T |vq|[vq0 ] ∩ (Cq0 \ [vq0 ])

)
<

(
1

tq
+ ϵq

)
µ([vq0 ])

1

1− ϵ
µ (Cq0 \ [vq0 ])
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Since T is α-partially mixing,

µ
(
T |vq|[vq0 ] ∩ (Cq0 \ [vq0 ])

)
≥ αµ([vq0 ])µ (Cq0 \ [vq0 ])

meaning that, for q large enough that (1− ϵ)α > ϵq,

α <

(
1

tq
+ ϵq

)
1

1− ϵ

and therefore

tq <
1

(1− ϵ)α− ϵq

Since p(q) ≥ |vq|+ q − cq + q − dq + 1− 2,

p(q)

q
≥ |vq|

q
+ 2− dq + cq + 1

q
=

|vq|
|wq|

+ 2− dq + cq + 1

q

>
1

tq + 1
+ 2− dq + cq + 1

q
>

1
1

(1−ϵ)α−ϵq
+ 1

+ 2− dq + cq + 1

q

Taking q → ∞ (so ϵq → 0 and cq/q → 0 and dq/q → 0) and ϵ → 0, then, along the sequence of q such
that p(q + 1)− p(q) = 2,

lim inf
p(q)

q
≥ 2 +

α

α+ 1

so the claim follows as the lim inf is attained along that sequence.
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