Word complexity cutoffs for mixing properties Darren Creutz

Word complexity cutoffs for mixing properties of subshifts

Darren Creutz*

25 October 2026

Abstract Investigating word complexity cutoffs for partial and light mixing in subshifts, we
construct partially mixing rank-one subshifts whose word complexity functions p(q) satisfy
liminf,_, P(@)/q < 2 + € for any prescribed € > 0 and, conversely, we prove that every lightly
mixing rank-one subshift satisfies liminf,_, ., P(@)/q > 2, establishing 2 as the optimal limiting
threshold in the rank-one setting. More quantitatively, we show that every a-partially mixing
rank-one subshift satisfies lim inf,_, o, »(4a)/q > 2+ 2/(14+a). Our constructions are a combination
of staircase and Chacon-like rank-one stages; we introduce the independently interesting notion
of mixing spans and meshes to establish partial mixing while retaining low word complexity.

Introduction

Subshifts are a natural and well-studied class of transformations: transformations on closed subsets
X C A” which are invariant under the shift map (here A, the alphabet, is an arbitrary finite set). A key
aspect of subshifts is that there is a finer notion of complexity than for general transformations, namely
we can define the word complexity function p(q) = [{w is a subword of some = € X : |w| = ¢}| where
|w| is the length. Entropy, the standard measure of complexity for general transformations, cannot
distinguish qualitative behavior, such as various forms of measure-theoretic mixing, among zero entropy
transformations; however, word complexity can. Questions of what the minimal possible word complexity
for subshifts having mixing properties date back to Ferenczi in the 1990s, e.g. [Fer96],[Fer95] and are an
active area of current research.

A word complexity cutoff is a quantitative statement about the asymptotic nature of p(q) for which
some specified qualitative property of the subshift can occur. For example, in [Cre26], the author
showed that the word complexity cutoff for measure-theoretically strong mixing is precisely that p(q)
is superlinear: any strongly mixing subshift has limp(q)/q = oo and for any f(q) — oo there exists
a strongly mixing subshift for which p(q) < ¢f(¢q) (for sufficiently large ¢). For another example, the
related question for weak mixing was resolved by the author and R. Pavlov [CP24] who showed that
limsupp(q)/q < 1.5 implies discrete spectrum, hence precludes weak mixing, and [CP23] where the
existence of a weakly mixing subshift with limsupr(4)/g = 1.5 and lim inf P(4)/¢ = 1 was established.

A striking feature of recent work on word complexity is the appearance of a sequence of thresholds of
the form (k+1)/k, in several different senses, at which increasingly restrictive structural and dynamical
properties cease to be forced. In particular, 3/2 is the sharp threshold for the occurrence of weak mixing
in terms of limsupp(q)/q [CP24], while 4/3 marks a transition in the substitutive structures available
to low-complexity subshifts [CP23]. Further restrictions on substitution incidence matrices arise below
5/4, see [CP23], specifically the discussion following Proposition 3.1. At the other end of this hierarchy,
strong mixing requires superlinear word complexity, i.e. “1/0”. The results of this paper identify 2 = 2/1
as the corresponding limiting threshold for partial mixing within the rank-one class and provide evidence
for the analogous threshold for light mixing in general.

A transformation T is a-partially mixing for 0 < a < 1 if for all measurable sets A and B,

liminf u(T" AN B) > au(A)u(B)
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A transformation T is lightly mixing if for all positive measure sets A and B, liminf u(7T"AN B) > 0.
Strong mixing is defined as lim u(7T" AN B) = u(A)u(B) and weak mixing as the existence of a sequence
of times along which that limit holds; as is well-known the implications

strong mixing = partial mixing = light mixing = weak mixing

hold and none of the reverse implications hold.

Main results

Here we establish a quantitative, in terms of word complexity, result regarding partial mixing as it fits
into the general word complexity cutoff framework:

Theorem 1. For every e > 0, there exists a partially mizing subshift such that liminf P(9)/q < 2 4 €.

While weak mixing is possible with liminfp(q)/q = 1 and strong mixing forces liminf p(q)/q = oo, our
work here shows that light mixing can occur with liminf p(q)/q < 2 + €. Building on this, we establish
that, in the context of rank-one subshifts, 2 is the optimal bound (and in fact cannot be attained by a
rank-one subshift though we suspect it can be attained by a non-rank-one lightly mixing subshift):

Theorem 2. For any lightly mizing rank-one subshift, liminf p(9)/q > 2.

We also establish lower bounds for word complexity of arbitrary a-partially mixing rank-one subshifts
demonstrating that stronger partial mixing forces increasing lower bounds on word complexity.

Theorem 3. For any rank-one subshift which is a-partially mizing, liminf P(@)/q > 2 4+ @/(a+1).

Further directions

Motivated by these results, we propose the following:

Conjecture 4. For any subshift which is a-partially mizing, liminf P(2)/q > 2 4+ @/(a+1).
Conjecture 5. For any lightly mizing subshift, liminf r(a)/q > 2.

The apparent discrepancy with the above and our result is intentional, and in fact we suspect that in the
rank-two setting, equality can be attained just as equality with 1.5 can be attained in the weakly mixing
rank-two setting despite the fact that weakly mixing rank-one subshifts cannot attain the 1.5 bound.

Conjecture 6. There exists a lightly mizing subshift with liminf r(9)/q = 2.

Our lightly mixing examples with liminf p(q)/q < 2 + € necessarily have limsup p(q)/q = oo due to the
nature of their construction; we conjecture that such is unavoidable in general when constructing lightly
mixing subshifts:

Conjecture 7. For any lightly mizing subshift, lim sup r(9)/q = oo.

Mixing spans and meshes

A key new ingredient in the proof of Theorem 1 is the notion of mixing spans and meshes, which is of
independent interest and worth highlighting. A mesh is, in essence, a way of taking specific subsets of
Rokhlin towers which themselves are organized into levels and therefore retain much of the usefulness of
towers when estimating mixing-type asymptotics while being significantly more general.

Our examples essentially depend on meshes in that they are built as a combination of staircase-type
constructions and Chacon-type constructions; the staircase stages introduce some amount of mixing and
meshes allow us to show that said mixing survives in a suitable sense through the Chacon-like stages
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of the construction. In terms of word complexity, the staircase stages, as used in our constructions,
unavoidably increase the complexity in a superlinear fashion and the Chacon-like stages are required to
then reduce the word complexity arbitrarily close to the prescribed bounds; as such the notion of meshes
is crucial to the argument.

We introduce the notion of (uniform) mixing stages of rank-one transformations which involves spans
of times during which a fixed set is mixed uniformly into every mesh laid over every sufficiently large
column. These new ingredients, combined with staircase mixing techniques going back to [AF92] and
used, for example, in [Ada98], [CS04], [CS10], [Cre21], [Cre26], form the bulk of the proof of partial
mixing (the other ingredient being the nonrigidity of our constructions).

Organization of the paper

Section 1 establishes precise definitions and recalls the standard theorems on subshifts and rank-one
constructions, Section 2 defines the class of examples we will use to establish Theorem 1 and Section 3
provides the word complexity estimates for these examples. Sections 4 and 5 establish partial mixing,
with Section 4 being largely devoted to developing the theory of meshes as they relate to mixing estimates
and Section 5 being more focused on our specific class of examples. Section 6 concretely exhibits the
examples proving Theorem 1 and the paper concludes with Section 7 where the lower bounds in Theorems
2 and 3 are demonstrated.
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1 Definitions and preliminaries

Definition 1.1. A subshift on the finite set A is any subset X C A% which is closed in the product
topology and shift-invariant: for all x = (2, )nez € X and k € Z, the translate (x,,1x)nez of z by k is
also in X.

Definition 1.2. A word is any element of A’ for some ¢, the length of w, written |w|. A word w is a
subword of a word or bi-infinite sequence z if there exists k so that w; = x; 4 for all 1 <14 < |w|. A
word u is a prefix of w when u; = w; for 1 <i < |u| and a word v is a suffix of w when v; = W; ¢ |u|—|v|
for 1 <4 < vl

For words v, w, we denote by vw their concatenation—the word obtained by following v immediately by
w. We write such concatenations with product or exponential notation, e.g. Hi w; or 0™.

Definition 1.3. The language of a subshift X is £(X) = {w : w is a subword of some z € X}.

Definition 1.4. The word complexity function of a subshift X over A is the function px : N — N
defined by px(¢q) = |£(X) N A%, the number of words of length ¢ in the language of X.

When X is clear from context, we suppress the subscript and just write p(n).

For subshifts on the alphabet {0, 1}, we consider:
Definition 1.5. The set of right-special words is L%5(X) = {w € L(X) : w0, wl € L(X)}.
Cassaigne [Cas97] showed the well-known: p(q) = p(m) + Zg;}n Hw € £ : jw| = £}| for m < q.

Definition 1.6. A transformation 7' is a measurable map on a standard Borel or Lebesgue measure
space (Y, B, 1) that is measure-preserving: u(T~'B) = u(B) for all B € B.
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Definition 1.7. Two transformations 7" on (Y, B, 1) and 77 on (Y’, B, //) are measure-theoretically
isomorphic when there exists a bijective map ¢ between full measure subsets Yo C YV and Yj C Y’
where p(¢p~1A) = p/(A) for all measurable A C Yy and (¢ o T)(y) = (T" o ¢)(y) for all y € Yj.

Definition 1.8. A transformation 7" on a finite measure space is lightly mixing if for all positive

measure sets A and B,
liminf u(T"ANB) >0

Definition 1.9. A transformation T on a finite measure space is a-partially mixing for 0 < a < 1 if
for all measurable sets A and B,

liminf u(T"AN B) > au(A)u(B)

A rank-one transformation is a transformation 7' constructed by “cutting and stacking”. Here Y
represents a (possibly infinite) interval, B is the induced o-algebra from R, and p is Lebesgue measure.
We give a brief description, referring the reader to [FGH™23] or [Sil08] for more details.

The transformation is defined inductively on larger and larger portions of the space through Rohlin
towers or columns, denoted C),. Each column C,, consists of levels I,, ; where 0 < j < h,, is the height
of the level within the column. All levels I,, ; in C,, are intervals with the same length, p(I,,), and the
total number of levels in a column is the height of the column, denoted by h,,. The transformation 7'
is defined on all levels I, ; except the top one I, },—1 by sending each I, ; to I, ;11 using the unique
order-preserving affine map.

Start with C; = [0,1) with height h; = 1. To obtain Cj,41 from C,,, we require a cut sequence, {r,}
such that r, > 1 for all n. Make r,, vertical cuts of C,, to create r, + 1 subcolumns of equal width.
Denote a sublevel of C,, by Mj where 0 < a < h,, is the height of the level within that column, and i
represents the position of the subcolumn, where ¢ = 0 represents the leftmost subcolumn and i = r,, is
the rightmost subcolumn. After cutting C), into subcolumns, add extra intervals called spacers on top
of each subcolumn to function as levels of the next column. The spacer sequence, {s, ;} such that
0 <i<r, and s,,; > 0, specifies how many sublevels to add above each subcolumn. Spacers are the
same width as the sublevels, act as new levels in the column C,, 1, and are taken to be the leftmost
intervals in [1,00) not in C,,. After the spacers are added, stack the subcolumns with their spacers right
(4]

on top of left, i.e. so that 17[11'3461] is directly above I, ;. This gives the next column, C41.

Each column C,, defines T on Uh” I,,.; and the partially defined map 7" on C),41 agrees with that of
C,, extending the definition of T to a portion of the top level of C),, where it was previously undefined.
Continuing this process gives the sequence of columns {C,...,C,,Cyi1,...} and T is then the limit of
the partially defined maps.

Though this construction could result in Y being an infinite interval with infinite Lebesgue measure, Y
has finite measure if and only if 3 (mﬁ Doy Snyi < 00, see [CS10]. All rank-one transformations
we define satisfy this condition, and for convenience we renormalize so that ¥ = [0,1). Every rank-one
transformation is ergodic and invertible.

The reader should be aware that we are making r, cuts and obtaining r,, + 1 subcolumns (following
Ferenczi [Fer96]), while other papers (e.g. [Cre21]) use 7, as the number of subcolumns.

For a rank-one transformation defined as above, we define a subshift X (T") on the alphabet {0,1} which
is measure-theoretically isomorphic to 1" provided 7T is on a finite measure space:

Definition 1.10. The symbolic model X (T) of a rank-one transformation T is given by the sequence
of words: By =0 and

Tn
Bpy1 = B,1°"0B,1°"1 ... B, 1% = [ B 1o
=0

and X (7T) is the set of all bi-infinite sequences such that every subword is a subword of some B,,.

The words B,, are a symbolic coding of the column C,: 0 represents C; and 1 represents the spacers.
There is a natural measure associated to X (7T'):
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Definition 1.11. The empirical measure for a symbolic model X (T) of a rank-one transformation T
is the measure v defined by, for each word w,

{1 <j <|[Bn| —[w[+1 : Bupjsw) = w}
= lim .

Danilenko [Dan16] (combined with [dJ77] and [Kal84]) proved that the symbolic model X (T') of a finite
measure rank-one subshift, equipped with its empirical measure, is measure-theoretically isomorphic to
the cut-and-stack construction (see [AFP17]; see [FGH123] for the full generality including odometers).

Due to this isomorphism, we move back and forth between rank-one and symbolic model terminology as
needed and write £(7T') for the language of X (7).

2 Staircase-Chacon-like hybrid transformations

Definition 2.1. Given a word B,, representing a column in a rank-one transformation, say that B, ;1

is of staircase form when
rn—1

Bn+1 = H Bnlcn+j B,
F=0

for some r,, > 2 and ¢, > 0.
Definition 2.2. Given a word B,, representing a column in a rank-one transformation, say that B, ;1
is of Chacon-like form when

rp—1
Bpy1 = H Bnlcn-i-bn,jMn B,
Jj=0

where ¢, ; € NU {0} for all n and r,, > 2 and ¢, > 0 and M,, > 1.

Definition 2.3. Let {Form, } be a sequence of forms all either staircase or Chacon-like and let {M,,}
be a sequence of positive integers for those n for which B;,41 is of Chacon-like form and {r,} a sequence
of positive integers.

Set Bp =0 and ¢y = 1 and ro = 3. Given, B,,, construct B,,;+1 to be of the specified form.
If B,,+1 and B, 12 are of staircase form, set ¢,11 = ¢, + 7.

If B, 41 is of staircase form and B,, 42 is of Chacon-like form, set ¢,+1 > ¢, + 1, minimal such that M,
divides ‘Bn+1| + Cn41-

If B,,41 is of Chacon-like form and B, 42 is of staircase form, let ¢,,+1 > |B¢| + 1+ M,,+1 be any integer
where ¢ < n is the largest stage that was of staircase form.

If B,,+1 and B, ;2 are of Chacon-like form, set ¢, 11 = ¢,.

The resulting transformation is an elevated staircase-Chacon-like hybrid transformation.
Notation 2.4. For an elevated staircase-Chacon-like hybrid transformation,

Lemma 2.5. Let T be an elevated staircase-Chacon-like hybrid transformation. If B,y1 is constructed
using the staircase operation then

~ ~ 1
h71,+1 = (Tn + l)hn + Ern('rn - 1) +Cnr1 —Cp
and if Bp11 is constructed using a Chacon-like operation then

Bn+1 - (7"” + ]-)iln + snMn + Cn4+1 — Cp
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where s, is the number of subcolumns over which non-elevation spacers are placed.

Proof. In general, if s, ; is the number of non-elevation spacers added above each subcolumn then
hpt1 = (rp + Dhy +1pen + Z;“:'gl Sn,j + Cn41 since no spacers (elevating or otherwise) are added above
the rightmost subcolumn.

For n such that B, is constructed using the staircase operation, s, ; = j so ﬁn—&-l = (rn + l)ﬁn +
1

5Tn(rn — 1) + cny1 — Cn.

For n such that B,,; is constructed using a Chacon-like operation, ) s,, ; = s, M,, so the claim follows
similarly. O

Definition 2.6. Say that B, is constructed using the v-Chacon-like form for v > 2 if
Bi1 = (B,1o1M) 7 B 1o (B,1%1M) " B,

for some M,, > 1.

3 Word complexity estimates

Proposition 3.1. Let T be an elevated staircase-Chacon-like hybrid transformation and n be such that
B11 is of staircase form. Then p(|Bpi1| + cni1) is completely determined by the cutting and stacking
operations up to Bn41.

Proof. Let w be a right-special word with |w| < |Bj41|+ ¢nt1. Since 11l will appear regardless, we may
assume w has 01% as a suffix for some z > 1 (as 00 is not in the language because ¢,, > 1).

If z < ¢p41 then w must be a subword of 1 B,, 11 because 1°»+!v is not right-special for any proper
prefix v of By1 (as 1°7+1 is always followed by Bj11).

If 2 > ¢, then, since 1¢»+1TMn+1 is not right-special and cy > |B,,41| for the first N > n + 1 for which
By 41 is constructed using the staircase operation, then w = 1wl

If 2z = cp41 then w has 01"+ as a suffix hence shares a suffix with 1°»+' B, 11°+1 and is therefore a
suffix of that word.

Therefore all right-special words of length at most |Bj,+1| + ¢n+1 are determined by Bj,4+1 and ¢,4q9. O

Proposition 3.2. Let w be a right-special word in the language of an elevated staircase-Chacon-like
hybrid transformation such that |B,| < |w| for n such that B,y is of Chacon-like form and such that
|w| < Cn for the smallest N > n such that By is of staircase form. Then one of the following holds:

o W= 1|w\

e w shares a suffiz with 1~ B,1"

Proof. If w = 1!"! then we are in the first case so assume that w has 017 as a suffix for some z > 0. By
construction, 00 ¢ £ so z > 1.

Let m such that ¢,, < z < ¢;+1. Here m is unique by the construction of {¢,}. This follows as when
Byy1 is of staircase form, ¢, is strictly larger than any spacer amounts added at any prior stage and
Cm+1 18 strictly greater than any spacer amounts added in B,,y1 (and any values outside the ranges
between ¢,, and ¢,11 can never be the suffix of a right-special word).

Suppose m > N. Then |w| < cy < ¢ s0 w = 11wl Therefore m < N.

Suppose m < n and B,,41 is constructed using the staircase operation. Then w ends properly inside
a copy of Bp,+1. Then w has a suffix of the form uwl°r+1v for some word u and some prefix v of
B,, and v has 1°»%7 as a suffix for some 0 < j < r,,. This follows as |w| > |B,|. Then w has
1°m+1 B, 1 B, 1¢»+1 B, 1°»ti—1B 1°n%tJ ag a suffix. But that word is never followed by a 1 so is
not right-special. Therefore m < n is impossible in this case.
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Likewise, if m < n and m is prior to a staircase operation ¢ which is prior to n then w must contain
1o+ B 1% B, 1%+ | B 1% ti—1 B, 1% followed by a prefix of B,. But that word is never right-special.

Therefore m and n are not separated by a staircase operation. So we may assume that ¢, < z < cy.
Therefore z is either ¢, or ¢, + M, by construction. Since 01¢»+M=»+1 is not in the language (as
Cn > ¢, + M, + 1), then z = ¢,. So w has 01°~ as a suffix. Then by construction w shares a suffix with
B, 1¢" hence with 1~ B, 1°". O

Lemma 3.3. Let w be a right-special word in the language of an elevated staircase-Chacon-like hybrid
transformation such that |By,| < |w| for n such that all of B,, and By+1 and By4+o are of vy-Chacon-like
form and such that w shares a suffix with 11~ B, 1. Then one of the following holds:

o w shares a suffiz with Byy11

e w is a suffix of (Bnlcnan)z’y)Bnlcn

Proof. Here w shares a suffix with 1¢» B, 1¢»TM» B, 1¢» since 11°» B,,1°» only appears as a suffix of that
word. By construction, ¢, = ¢,+1 and M, = M, ;1.

Suppose w shares a suffix with 01°» B,1¢»tM» B 1% Then w and 1°»B,1° B, 1¢»tM» B 1° have a
common suffix but 1 B,,1¢* B, 1¢»*M=» B 1¢» B, is not in the language (since v > 1) so this would mean
w is not right-special.

So w shares a suffix with 11°» B, 1¢»*M=» B, 1 hence with 1¢»tM» B, 102 tMn B 1cn,

If w shares a suffix with 01¢" (B, 1¢»tM=)t B, 1+ Mn B 1¢n for any t > 1 then w0 shares a suffix with
016 (B, 162 Mn)t B, 160+ Mn B, 190 () which only appears as a subword of (B,,1¢7)2(B,, 16+ Mn)tH1 (B, 1¢n)2
meaning that ¢ > 7. Therefore w shares a suffix with (B, 1¢»tM=)7B, 16,

Consider when w shares a suffix with 11+ (B, 1¢»TM=)YB, 162 +Mn B 162 That word only appears as a
subword of B, 41 16ntMn B, 111 and is always preceded by (Bnlcn"’M“)”*BnlM“_l. Therefore w shares
a suffix with (B, 16 FMn)27 1B, 1en,

Since (B, 1¢#+tMn)27+1 B 1 is not right-special (because (B, 1¢»T7)27+2 is not in the language), then
w is a suffix of (B, 12t M»)2YB 1 and we are in the second claimed case.

Now consider the case when w shares a suffix with 01" (B, 1¢»T»)YB, 1", Then w shares a suffix with
B, 17 (B, 1¢n+tMn)Y B 167 which is always preceded by (B,1¢»*)YB, 1% in which case we are in the
second case claimed, or by preceded 1¢»*#» in which case w shares a suffix with ((B,,1¢» 7)Y B, 1¢)?
so with B, 111¢ and we are in the first claimed case. O

Lemma 3.4. Let w be a right-special word in the language of an elevated staircase-Chacon-like hybrid
transformation such that |B,| < |w| for n such that all of B, and Bpi1 and Bpio are of vy-Chacon-like
form and such that w shares a suffix with 01" B,1".

Then w is a suffiz of (B,_11¢-11Mn-1)7="1B 1¢0-1B, 1%,

Proof. Here w shares a suffix with 1°» B,,1°» B,,1°». By construction, ¢,_1 = ¢, and M,,_1 = M,,.

Since B, 1" B,, only appears as a subword of 12+t B 1 B 1¢ntMn then 1~ B,1° B, 1°* B,, is not in
the language so 1°» B,,1°» B,,1°"0 is not so w must be a proper suffix of 1~ B, 1°» B,,1°".

Consider when w shares a suffix with 01¢*(B,,_11¢»*M)YB,,_11¢»B,1¢. That word only appears
when the leading zero is the tail zero in the first (B,,_11tM»)YB, | which is in the first B, of
B,1°2B,1¢. Then 01 (B,_1+tM)YB, 11 B,1°0 is not in the language so w is a suffix of
16 (B,_11¢n+tMa)7=1B 11 B, 1% as claimed.

Now consider when w shares a suffix with 11¢*(B,,_1¢»*M=)YB, ;1 B, 1°». Then it shares a suffix
with 1¢2+Mn (B, 1t Ma)Y B (1% B, 1% 0, as 12T M» is always preceded by B, _; (as it is a suffix of
B,), then w shares a suffix with 1°» B,,_1¢tMn (B, 12t Ma)YB, 11 B, 1% but (B,,_j1¢+tMn)7+L
is not in the language so this is impossible. O
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Proposition 3.5. Let w be a right-special word in the language of an elevated staircase-Chacon-like
hybrid transformation such that |By| < |w| for n such that all of B, and Bpi+1 and Bpio are of -
Chacon-like form and such that lw| < Cn for the smallest N > n such that By is of staircase form.
Then one of the following holds:

o w =1l

e w shares a suffic with B, 11°"

e w is a suffix of (BnlcnlM")% B,1

o w is a suffiv of (B,_11¢-11Mn-1)7=1B 11, 1¢n

Proof. By Proposition 3.2, if w # 1*l then w shares a suffix with 1°»B,,1°». By Lemmas 3.3 and 3.4
then the claim follows. O

Proposition 3.6. Let T be an elevated staircase-Chacon-like hybrid transformation such that all of B,
and Bpy1 and By y2 are of v-Chacon-like form. Then

3 ifhy,<q<2ih,

2 if 3hy, < q < Lh,
pa+1) - pl) < s

3 Zf §hn+1 <q< hn—i-l —hy

2 Zf hn+1 hn <q < hn+1

Proof. Let ﬁn <q< ﬁn+1. The words 19 and the suffix of B, 111" of length ¢ are both right-special.
By Proposition 3.5, the only remaining right-special words are suffixes of (B,1¢»*»)2YB, 1" and
(Bn_llcn+Mn)vle 112 B, 16,

Since (B, 1¢2+tM»)27B, 1¢n and B,,;11°" share a common suffix of length (v + 1)h +~M,, = fhn+1, the
only new right-special words from that word have length 1 hn+1 <q< 27+ Dhy +2yMy, = hpi1 — hy,.

Since (B,,_11¢»tMn)7=1B, 1 B, 1°" shares a suffix of length B + Cn with Bn+1 1¢», the only new
right-special words from that word have length hy, < q <~vhp_1+YM, + h, = h O

Proposition 3.7. LetT be an elevated staircase- Chacon-like hybrid such that the v-Chacon-like operation
is used to construct By, through Byyo for n > m. Then

1h, 1 h
p(2~ +1) <2 + + 3m np(fl‘ )
thrl + 1 h

N

Proof. Since B,, and B, 1 and B, are all constructed using the v-Chacon-like operation, by Proposi-
tion 3.6,

- ~ ~ 1- 1- ~ 5~ 5~
p(hn-‘rl) _p(hn) S 2(hn+1 h ) =+ h —+ 2h §hn+1 hn = §h7l+1 — ih”
and therefore, by the telescoping nature of the series,
- 5- 5 - -
h —hyp — =hp, o,
Pln) < i 2+ pl)

Again by Proposition 3.6,

and therefore
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meaning that

p(lg~ +1)§2+ / +11)(~ )<2+ b p(hm)
§hn+1 (’Y + l)hn + My, §hn+1 v+1 h hm
and the claim follows since /~1t+1 > 3h, (as v > 2) for all ¢. O

4 Mixing spans and meshes

For a column, C),, recall that I,, ¢ is the base of the column and I, ; = TjInyo for 0 <j < h,, are the

levels (including the elevating levels).

For a level I, ; and 1 < i < 1y, recall that Ig}j is the i*" sublevel, i.e. the 1/r,+1 fraction of I, ; in the
h subcolumn.

Notation 4.1. For a measurable set B, let xpg =15 — u(B).

For Jp o C I, let Jr[l}O = JnoN s ]0 for 0 <4 < ry,.

Definition 4.2. Let I,, o be the base level in a tower C), of a rank-one transformation. If J, 0 C Lo

such that for all 0 < ¢ < r,, it holds that J, 0N s ]0 has the property that JM — Tihn 3120 sn ZJ[O]
then J,, ¢ is a mesh prototype for I, .

Given a mesh prototype J,, o for I, o, for 0 < j < iLn and 0 <14 < r,, write

n,j

Joj=TJno and JI =i (Jn,o N I}jyo)

and say that |_]J 0 Jn.; is a mesh for C,, and that J,, ; are the mesh levels.

Note that C, is a mesh for itself by putting J,, ; = I, ; and also that the intersection of two meshes for
C,, is again a mesh for C),.

Definition 4.3. For a mesh |_| "o T j of some column C), of a rank-one transformation, the size of

the mesh is N
hn—1
A e

_ 0
w(Chn) 1(In0)

Lemma 4.4. Let J, o be a mesh prototype for some base I, o of some column C,, of a rank-one trans-
formation. Let A be a union of levels in C,,. Then for 0 < j < hy, and 0 < i < rp,

.u(‘]'r[:,]j NA) =

r p(Jn; N A)

Proof. Since A is a union of levels in Cy,, either I, ; C A or I, ; N A = @. Since J}f]] - Ig] I, j, if
LnjNA=@then Ju; NA=&sop(Jh)NA)=0=—150= 2 u(J,;NA). Likewise, if I, ; C A
then J, ; C A and since ,u(Jr[f’]j) = u(JL%) (as T is measure-preserving and from the definition of a

mesh) is constant over all 0 < ¢ <, and j (for a fixed n), then u(J, Z] NA) = plJ, gl )= n_H,u(J j)=
(Jn,; NA). O

1
rn+1/”L

Lemma 4.5. Let | |Jn41,; be a mesh of Cpy1 for some column of a rank-one transformation. Then

Cn N Jnt1,; i a mesh of Cp,.

Proof. Let s, ; for 1 < i < r, be the number of non-elevation spacers added above each subcolumn of
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C,,. Then for 0 < j < hy,

*|_|f“ |_|
"] n+1 ]+7,h +Zt Osnt

and set )
hpy1—1 T
Inj i =1In 0 |_| Int1m = |_| (In+1,j+¢ﬁn+2'§;}) St N Jn+1,j+¢ﬁn+2§;}) sw>
m=0 1=0
Then : _
J[i] -7 NnJ ~ - _ TithrZS;i Sn,tJ[O]'
n,j A1+l +3020 Snt n+1,j+ihn+> 320 Sn,t n,j
meaning | | J,, ; form a mesh of C,. O

Lemma 4.6. Let T be a rank-one transformation and A be a measurable set and let € > 0 and K € N.
Let|_| "o o, Jn,j be a mesh for C,, for somen. If for all1 < k < K,

W1 i
Z ’,u(Tkh”JnJ NA)— an,juA‘ <e€
j=0

then for all h,, <t < Khy,
Fin—1

D (T 0y 0 A) = pdn juAl < 2
=0

Proof. Let h, <t < Kh,. Write t = kh,, + z for the unique 0 < z < h, and 1 < k < K. Then

hn—1
T T N A) = Ty Al
j=0
— ;Ln—Z—l
= Z (T Ty VA) = pdyjpAl+ D |u(T Ty N A) = pdn jpAl
j= hyp—z Jj=0

Z‘,u Tkt Dha g jNA)— anJuA’ Z‘NT%"J NA)— anJuA’<e+e O
=0

Lemma 4.7. Let T be a rank-one transformation and n be such that B,i1 is constructed using the
staircase operation. Let A be a union of levels in C,, and U?;al Jn,j be a mesh for C,. Then for
ho > j >y,

rp—1
~ 1 7
Tha g, O A) — J,,A‘</ T-ild I
( G MA) = pdn Al < . rn+1Zon pot T
Proof. For j > r, and 0 < i <1y,
B il _ =i gliA1] 41
T gy =Ty = dy i
and since A is a union of levels, by Lemma 4.4,
- ) 1 1 ;
T gl 0 Ay = w0 A i NA) = T J,;NA
H( ‘]n,j N ) .u(‘]n] 7 n ) T + IH(J 5J N ) T 4 11“( ‘] »J N )
and therefore .
P T g 0A) = g 37 (T s NA) + (T 15 0 4)
i=0

- 10 -
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Then, since M(T;L”J[r 'n A) < ﬁu]n)j,

n
n,J

~ 1 . 1
Thn g, (A — Jn»A’ T, N A) — pd A+ ——
p( JJ ) — 1 JHAl > 1 ;0 ( J ) — w JH +Tn+1/‘ J
1! 1
= T d .y
/Jw_rnJrl ;XAO M+rn+1ﬂ J
</ 1 il T dp+ — g 0
o —udy
= e P 2 XA 12 TnJrlM \J

Lemma 4.8. Let T be a rank-one transformation and n be such that B,i1 is constructed using the
staircase operation. Let A be a union of levels in Cy, and C,, = U?;gl JIn,j be a mesh for Cp,. Then for
hy > > 1y,

rn—1

1 .
oT™
1 ;XA

(T 1, ;,nANC,) - an,juA’ < / dp+ p(T 1 N AN G

JIn,j

Proof. For j > r, and 0 < i < 7y,
T~" Z—z —3 [1'4,-1 Z-i+1
" T[L]] 1 T[L,j ! o

n,j—1u

since 7Y 0 AN C, C JUH and since A is a union of levels, by Lemma 4.4,

n,j—1 n,j—1t
o 7] =5\ ol 5\ gl _ 1 o _ 1 —_
w(T L NANC,) = u(In)jﬂﬂAﬂC’n) = M(Jn,jfiﬂA) = mu((]n,j_zﬂA) = 1,u(T IniNA)
and the claim follows as in Lemma 4.7. O

Lemma 4.9. Let T' be a rank-one transformation and n be such that By is constructed using the

staircase operation. Let A be a union of levels in C,, and C, = U?;gl Jn,; be a mesh for C,. Then

hn—1 Tn—1
n - 1 n . 1 r ~
ThnJ, N A) — J,,A‘</ T d — ) uC,
;‘u( aNA) = whgpd| < | rn+1§“° nt (e )e
and
hn—1 3 1 Taml hyn—1 } ,
Z ‘M(Thn]mj NANC,) —MJn,jMA’ S[ ] Z yaoT | dut Z M(Thﬂrlr[:’]f]ﬂcn)“‘ﬁlﬂcn
J=0 Cn |'m i=0 j=0 n

Proof. Since the bottom r,, levels in the mesh have measure at most }fl—" ué’n, by Lemma 4.7,

hp—1 Fn—1
- ~ ’r‘n ~
> ‘M(Th”Jn,ij) —MJn,jMA‘ <Y ‘M(Th”Jnﬁj nA) _/JijNA‘ +5-HC
7=0 j=rn n
;Ln—l 1 rn—1 r2
< T7'd Cpn + =2uC,
_JZ/J rn+1;x,4o pt g+ 30

rn—1

1 .
E T
1 £ XA ©

dp +

<.
Cn

~ r ~
Cp + =—puC,
Tn_’_llu L"’hn,u n

- 11 -
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where we used that the levels are disjoint to consolidate the integral. Similarly, using Lemma 4.8,

B —1

Z_ ‘MTﬁ”fn,j NANC,) - an,juA\ <y \M(Tﬁnfn,j NANG,) — pdund| + g—”u@z
— 2 -
J o —1 m—l ] i hn—1 . ) 7",21 i
]z; /JM rat1 - XA oT™ du+ 22: u(T 1, 5 N Cn) + EuCn
rn—1 o —1 i i . )
< /C P Z xaoT ' du+ Z (T I 0 G + iucﬂ O

Lemma 4.10. Let T be a rank-one transformation and n be such that Byy1 is constructed using the
staircase operation. Let A be a union of levels in C,, and C~'7(Lq) be a collection of disjoint meshes of C,,.

Then
S S 1
Th” (9) A (q) A‘ / T,i d ~7n
ZZ’“ Tng N A) = plyp Tn+1Z:XAO e
q j=0 i=0
and
= h S 1 T
¥ ‘M(Thnln’jﬂAmC,(ﬁ)) uln (AN C@) ‘ ZXAOT dur Ly
qg j=0 n n

Proof. The first is immediate from the first statement in Lemma 4.9 as the meshes are disjoint. For the

)

second, observe that uJT(fj = pply,; where p is the size of C’,(LQ) and that, since A is a union of levels,

u(AN éflq)) = pp(A). Then the claim follows from the second statement in Lemma 4.9 and that, as the
meshes are disjoint,

hp—1 B — hn—1
n 5 B 1 n _ 1
hyp 7lTn h'n, Tn hn
S5 wrt i ncwy = 0wy - L < L o
¢ =0 =0 Tt i=0 Tn F

Lemma 4.11. Let T be a rank-one transformation and n be such that By is constructed using the
staircase operation. Let C~’n = U?;al JIn,j be a mesh for C,. Let 1 < k <1, and A be a union of levels
in Cy. Then for j > kry + k(k —1),

1 rn—k
—ik
> xaeT™

n.j ™t 1 i=0

k:;:L'Vl . _ y
w(T " Jy 5 N A) ,UJn,gNA‘ < /T_%k(k—l)J dﬂ

Tn

+ Y @ gl 0 Ay -l A
i=r,—k+1
and therefore
) 1 rn—k—1 k
T g, 50 A) — J,,A‘</ T* dp+ —— T,
w( 3 NA) = pdn jpd] < LG A e | ; xa© " T 10T
Proof. For j > kr, and 0 <i <r, —k,
K 7li] ik—Lk(k—1) gli+k]l _ qli+k]
T Jn =T" Jn J Jn7j7ik7%k(k71)
so by Lemma 4.4,
ki, 7l litH] _ 1 _ 1 ik—Lk(k—1)
(T J OA) ( n,j—ik— L k(k— 1)ﬁA) - _— 1“(‘]n,j—ik—%k‘(k—1)mA) - "+ 1 (T ( Jn,]mA)

- 12 -



Word complexity cutoffs for mixing properties Darren Creutz

and therefore

rn—k Tn
~ . _l _ h 74
(T T 5 01 A) = - 1 Soop@ RN A+ Y (gl n )
" i=0 i=rp—k+1

Then
’u(Tkﬁ” InjNA) = :U'Jn,j/LA‘

rn—k T
LS ik - K 7li] (i
= /T—%k(k—l)] ) Tn"!‘l Z XAOT d‘u + Z 'M(T JTLJQA)_'UJHJ'LLA
In,j i=0 i=r,—k+1
1 rn—k Tn ~ , ,
= /—lk(k—l) +1 Z XA© T dp + Z ’u(Tkhn JS}J’ na)- MJ}”:}J'NA o
Tz Tng |Tn i=0 i=rn—k+1

Lemma 4.12. Let T be a rank-one transformation and n be such that By is constructed using the

staircase operation. Let C, = U?;gl Jn,; be a mesh for Cp,. Let 1 <k <r, and A be a union of levels
in Cy. Then for j > kry + 3k(k — 1),

ro—k
(T 1, VAN Cy) — pl, (AN Cy)| < /TWUJM Tn1+ - ZO yaoT *|dy
+ i M(Tkh"lr[f}j NANG,) —ufg}ju(AﬂC’n)
i=rp—k+1
and therefore
" 5 N 1 Tk , _
M(Tkhn]mj NANC,) — pl, ;jn(ANC,)| < /Tékwn‘," mr ; yaoT ™% du+ — 1,uIn7qun

Proof. For j > kr, and 1 <i <r, —k,

khyn 75 _ —ik—Lk(k—1) pli+k] _ 7li+k]
T In,j =T 2 In,j = In,jfikf%k(kfl)

[i+k] 5 glitk]
so by Lemma 4.4, as Imj_ik_%k(k_l) NCy=Jdp

h N i+k A
uw(TEh 1, ;N ANG,) = M(IT[L,j—]ik—%k(k—l) NANG,)

—ik—Lk(k—
nuj—ik—Lk(k—1) (Jnjmie VA) = p(T*72FE=1 7 o0 A)

7’n—|—1'u

so the claim follows as in the proof of Lemma 4.11 making use of the facts that pJ, juA = pl, ju(ANC,)
ber <l inCo. m

and pJy ; = ply ;

Lemma 4.13. Let T be a rank-one transformation and n be such that Byy1 is constructed using the

staircase operation. Let Cpyq = U?le_l Jnt1,; be a mesh for Cnyy (so by Lemma 4.5, Cy, = CuNChyy =

|_|?;51 Jnj is a mesh for Cy,). Let 1 <k <wr,. Then forj > rp(rn,—1)+cpp1—cp andrp, —k <i <1y,

khp 7l _ b
T Jn,j =T n+1,j+%i(i71)férn(rnfl)fcn_HJrcn

Proof. Since J,[f,]j = Jn+1,j+il_zn+%i(i71)

from the fact that

and fzn_H = (rp + 1)i~zn + %rn(rn — 1) + ¢cpq1 — ¢, this follows

- 1 - - - 1 1
ih, + 5z‘(z’ - +khy,=hyp1+G+k—r,—1h, + 5z‘(z‘ -1) - irn(rn —1)—cpy1+cn O

- 13-
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Lemma 4.14. Let T be a rank-one transformation and n be such that B,4+1 and B,4o are constructed

. ) ) . ~ Fps1—1
using the staircase operation with ¢,11 = ¢y + 1y. Let Cpyq = Ujigl Jn+1,; be a mesh for Cpyq1 (so

by Lemma 4.5, C,=0C,nN C’n+1 = U?;al JIn,; is a mesh for C,). Then for 1 <k < r, and any union
of levels A in C,,

hn—1 Tn—k
n ~ 1 n )
TR g O A) = A’ < 7% g
;::0 i GNA) = wdugp A< | ; Xa0 m
1 et ‘ P2 1 .
+ S oT™ " du+ =" pCp + ————uCyp
/C'7L+1 Tnt1 + 1 ; “ : hnlu Tn+1 + IM i

Proof. For r, —k < i <7, and r,(r, — 1) + cp41 — ¢n < j < hyp, by Lemma 4.13 then Lemma 4.7,

‘,U(Tkh" Jr[j,]j NA)— /’LJE,]jMA‘

_ h
= ’N(T n+1Jn+1,j+%i(i71)f%T"(rnfl)fc”Jrl«Fcn NA)— /’LJnJrl,j+%i(i71)7%rn(rnfl)ru"4
T‘n+172
1 —i
< o E xaoT " du
T °
']n+1,j+%i(ifl)f%rn(rnfl)fcn+1+cn n+l =0
L J
+ mﬂ( n+1,j+%i(i71)f%T,L(T,Lfl)fc,,&l«%cn)

Then, since the levels in C), 1 are disjoint over j and 4,

B . o |
B 5 s - i
J=ra(rn—1)+cnt1 li=rn—k+1
1 Tn+1— 1

S /
Crns1

. 1 ~
EE—— oT™"dyu+ ——uC,
’I’n+1 +1 ZZ:% XA H ’rnJrl —+ ].'u ntl

Then by Lemma 4.11,

. )
S | g0 A) = A

J=rn(rn—1)+cny1
dp + [
Crt1

<
T—%k(k—l)én

As the bottom 7, (7, — 1) 4 ¢up1 — ¢, levels in C,, have measure at most WLM;LC’”, since
1 <r,—k, then ik + %k(k -1) <r,k— %kQ — %k < rp(rn—1) and ¢pq1 = ¢ + 7y, the claim follows. O

1 rn—k
> XxaoT™
™t 1 i=0

1 Tnt+1—1

g 2 XaoTT
Tn+1 +1 i—0

1 _
d —uC,
o+ — +1N n+1

Lemma 4.15. Let T be a rank-one transformation and n be such that B,11 and B,1o are constructed

) ) . . = Ppgr—1
using the staircase operation with cp,41 = ¢p + ry. Let Cpyq = |_|j=81 Jnt1,; be a mesh for Cpp1 (so

by Lemma 4.5, C,=0C,nN C~’n+1 = U?;al JIn,j is a mesh for Cy, ). Then for 1 <k < r, and any union
of levels A in C,,

hnp—1 - _ ~
Z ’N(Tkhnjn,j NANCpyr) — UIn,jU(A N Cn-i-l)‘

j=0
</,
o gkE-D &

rn—k
1R L
r +1ZXAOT ’
n i=0

dp

- 14 -
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.
n+1

Proof. For 1, —k <i <1y and 7,(rn, — 1) + ¢pp1 — ¢ < j < hy, by Lemma 4.13 then Lemma 4.8, and
using that pl,q 1 ju(ANChyr) = pdni juA,

1 et 1 .
_— oT7Hd + Cp+ ——uC,
Tne1+1 Z xa . hn N n+1+1ﬂ +1

(T 1040 Crgy) = Il (AN G|

;l'n A
= ‘M(T Jr1InJrl,jJr%i(ifl)f%rn(rnfl)fc,wr1+cn nNAN Cn+1) J n+1l,j+3i(i—1)—3rn(rn—1)— cn+1+cn/1‘A

1 Trn41—2
= T X XaoTT|du
J 1., 1 Tn+1 + 1 —
ntljtgi(i=1)—grn(rn—1)—cppiten i=0
1
+ mu(efnﬂ,ﬂ%i(if1)7%%(7«",1),%“%”)
and then the claim follows as in the proof of Lemma 4.14. 0

Lemma 4.16. Let T be a rank-one transformation and n be such that B,+1 and B,4o are constructed

using the staircase operation with c,11 = ¢ + 7. Let C’fﬂ_l be a collection of disjoint meshes of Cp 41
and A be a union of levels in C,,. Then for 1 < k < ry,

hyn—1 }
SO [T 0 ) - p Al
q j=0

rn—k

1 , 1 72 1
< T=*|d / e T dp+ 2+ ————
_/rn+1§XAO "+ - +IZXAO u+hn+7’n+1+1
and
hn—1 )
> ’M(Tkh"fn,j NANCytr) — pln (AN Cn+1)’
q Jj=0
rn—k 1 Tnt1—1 2 1
< 0T *|q +/7 oT™ d+~—”+7
_/rn+1§XA 12 oet + 1 Z XA H B | Tpr + 1
Proof. This is immediate from Lemmas 4.14 and 4.15 using the disjointness. O

Lemma 4.17. Let T be a rank-one transformation and n be such that Byy1 is constructed using the
staircase operation and By, 1o through By, . using Chacon-like operations with the same M, 11 and cpq1 <

Cntrnt+Mpui1 and By 441 be constructed using the staircase operation. Let (Z*,S,q) = |_|h — J(q) be disjoint
meshes for Cy,. Then for 1 < k < r, and any union of levels A in Cy,

ZZ‘MT”L”J NA) - pgl MA‘ / du+/

—ik

k
3 a0 T 0| g

nt1 T+ 1 pae
Tn+z—l 2
. 1 re +cn +2Mpy 4
T K3 d n
+/7rn+z+1 ; xao T dut —+ W

Proof. Let C, = [_|;L;61 Jn,; be one of the meshes. Let S* be the spacer levels added above Cy,4 .. Let
Q = {ZL’ S In+170 ;30 < Yy S iLn+1 s.t. TYx € S*} Let Ln+1 = {1’ S In+170 \ Q : Th"+1x € In+1’0}

and Ly = {2 € 410\ Q: Thns1+Mata g ¢ Int+1,0}. Since By4o through B,y are constructed using
Chacon-like operations all with the same M, 11 and ¢, y1, Iny10 = Lppa ULy U Q.

- 15 -
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Let L, = [[[7, Thet5iG-DL, \ and L} = | [[n, T 430D For ¢ € Ly, since ¢ Q
and Thn+12 € I, 0, it follows that if @ € Tihet2iG=D [ then Thn+1g e Tihnt3ili-1p,  Let
Ko = Thn+i(J, 0N L). T}len K, o C I, and K}Z}O = Tih"Jr%i(ifl)K}S]o so K, is a mesh prototype
for C,,. Likewise, K}, , = Thn+1(J, o N L*) is a mesh prototype for C,,.
Forr, —k<i<rpand 0<j< hu,, since Bn+1 = (rp, + l)iln + %rn(rn — 1)+ cpy1 —cn,
kb gl kb p(ihn+5i(i=1) 701 phogs qplitk=rn =Dhn+5i(i=1) =370 (ra—1)—cni1+en (0]
n,j n,j .7

_ Tﬁn+1 T%i(i—l)—%rn(rn—l)—cn_'_l—&-cn—%(i+k—rn)(i+k—rn—1)J’r[zl;kf’rn]

g1 i (rn—k) =2 i 7liHE—TR]
— T n T n n Jn’J

where x,, = 7 (rn, — 1) — %k(rn —k+4+ 1)+ cpp1 — ¢n. Since i1 < ¢ + 7+ Mpg1, Tng <72+ Myt
Then for 72 4+ My < j < hn,
it ] < e
Now observe that
Thni1 ], - = Thoi i J, ) = T (Tml (o N L) U (Jno N LA U (Jno N Q)))
= v (Kn’o LT M ] g U TR (0 1) Q))

Since Jy0, Kno and K7, ; are all meshes, then for j > 72 +2M, 41,

Thna glith—ra] _ plitk—ra)

* [i+k—T ] iLn+1 L
nj+i(rn—k)=Tnk T njti(rn—k)—2nk U (Kn,j-‘ri(rn—k)—wn,k—M,,Hrl) muT Zi g

where Z; ; is a collection of levels in C,,, such that Thnta pushes each level through the top of Cj, ..

Since Kp o and K7, , are mesh prototypes for C,, and A is a union of levels in Cy,, then by Lemma 4.4,

litk—ry] _ 1 _ 1 i(rn—k)—T,
G ity VA = g it~ N A) = g (T T K 0 4)
and
i+k—r 1
WE it k)= pnte) TN A) = T E i) 2= Mg 0 A)
1 )
_ — 1M(Tz(rnfk)fa:n,k7M1L+1Kn’j N A)
Therefore
= - i 1 S i(rn—k)—x
Do wMM TN A) A < | 3T (TR 0 A) i
i=r,—k+1 n i=rp—k+1
1 - i(rn—k)—x —
+ — Z w(T (rn—k)—2n k Mn+1Kn,j NA) — uK, ;jnA
n i=r,—k+1

+ Z /‘(Tﬁn+zln+z,y nA)

levels in Cp 4 -

Using that T is measure-preserving,

1 - ey
o+ 1 Yo (TR, 50 A) = K A
n i=r,—k+1

- 16 -
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k

. _ r, — Q_m
S TR R e K 0 A) — kK, A
i=1

<
T(Tn —k)2 —Tp.k Kn,j

1
T+ 1

dp

k
1 )
Tz(rn—k)
1 Zz:; XA©

and similarly

Tn

Tn+ 1

1 .
o+ 1 > (@M K 0 A) - K pA
n i=rn—k+1
k
< Ao THm=R) g
‘/T(rnfk)LG,rMnH K} ; * g

Since K, o and T—Mn K3, o are disjoint and contained in Th"“Jn,o, then

L(Tn_k)2_x7l.kKn,j

< _
(=2 =@y g thin g1 Tni

Therefore if C’Y(Lq) are disjoint meshes of C,, then by Lemma 4.10 applied to the levels of C,, . pushed
through the top of C,4 .,

1 & .
Z X4 0Tk dp
=0

k
1 )
i(rn,—k)
E xaoT
™t 1 i= i=0

dp +
H T(T'n*k)zfl'n,k*MnJrlK,i,j rn+ 1

k
Z X4 O Ti(rnfk)

1=0

d
T+ 1 H

T k

n ~ . . 1 i r2 4+ 2M, 11
SIS w@ ()0 A) - () Al < / > a0 T a4 e

q li=rp—k+1 n i=0 n
1 T71+z_1
+ [ |— o T~ du +
/ T'n+z + ]- ; XA ,U/ rn+z
so the claim follows from Lemma 4.12. O

Lemma 4.18. Let T be a rank-one transformation and n be such that B,y1 is constructed using the
staircase operation and By, 1o through By, . using Chacon-like operations with the same M, 11 and cpy1 <

cnt+rn+Mpyy1 and By, .11 be constructed using the staircase operation. Let C’éq) = U?;gl JT(L?; be disjoint
meshes for C,. Then for 1 < k < r, and any union of levels A in Cp,
hn—1

SN [T L 0 AN D) — u ju(ANCD)|
qg j=0

1 rn—k 4 1 k .
< o T—zk d + / ° Tl("'n_k) d
/rn—H;XA 12 rn+1;XA K
T —1
1 & , 1 72 4+ 2Mp 4
+ A© T71 d + + n =
/ TnJrz Zz:; X u rnJrz hn

Proof. Let C,, = U?;gl Ji,j be one of the meshes. Let L, o and L}, 5 and @ be as in the proof of Lemma
4.17. Then Ly o and L}, 5 are mesh prototypes. As in the proof of Lemma 4.17, for r, —k < i < rj, and
12+ 2Mp iy < § < By,

kﬁn [’L] — Fln,+1 [i+k7rn] — [’LJrkJ*T’n] * [i+k—7"n] FLn+1 L.
T In,j =T In’j-l,-i(rn—k)—wn,k = ngti(rn—k) =Tk U (Ln,j+i(7‘nfkt)7zn,ka"+1) ur Zz,]

where Z; ; is a collection of levels in (), 1, such that Thn+ pushes each level through the top of Cj, 4.
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Since L, o is a mesh prototype and C,, is a mesh, C,, N| | L, ; is a mesh (and likewise with L} ) so by
Lemma 4.4,

1

Tn + 1'u
1 )
= T (L 01 5) 0 4)

pu(LEtk =] NANG,) =

n,j+i(rn—k)—xn, (Ln,j+i(rnflc)f:rn,k NAN Cn)

and similarly

u(Ti(Tn—k)—IyL,k_Mn+1 (L;j N Jn,j) N A)

li+k—ry] A —
/1'((L;,j+i(rn*k)*zn,k*M"+l) nan Cn) N rn+1

The claim now follows similar to the proof of Lemma 4.17. O

Lemma 4.19. Let T' be a rank-one transformation such that the staircase operation is used infinitely
often and r, — oo along the sequence of n for which the staircase operation is used. Then {h,} is a
mizing sequence along those n for which the staircase operation is used.

Proof. Let A and D be unions of levels in some column C,,. Then for n > ng such that the staircase
operation is used, as A and D can be written as unions of levels in C),, by Lemma 4.10 applied to the
single mesh | | I, ;,

hp—1 ~
w(ThD N A) —uDuA‘ <> ‘M(Thnfmj nA) _M[n,jﬂA‘
j=0
rn—1 r
< T~ — pA|d =
7/7"71"‘1‘1 ;XAO 8 M+Tn+1+hn

;L'" — 0 since T is on a finite measure space). O

n

which tends to zero as T is ergodic and r, — oo (and

Lemma 4.20. Let T be a totally ergodic rank-one transformation such that the staircase operation is
used infinitely often and r,, — oo along the sequence of n for which the staircase operation is used. Then
for each fized k, the sequence {kh,} is a mizing sequence along those n for which the staircase operation
is used.

Proof. Let k > 1 be fixed. Let A and D be unions of levels in some column Cy,,. Then for n > ng such

that the staircase operation is used, as A and D can be written as unions of levels in C,,, by Lemma 4.11
(the second statement) applied to the mesh | |1, ;,

‘M(T’JL"D NA)— /LD/LA‘

< Z ’M(Tkh"fn,j NA) - an,juA‘

7=0
Pn—1 rn—k 1
1 . k krp, + sk(k—1)
j=krn+k(k—1) (ke ? APl L B e Tn hy
1 ok , k kr, + Lk(k —1)
< o T~ du + + 2
7/ T+ 1 ; xa K T+ 1 hy,
which tends to zero as k is fixed, r, — oo, 7= — 0 and Tk is ergodic. O
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Lemma 4.21 ([Ada98]; see Lemma A.16 [CPR23]). Let T be a transformation and n,p,k, L be nonzero
integers with n, L > 0 and x € L*. Then

[l
n

L
dp+ PE Ipl

ZX OT—ik

i=1

e [l

Lemma 4.22 ([Ada98]; see Lemma A.15 [CPR23]). Let T be a transformation and J a measurable set.
Let € > 0 and L such that % < €. Let p such that for all 1 <i < L,

|w(TPINJT) = pJpd| <e
Then

L1
L —i
7 Z xg 0T P du < /2

i=0
Definition 4.23. Let T be a rank-one transformation and A be a union of levels in some column C,,,.
Let € > 0 and n € N. Then A is uniformly mixed within € at stage n if for any collection of disjoint
meshes C',(Lq) of C), and all (1 — %e)hn <t<(1- %e)hn_‘_l,

Z Z ‘u TtJ(q) NA)— /.LJT(I?])-/J,A‘ <e€
q

and
hn—1 y }
SO |pT L N ANCE) — il (AN CD)| < €
q j=0

Lemma 4.24. Let T be a rank-one transformation and A be a union of levels in some column Cy,,. Let
€ >0 and n € N and let A be uniformly mized within ¢ at stage n. Then for any collection of disjoint

meshes C~'7(Lq) of Cp, and any union of levels D in C,, and all (1 — %e)ﬁn <t<(1- %E)iLnJ,_l,

3 ‘,u(Tt(D NCDYNA) — u(DNCD)A| < e
q

Proof. Since D is a union of levels in C,,, there exists D C {0,1,.. — 1} such that D = | |;.p In
Then
> ’u(Tt(D NCP)NA) = u(DN @(ﬂ))ufl‘ <> ‘M(Tt(ln,j NCP)NA) = u(I, ;N CLP)pA
q q jeD
<ZZ’uTt Q)ﬁA J(q),uA <e O
q

Proposition 4.25. Let T be an elevated staircase-Chacon-like hybrid transformation on a finite measure
space such that the staircase operation is used infinitely often and that along the sequence of n for which
By, 11 is constructed using the staircase operation,

® 1, — 00
r2
L4 h, — 0
°r, = iLe for € < n such that Byy1 was constructed using a staircase operation
® Cphil =Cp+ Ty
and along the sequence of n for which Byy1 is constructed using a Chacon-like operation,

o cp <cCpo1+Tpo1+ M,

- 19 -
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e for all consecutive Chacon-like operations prior to the next staircase operation, the same c, and
M,, are used.

and such that hjfjl — 0 along the sequence of n for which B,4+1 is constructed using a Chacon-like

operation and B, was constructed using a staircase operation.

Let €9 > 0 and A be a union of levels in some column C,,. Then there exists n1 > ng such that for all
n > ny for which Byy1 is constructed using the staircase operation, A is uniformly mized within €y at
stage n.

Proof. By Lemma 4.19, the sequence {l~1n} restricted to those n for which the staircase operation is used
forms a mixing sequence so T' is weakly mixing. Then T is totally ergodic so by Lemma 4.20, for each
fixed k, again along the staircase heights, {kh, } is mixing.

Choose € such that 4+/¢ + 3v/2¢ + 5e < ieo. Choose L > 1 such that % < €. Take n such that the

staircase operation used to construct B,11 to be large enough that f % Z:;gk xo T~ du < e for all

2
T’n

r242M, 41 Ty
hn hon

1 <k < L? and that = < ¢ and
operation)

< € (or just if the following stage is also a staircase

Since {kﬁn} is a mixing sequence along n for which By, is constructed using the staircase operation,
by Lemma 4.6, we may also take n large enough that for all hy <t < 4Lhy,
},u(TtA NA)— uAuA’ <€

since £ — 0o as n — oo because r, — 00.

By Lemma, 4.16, then for 1 < k < L?,

hy—1
n _ 1
Z Z ‘u(Tkh"JT(f])- NA)— ,qul‘fj)-uA’ <de< 160
q Jj=0
and
hn—1 B ~ . 1
>3 \N(T‘ﬂthn,j NANCDY) — ul, ;u(AN c;gq))’ <de< e
¢ Jj=0

Let k such that I? < k < r, = hg. Choose p to be the minimal integer such that pk > he. Then
pk < 2h,. Write x = xa. By Lemma 4.21,

rp—1 L—1

1 . 1 - pL
T—zkd < - T—’ka d I et
/MH;XO = P ST s P
Sincepk<2f~Lg and 7, = hy and k > L2,
I -
p <2LL:p~—kL<2~h£L:%§%:—<26
rntl e ek hgk k 2
Now ﬁggipk<2Li~Lg for all 1 <14 < L so by Lemma 4.22,
= '
/EZXOT—W dp < V2e + 2¢
i=0

Therefore if B;, 2 is constructed using the staircase operation, then by Lemma 4.16,

hp—1

< 7 1
Z Z ‘M(Tkh"],(g; NA)— uJé?J)-uA’ <V2+42+etete< 160
q j=0

920 -
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and
hn—1 ; ~ ~ 1
Z Z ‘/,L(Tkh"’lmj NAN 07(;1)) — /J/In,J/J,(A n C,r(Lq)) < ZGO
q j=0

Now consider when B, o through B, ., are constructed using the same Chacon-like operation and
B, .41 using the staircase operation.

Ifk < /ery

L Zle X o Ti(r"_k)‘ dp < /€ so we may assume k > \/er,,. Likewise, if 7, —k < §L?
L Zle x o TUrm=F) | dy < e.

then since we have taken n large enough already, [ -

Take p minimal such that p(r, — k) > hy. Then p(r, — k) < 2hy and

pL pL p(rn — k)L 2hoL 2
= < — = <2
\frn Velrn, — k)kry, VeL2hy VeL Ve
So by Lemma 4.21,
/ e Zxon i < /’ ZXOT’“""“” dji+ 2y
n

and since hy < 2i(r, — k)p < ALhy forall 1 <i < L, by Lemma 4.22,

/

k
1 )
i(rn—k)
> xoT
™t 1 i=0

du < V2e +2\/e

Then by Lemma 4.17,
hyp—1 : 1
> ‘M(T’“h"Jffj)ﬂA) J(q)uA‘ <f+2e+e+2(f+2\f) +ete< e
q j=0

and by Lemma 4.18,

hyp—1
< p ~ ~ 1
E E ‘M(Tkh"]mj nAN C’V(lq)) — pln jpu(AN Cr(Lq))‘ < 160
q j=0

Therefore, by Lemma 4.6, for every hy, <t < (1 — 1)hy,

hyn—1
"’ 1 1
E E ‘,U,(thiqj) N A) - MJ’I(L?j)/'LA‘ <2 (460 + 460) = €0
q Jj=0

and likewise

hp—1
% \an,j NANCD) — pul, (AN a(;n)( < e
qg j=0

Finally, consider (1 — %Go)hn <t < hy,. Then by Lemma 4.10,

hn t .
Z Z ‘M(TtJy(fj)'mA)_“‘]f(fj)'”A’ SZZ ‘M(Thn‘]’r(t) MJ( MA‘-{-Z ZMJ(?J)_
= q

q j=hn—t q J=rn
r

g/ + ==

rm+1 h,

Tn—1

1 n )
T7'd

Tn+1;)<o o+
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and therefore

—t 1
+€+6<6+§€0+26<60

hn—1

< han
Z Z ‘M(TtJSJ)- NA)— uJ( )uA < e+ W
q j=0 "

Similar reasoning using the second statement in Lemma 4.10 gives

hn—l
3 ‘u T',; NANCD) — ul, (AN CDY| < ¢ O
q J=0

5 Partial mixing

Lemma 5.1. Let T be a rank-one transformation such that Byy1 through By, are constructed using
Chacon-like operations with ¢py, = ¢ and My, = M, for all 0 < z < m where M,, and ¢,, are such
that M, divides h,,.

Forany1 </l < ”“” , there exist disjoint mesh prototypes J(Q)1 o of In—

2M
and a set Qn_1 whzch is a union of levels in Cyyp such that T7Q, 0 ﬂ Qn-10=2 for 1<j< h

and )
hn /2M,,

T L 10 =T Qno10 U |_| TMn JT(qul’O
q=—hn/2M,+1
If there exists 0 < 8 < 1 such that u(T*M» 00N Iho) < Bu(lno) and ,u(T(Zfl)M" 0,0 N 1no) < Bu(lno)
then (", o) < Bu(In-10) and p(J5_Yo) < Bu(In-10).

Proof. Since iLn+1 = (rp + l)ﬁn + 8y My, + Cny1 — ¢, Where s, is the number of subcolumns with M,
non-elevation spacers placed over them, and since ¢, 11 = ¢y, it follows that h,1 is divisible by M,, as
by hypothesis h,, is. The same reasoning gives that h, is divisible by M, for all 0 < z < m.

Note that /M, < iL,H_m. Let S be the union of all non-elevation spacers levels placed above C,, through
Ch+m—1 and let S* be the non-elevation spacer levels placed above C),,,. Let

Qno={r€lh0:30<y<IM,st. Tz c S*}

hy
2M,, = oM,y

TZM

be the set of points in I,, o which » pushes through the top of C\,4,,. Fo

Zr(f()) = {2 € Lo\ Quo: T~ Mg e I, 0}

be the set of points in I, o such that T*Mn does not push them through the top of C,4,, and leaves
them exactly ¢M,, away from I,, . Since M,, divides hyy, for all 0 < z < m,

hy/2M,,
Ino \ Qno C |_| Z,(f())
q=1—hy /2M,

For x € Q. 0, if x € I;,4p,,; then since TYx € S* for some 0 < y < M, < B,H_m, it follows that the same
holds for all y € Ip,4,y,,; since if any point in a level is pushed through the top of the column then all
points in the level are (and no point is pushed through twice as ¢M,, < Bn+m). Therefore @y, can be
written as union of levels in Cy, 1. For any I ym,; € @n o, since T*Mn pushes I 4m,; through the top
of Cy+m exactly once, it must be that j > Bn+m — {M,.

Set Q0 = TMn=hatm Q) Th~en Q)0 is a union of levels in Cpypm, and TnQ, 0 = T;‘”“”Q;L’O. If
T € Tan)o NQn,o for 0 <j < h, thenzel,;NI,0s035=0.
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By construction, 7~ Zr(f()) C T9Mn, 6. Set

and set, writing s,,_1 , for the non-elevation spacer amounts added above Cj,_1,

rn—1
(0 _ PP 1+ T s (9)
Jnfl,O* |_| T ! Ey70 11an,O
=0

Then Jff_)ljo is a mesh prototype for I,, o (since 15]_1,0 = Tt Tz sn 1w ] o) and

Trn—1

-7 i—1

T g = T ( HEAE f)
=0

Tn—1
-7 i—1 7
i (e

1=0 q

Tn—1
-7 i—1
T ( L] et 5“~yQ;,o> e g,
i=0 q

.7 i—1 ~
Set Qn_1.0 = U:iﬁl Tihn-1+32, 20 sn,fl‘yQ;l,o, Then @1, is a union of levels in C),,, since ih,_1 +

Syt Sn—t.y < hn for all 0 <i < rp_y.

Since for ¢ < ¢/, J,(L?()) N JT%) C TtMn+aMn (fo()) N7 ~0)Mn Zr(f(l))), if the intersection were nonempty then
(¢" — q¢)M,, would have to be a multiple of h,, as Z,(g()) C I, 0. But that is impossible so it follows that
the J,% and hence the JT(L(I_)LO are mutually disjoint.

Assume now that there exists 0 < 3 < 1 such that (7%~ n,0 N Ino) < Bu(ly) and ,u(T(e_l)MnIn’o N
Lo) < Bullng)- Since J C Lo NT™Mn 1,0, it follows that u(J\3) = u(Jig N Ino NT™Mn 1, ) <

Bu(In). Likewise, since JT(L;)I) ClhoNn T Mn n,0, the same holds for JT(L})U. O

Proposition 5.2. Let T be an elevated staircase-Chacon-like hybrid transformation and A and D be
unions of levels in some column C,, and let € > 0. If for some m > 2,

e A and D are uniformly mized within € at stagesn —2 and n — 1
o A is uniformly mized within € at stage n +m
e B, through B, i, are constructed using Chacon-like operations

o My, = 2o forall0<z<m

Jor all0 < z <m, ¢y, = ¢y is the unique minimal positive integer such that ¢, > c¢n—1+7,-1 and
2h,,_o divides h,, + ¢, = h,,

e there exists 0 < 3 < 1 such that p(T*r 0,0 N 1In0) < Bu(ln,o) for all J’\~l4n —-1</i< %%

then for all (1 — %G)Bn_g <t<(1- %e)ﬁmrm,
p(T'DNA) > (1 B)uDpA — 5e

Proof. The claim is immediate for (1 — e)h, o <t < (1 — %e)ﬁn since

2
hp—1
|u(T*D N A) — pDpA| < Z \(T Ly MA) — pln jpA| < e
§=0

so u(T*DNA) > puDuA — e.
Let h, < t < (1- %e)ﬁmrm. Let ¢ be the unique integer such that /M, < t < (£ + 1)M,,. Then
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% <Il< % and let y =t — ¢M,, be such that 0 <y < M,,. Let Jé‘?l’o be the mesh prototypes and
Qn-1,0 be the set from Lemma 5.1. Then

hn /2M,,
t oM, R M (9)
T, 10=TT"™M I, 1o=T n+m+an71’O L |_| T4 n+an71’0
q=1—h,/2M,

Let éff‘_)l = |_|?261_1 JT(L(Ql,j be the disjoint meshes from the prototypes. By Lemma 4.5, Cp,_2 N C'flq_)l is

a mesh of C),_o which we will write as 6'7(1'17)2 = |_|?;62_1 J,(Lq_)27j-

Since @—1,0 is a union of levels in Cp4y, and Qr—1,0 N Tan—l,o =gforl <j< fln, set Qn—1,; =
T7Qp—10 for each 0 < j < Bp—q and Qn_1 = U?iﬁl Qn—1,; is a union of levels in Cy4pp,.

Since D can be written as a union of levels in C,,_1, there exists D C {0,1,...,h,—1; — 1} such that
D= |—|j€D Infl)j. Then

TtD = |_| Tt—[n,j — |_| (Tﬁn+nl+an1,j ] |_|TqM”+yJ7(Lq_)17j>

j€D j€D q

= Thoem ¥ (DA Qo) U| | THMnHY (D N éfﬁ_)l)
q

and therefore, since D C C,,_o,
W(TtDNA) > M(Tﬁn+m+y(D NQn_1)NA)+ Z (7™M (D A C',(f_)g) N A)
q:ﬁ7172§|an+y‘<;Ln—l
Y WTM DG N A)

@:lgMp+y|>hn_y

Since @,,—1,; are disjoint sets which are unions of levels in C), 4, then

hp—1—1
p(Th (DN Qpy) N A) — u(D Qn_l)uA’ < > ’u(Th"*’"*an—l,j NA) = pQn-1,;nA
=0
hp_1—1 )
= Z Z M(Thn'+7n+yln+m7j’ nA)— Py, pA
J=0 |y, CQn—1,
Py —1 )
< > ‘M(T Pt Y L g NA) = g, jpA| < €
7=0

since A is uniformly mixed at stage n + m and iLner < ﬁn+m +y< Bner + M, <(1- G)iln+m+1-

By Lemma 4.24, since A is uniformly mixed within e at stage n — 2 (and at stage n — 1 for when
an +y > (1 - %)hn—2)7

S ‘u(TqM”+y(DﬁC',(lq,)2) N A) —M(Dmé;@Q)uA‘ <e
@hn—2<qMp+y<hn_1

and since A is uniformly mixed at stage n — 1 and |¢M,, +y| < %l{n + M, = %ibn + 2k, o < (1-— %e)hn,

3 ’u(TqM"”(D NCD)NA) — (DN éfﬂjl)uA‘ <e
qthn_1<qMy+y

Since D is uniformly mixed at stages n — 2 and n — 1, using the second condition of uniformly mixed

- 24 -



Word complexity cutoffs for mixing properties Darren Creutz

within e,
> (T4 (D A CL0y) 1 A) = (D 0 CD ) A
@thn—2<—(qMp+y)<hn_1
= 3 (D N C, ATt 4) — (D EW) | < e

@hp 2 <—(qMn+y)<hn_1
and likewise since D is uniformly mixed at stage n — 1,
3 ’u(TqM”*y(DﬂC’ff,)l) N A) —M(Dnéffﬂl)ﬂA‘ <e
q:hn—1<—(qgMn+y)
Since y < M, for every g # 0, —1 it holds that |¢M,, +y| > M,, and also that one of | — M,, +y| > %Mn
or |y| > 1M, Therefore D g Mo ty| < a u(DﬁC’T@l) < u(DﬂC’r(;{)l) where ¢’ € {0, —1}. From Lemma

5.1, uJy(Lq_/)LO < Bpdp—1,0 and so qu(i)l’j < Bplp—1,; forall 0 <j< hy_1 — 1. Therefore, as D is a union
of levels,

i (Dm(?fﬁ_’)l) < BuD

Since TanIn’O = T};Wan,LO L |_|q TqM?”uL(;’?_)l’O and T is measure-preserving, pul,o = pQn—1,0 +

PO HJr(lq_)1,o~ and therefore

(D) = pu (Dm (inuu@i%)) =p (D Quau ]2 || +u(pned)
q a#q’

meaning that

p| D0 Quoau |2 ) | =uD) = u(DACY)) = D~ Bup
a#q’

Putting all of this together (and using that D N C’fij =Dn C‘,(L‘ljl), since the meshes are disjoint and
disjoint from @Q,_1,

p(T'DNA) > p(DNQuo)uA+ > p(DNCY A — 5e

q7#q’
=p|DN|Qnl |_|6'7(qu)1 uA —5¢ > (1 — B)uDuA — 5e O
a#q’

6 Low complexity partial mixing

Fix an integer v > 2. We will construct an elevated staircase-Chacon-like hybrid transformation 7.
Let By = 0 be the starting word. Let So = —1 and Q9 =0. Set r_y =3 and ¢co =1 and h_; = 3.

Assume that the transformation has been constructed up to Bg, and that cg, has been specified.

Construct Bg, +1 and Bg, 2 using the staircase operation with ro, = rg,+1 = hg, and cqg, 41 =
cqQ, +7rq,- Set Spp1 =Qpn +2.
Let Mg, , = QBQn- Let cs,,, be the minimal integer such that cg,,, > ¢g,.,~1 +7s,,,—1 and Mg, ,

divides hs,,, + cs,,,. By Proposition 3.1, p(hs
Sn+1 + 2 such that

+1) is now completely determined. Choose y,41 >

3Sn+1—yn+1 p(~h5n+1) < 1
hg n+1

n+1
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Construct By for S,, <t < yn41 using the y-Chacon-like operation with M; = Mg, ., and ¢; = cg,, ;-

Choose Qpn+1 > Yn+1 +n+ 1 such that hs - ﬁ3Q"+1. Construct By for y,+ < t < Qpy1 using the
y-Chacon-like operation with M; = Mg, ., and ¢; = cg, ,,. Set cq, ., = |By,..| + 1.

Proceed inductively for all n.

6.1 Basic properties

Lemma 6.1. T, satisfies

2 2
|Byn+1| +1 3-n-1 and TQui1 1 and TQni1+1 1
|BQn+1| ‘BQn+1| n+1 |BQn+l+1‘ n+1
Proof. By construction, since |B11| > 3|By| for all t and Q41 > ynt1 + 1+ 1,
72 _1 _3Qn
|By"+1| +1 < 37 @nt1tynprt+l ~ 3-n and hSn < n+13 - _ 1
|BQn+1| |BQn+1 | 3@n1 n+1
and we have chosen rq,,,, =rg,,,+1 = hs,- O
Lemma 6.2. T, sat@sﬁes <3
Proof. Since |Byt1] > 3|B¢| (and ¢pt1 > ¢p),
- 1 1
hs,-1>71s,-2hs, 2 =1q._, 5Ms, =hs,_, 2Msn > 35 o Ms.
and S,_1 > n + 1 so the claim follows. O
Lemma 6.3. T, satisfies ) B < oo
Proof. By Lemma 6.1, <2n = Bult1 ~ 3-n By congtruction, using that |B;| > 3" and Q,, > n,

7 Byl [BQy |

+ 1 1
ch+1 — ch + rQn ch TQn _ CQn + < 3—n 1 + 3—’!L—1 < 3—7L
1B.+1l  [Bo.+1l  rulBe.l  rq.[Be.l  |Bq,l

and similarly, by Lemma 6.2,

CSni1 CQ.+1 T 7Q,+1+ MSn+1 CQ.+1 T TQ,+1+ Msn+1 < g-n-1 + 3—Qn—1 + g—n—1 - g—n

Sn41 Sn41 Qn+11PQ,+1
|BS,44 [Bs,41l 7Q,+11Bq, +1
C
For 0 <t < Qni1 — Sn+1, ‘Bi’;illil < 3%32“ P < 37"~t. Therefore
o . oo Qnt1—1 Qniy1—Snt1—1 o 1
PR o i S {zae Y g <Z(3n+1+3n2)<oo 0
t:0| tl n=0 t=Qn | tl n=0 t=1 n=0

Proposition 6.4. T, is on a finite measure space.

Proof. The total number of spacers added at each stage is ¢; levels of the same size as those in B; and
either approxnnately 5T 1evels the size of those in Byy1 or M levels the size of those in Byy;.

The measure of the elevation levels is then Zt which is finite by Lemma 6.3. By Lemma 6.1, " —0
for those n for which B, 11 is constructed using the staircase operation so the spacer levels in the stalrcase
operations have finite total measure.
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At each Chacon-like form operation, the non-elevation levels have measure at most 4% since at most

| Bt
M, spacers are added above each subcolumn. By Lemma 6.2, > ‘MS"I < 0. Since |Bit1| > 3|Bg|, the
total measure added by the non-elevation spacers in Chacon-like form operations is, as M; = Mg, ,, for

Sn+1 S t < QnJrlv

oo Qni1—1 oo Qnt1—Snt+1—1 Mg

>3 ey Y

n0t5+1

n+1

B z| Zg—t<oo 0

‘Bsn+1| |BSn+1+t n+1|

6.2 Word complexity
Proposition 6.5. T, satisfies lim inf P(@)/q < 24 1/(y+1)

Proof. By Proposition 3.7, since |B,, | < cg,,,

L B
= <2+ + 3909, PUBs. 1)
3hnt1 y+1 |Bs, |
so by our choice of y,,, then
17 <2+ 4+ - 24— -
5hn+1 y+1 n y+1

Remark 6.6. The T, also satisfy limsup?(¢)/q = oo which is the primary motivation for Conjecture 7.

The staircase construction, which necessarily occurs infinitely often in our constructions with cut pa-
rameter tending to infinity in order to ensure partial mixing, forces there to be a sequence of times
along which p(q)/q — oo. Specifically, at each staircase stage, B, 1¢»¢ is a right-special word for each
0 <i <1, and therefore for ¢,, + 1, < ¢ < |By,| we effectively have p(¢+1) —p(q) > r,, — 1 (we omit the
details). As |B,| — oo rapidly, this forces p(|Bn|)/|Bn| — oo for n such that a staircase construction is
about to be implemented.

In essence, the tension here is that the Chacon-like stages are required to reduce the word complexity to as
close to 2 as possible while the staircase constructions are required to ensure partial mixing. Conjecture
5 in essence states that this sort of tension should be unavoidable regardless of what subshift is exhibited
since the partial mixing condition should effectively mean that “mixing occurs infinitely often” and, as
shown in [Cre26], outright mixing implies limp(q)/q = oo

6.3 Partial mixing

Notation 6.7. For two words u and v of the same length, dy(u,v) = [{i : ui41) 7# Vpit1) )| is the
Hamming distance.

Proposition 6.8. Let P > 1 and let T be the subshift on the alphabet {0,1,..., P} constructed using

= 023...P and B,y1 = (Bp,1)"B,(B,1)"B,,. Let W,, = (B,1)"B,, and for 1 < i < |W,|, let
Wi = Wa)iijwin) Wa)i,: be the word obtained by shifting W, to the left i places (with wraparound).
Let W be the right-infinite word which has W, at the origin for every n. Then there exists a constant

ky > 0 depending only on v (and not on P) such that if i > 1 and n is such that [Wy| > i then
A (Wi w1 (@ W, w,p) 2 Ky [Wal.

Proof. Let |u|o be the number of 0s in a word u and likewise |u|; be the number of 1s. Since |Bylo =1
and |By41]o = (29 + 2)|Bnlo, then |Bylo = (2y+2)™. Since |Byly = 0 and |Bp4+1]1 = 27+ (2 + 2)|Bn )1,
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then [By1 = 2y(1+ (2y+2) + -+ (2y+2)" 1) = 292201 Then for n > 1,

-2
|Bn|1 o 27 (2W+2)n71 2’}/ -1 and P|Bn‘0 _ 1 1

- | Bn| 2y
|Bnlo 27 +1 27+1 1Bul 14 J T 14+ s

For a word u which is a concatenation of 1s and B,, blocks, since 0 is always followed by 23... P in such
a block, the number of letters in u which are not 1 is P|ulg. For words u and v of the same length, let
do(u,v) = ﬁ\{l SUGLig1) 7 L Vi) 7 Ui -

Since B,, begins with 0 and 11 never appears, every occurrence of a 1 in 1B, coincides with an occurrence
of 0 in B,1. As there are then at least P discrepancies between the words starting at that location,

P‘Bn|1 2’7_ 1
do(B,1,1B,) > >
o ) P|Bnlo ~ 2v+1

and likewise do(1B,,, B,1) > 2=+

29+
We claim now that for every n and every word w in the language such that |w| = |B,|, if w # B, then
do(Bp,w) > ﬁ 3?{;} When n = 0, the claim is immediate since dg(a, 1) = 1 for any letter a # 1.

Assume the claim holds for n. Let w be a word in the language such that |w| = |Bp41| and w # Bjpi1.

Then there exist words w; for 1 < j < 2y+2and z; for 1 < j < yand y+2 < j < 2y + 1 with
|w;| = |By| and |z;] = 1 such that

¥ 2v+1
w = H Wj;zj | Wy41 H Wz | W2y42
j=1 J=v+2

Since By41 = (B,1)YB,(B,1)"B,, and dj ignores the locations where B, reads 1,

2y+2

2 (Brt1)[i,i 1, w4 ,i1sina By in By, 1
i+ But1)ppitn) # 1 Wairn) #0is 10 a By in Buya}| do(Bn,w;)
—1

(2v +2)P|B,|o 2y 42 :

dO(Bn-O-la ’LU) =

Suppose w; # By, for all j. Then by the inductive assumption, do(Bp41,w) > Tlﬁ 233{2 ﬁ 3:;% =
1 2vy—1

5773 971" So we may assume that w; = B, for some j. Take j to be the minimal location at which
wj; = Bn

Consider first the case when j # 1,7 # v+ 1,5 # 2y + 2. Since B, is always preceded by either B,, or
B,1, and since wj_1 # By, it must be that w;_12;w; = aB, B, for some letter a. Since B, B, B, never
appears, then w;_iz;w; = 1B, B, so w and B, have at least one location where w reads 1B, and
B, +1 reads B,1.

Now consider when j = 1. Let k& minimal such that wy # B,,. Then w has prefix (B,1)*~2B,, but does
not have prefix (B, 1)*~! so, as B, is always followed by B,, or 1B,,, then w has prefix (B,1)*2B, B,
hence B, B, 1 as B, B, is always followed by 1. If kK = v+ 2 then w would have prefix (B,1)"B, B, 1 but
then wy, = B,, so k # v+ 2. Therefore zj_1 exists and zx_jwp = By1l. So there is at least one location
where w reads B,,1 and B,y reads 1B,.

Then in both cases,

1 2v -1
do(By1,1B,) > ———
2y + 2 of ) 2y +2 2y+1

By induction this holds for all n and all words w # B,, with |w| = |B,,]|.

3 — : — 1 2y PIWH‘ —
Since Bp+1 = W,W,, for all words w with |w| = |W,|, then do(W,,,w) > T73 BT and ITMO =
P‘Bn+1|0

[Bry1]

do(Bry1,w) >

and therefore

dH(Wn7 Wn,i)
Wl

P|Wlo 1 2y-1 1
2
Wl 2y +2 2y+1 L+ 57y

Z dO(Wna Wnﬂ)
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1 2y-1 1 2y — 1

T2y+2 29+ 1 14525 v +2) My + )

Let W be the right-infinite word that is the limit of W,,. Then for any ¢ > 1, taking n sufficiently large
that |W,| > i, o'W has Wh,; at the origin. Then for such n,

; 2y -1
dg (Wi jw,p, (@ W) w, ) = da(Wa, Wai) > WWVM
so the claim follows setting x, = %. O

Remark 6.9. The above transformations, in the case P = 1 so on a two letter alphabet, are pre-
cisely the examples exhibited in [Cre24] demonstrating rank-one weak mixing transformations with word
complexity liminf P(¢)/g = 1 and limsupr(9)/q < 1.5 + €.

Lemma 6.10. T, has the property that for all n such that B,1 through B, 1, are constructed using the
By I
n M’!L ’

7v-Chacon-like operation and all 37~ —1 <1 <

(T Lo N 10) < (1= Fa)ia(In0)
for k as in Proposition 6.8.
Proof. Since M,, divides |B, 1°*|, treating B,,1°* as 023...P where P = J]?Tn and 1M~ as 1, the action
of TMn on B,,+1 through B, .; generates the same right-infinite word W as the transformation in
Proposition 6.8.
Suppose that pu(TM 1, 0N 1,0) > (1 — K~ + 0)pily o for some 6 > 0. Then the corresponding shift of W
has the property that d(Wp w, |, (UEW)[LIW“ 1) < (ky—0)|W,| since it would force every block of p levels

to line up at least (1 — k. + 8) of the time. But Proposition 6.8 states that d(Wy jw, |, (W), jw,|) =
K~ |Wy| so this is a contradiction.

2v—1

Proposition 6.11. T, is at least x-partially mizing where K, = @D

Proof. By construction, rq, = rg,+1 — 00. Also, since |B;1| > 3|B;| for all ¢,

2
o, _Ms _13% 1
hq,  hqg, nhg, ~n

and therefore the conditions in Proposition 4.25 required on the n for which the staircase operation is
used are satisfied.

By Lemma 6.2, hl‘fjl — 0 along n for which the v-Chacon-like operation is used. By construction, ¢,

and M, satisfy the remaining conditions required by Proposition 4.25 on the n for which the Chacon-like
operations are used. The conditions required by Proposition 5.2 are also satisfied using the above and
Lemma 6.10.

Let D and A be unions of levels in some fixed column C,,, and fix e > 0. By Proposition 4.25, there
exists my > mg such that for all m > my for which B,, ;1 is constructed using the staircase operation,
A and D are both uniformly mixed within € at stage m. Therefore there is ng such that for all n > ny,
A and D are both uniformly mixed within € at stages @,, and @,, + 1.

By Proposition 5.2, since the y-Chacon-like operation is used to construct Bg, 1 through Bg, ., and
Spt1— 2= Qp, then for all (1— 3e)hg, <t < (1-1Lehg,,,,

w(T'D N A) > kypDpA — 5e

As this holds for all n > nyg, then the above holds for all ¢ > iLQnO. Since € > 0 was arbitrary, the claim
is proved. O
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Proof of Theorem 1. Let ¢ > 0. Choose v > 2 such that ﬁ < €. By Proposition 6.5, T, satisfies

liminfP(9)/q < 2 4 ﬁ < 2+ ¢. By Proposition 6.11, T, is at least x,-partially mixing. O

7 Lower bounds on word complexity of partially mixing rank-one subshifts

Definition 7.1. A rank-one transformation is in canonical form if B, is a suffix of B, for all n.

Lemma 7.2. Let T be a rank-one transformation. Then T is measurably isomorphic to a rank-one
transformation in canonical form which generates the same language as T'.

Proof. Since B, 41 is a concatenation of B,, and 1, there exists a unique ¢,, such that B, has B,1°"
as a suffix. Set B,,1 to be the prefix of B, 41 of length |B,+1| — ¢,. Then By = Bn+1 1¢n. Clearly
B,, and B,, generate the same language. The measure isomorphism is likewise immediate (and can be
viewed as saying that we place zero spacers over the rightmost subcolumn but instead place that many

extra above every subcolumn at the next stage). O

For the remainder of this section, all rank-one transformations are assumed to be in canonical form,
without loss of generality.

Definition 7.3. A rank-one transformation has bounded spacers if there exists some ¢ > 0 such that
for every n and j, s, ; <t and has unbounded spacers otherwise.

Lemma 7.4. Let T be a nontrivial rank-one subshift in canonical form that is lightly mizing. Then T
has unbounded spacers.

Proof. Suppose that T has bounded spacers. Since T is in canonical form, T"» pushes every point in a
level I,, ; through exactly one spacer string (for points in the rightmost subcolumn, the spacers from a
future stage). Then T"~1I,, ; C U:ZO T~1, ; for every height h,,.

Let B be a union of levels in some fixed column such that every level in B is at least 2t + 2 away from
every other level in B. Then 7" BN T**!'B = & since every point in 7"~ B is within ¢ levels of a level
in B so none of those points can be exactly ¢t + 1 away as the levels in B are all at least 2t 4 2 apart.

This would contradict light mixing so 7" must have unbounded spacers. O

Proof of Theorem 2. By Lemma 7.2, we may assume T is in canonical form. By Lemma 7.4, T has
unbounded spacers so 1°° is a left-infinite right-special word. Therefore if for infinitely many ¢ we had
p(¢+1) —p(q) = 1 then the unique right-special word of length ¢ would be 12. The path from 19 to itself
starting with 1 is labeled 1, call the other path u,. Then 1+ |uy| = p(¢) +1 so |u,| = p(q). Now u, must
have 17 as a suffix so, since the total measure of the spacers added is finite, it must be that 4/|u,| — 0.
But then r(a)/g — 00. So p(q + 1) — p(q) > 2 for all sufficiently large g.

Suppose that liminfr(a)/g < 2. Fix € > 0. By Theorem 2.2 [Bos85], there exist infinitely many ¢ such
that p(¢ + 1) — p(q) <2 and p(q) < (2 + €)q. For such ¢, by the above, p(¢+ 1) — p(q) = 2 so there are
two right-special words of length g. Since 1¢ must be one of them, call the other w,. Since w, # 19,
there is some ¢4, dy > 1 such that w, = 19421 for some word z which starts and ends with 0.

Since 1% and 1¢ correspond to spacers being added at some n'* stage so |wg| ~ Ry, and since T is on
a finite measure space, then /¢ — 0 and da/q — 0.

Consider the Rauzy graph for such a g¢. The path from w, to 1¢ must have label 19-% because w, is
followed by arbitrarily long strings of 1s in the language. The path from 17 to w, must have label z1%.
The path from 17 to itself has label 1. Let v, be the label of the path from w, to itself.

Since the total length of the paths is p(q) + 2, then
lvgl +g—cg+q—dg+1=p(q) +2< (2+¢€)g+2

meaning that |vg| < eq + ¢4 +dg + 1.
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As this holds for all € > 0, then Ivdl/g — 0 over such ¢ (as ¢s/qg — 0 and 4¢/q — 0). By Lemma 5.6 [Cre26],
lvg] < |wy| implies v, is a root of wg, meaning that w, = v;vff for some t, > 1 and v a suffix of v,.
Since lval/q = Ival/jw,| — 0, then t, — co.

Now v, is always followed by v, or by 1979 as those are the only paths in the Rauzy graph. Note that if
w([19744]) > § infinitely often then, as T is rank-one, this would imply the measure of the spacers added
at each level does not go to zero so the transformation would not be on a finite measure space. So v, is
followed by 1979 at most €, of the time for some €, — 0.

For a fixed ¢ and ¢ > qo, it then follows by the shift-invariance of the measure that for z € [vy,], we have
Tlaly € [v,,] for at least (1 — 1/t, — e,)pu([vg,]) since every occurrence of v,, must be in some copy of v,
and then TVl will take that occurrence to the same occurrence in the following v, whenever v, is followed
by v, (which must be at least (1 — 1/¢,) — ¢, of the time by shift-invariance and that u([197%]) < ¢,).

Therefore .
T ] o)) > (1 1 = ) i)

q
Since €, — 0 and t,; — oo, then

M(Tlv{Zl[qu] N [vgo]) = 1([vgo))
contradicting light mixing. O

Remark 7.5. In fact, the above proof shows that a rank-one transformation with liminfr(9)/q = 2 and
unbounded spacers is rigid. This follows since u(ULU:qg‘ T'[vg]) — 1 since the spacer levels added have
measure tending to zero. However, we do not elaborate as we do not need this and there exist nonrigid

2@ 9 e.g. the examples in Section 4 [Cre24] (which, of course,

rank-one transformations with lim sup =

have bounded spacers)

Proof of Theorem 3. By Lemma 7.2, we may assume T is in canonical form. We may and will assume
lim inf @ < 3 — 26§ for some & > 0 since otherwise the claim is immediate. Then, by Theorem 2.2
[Bos85], there exists infinitely many ¢ for which p(¢ + 1) — p(q) < 2 and p(q) < (3 — §)g and we may
assume that the liminf is attained along this sequence of ¢’s. Since T' must have unbounded spacers
by Lemma 7.4, p(¢ + 1) — p(q) > 2 for all g. So the liminf is attained along a sequence of ¢ such that
p(g+1) —plg) =2 and p(q) < (3 —d)q.

For such g, let v, be as in the proof of Theorem 2. The paths in the Rauzy graph have total length
gl +1+q—cg+q—dg=plg) +2< (3-0)g+2
meaning that
lvg]| < (1—=0)g+cg+dg+1
so again v, is a root of w, (as ca/qg — 0 and d¢/q — 0) so wy = v;vé‘?.

Let Cy = nyé_l T'[v,] (note that we are not assuming the translates are disjoint). Since p([197%]) — 0,
it follows that ;1(Cy) — 1. As in the proof of Theorem 2, we have that for a fixed go and any ¢ > go such

that p(q +1) — p(q) = 2 and p(q) < (3 = d)q,

(1) enl) 2 (1= = ) o)

q

and therefore
i (7 0] 0 o\ o) < (7 + ) il

Now p(Cy) — 1 and p([vg]) — 0 (since |vg| = oo as otherwise the subshift is periodic), so 1(Cy\ [vg]) — 1.
Fix e > 0 and choose g in the set of possible ¢ such that p(Cy, \ [vg,]) > 1 — €. Then

p (TP 0 Co o) < (3 +64 ) llou) o G \ o)

tq
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Since T is a-partially mixing,

I (Tlv”[vqo] N(Cy \ [Uqg])) > api([vge )1t (Cop \ [Vgo])

meaning that, for g large enough that (1 — €)a > ¢,

< 1+ 1
« — 4e€ | —
tq ) 1—¢

and therefore

1

ty < 7
T (1-ea—¢

Since p(q) > |vg| +q—cq+q—dg+1—2,

p(q) ZMJrQ,dq—’_Cq—’_l _ |vgl +2*dq+cq+1
q q q |wql q
1 d 1 1 d 1
> +2_ q+Cq+ > T +2_M
tq+1 (1—e)a—eq +1

Taking ¢ — oo (so ¢, — 0 and ¢;/q¢ — 0 and d,/q — 0) and € — 0, then, along the sequence of ¢ such
that p(q +1) — p(q) = 2,

lmint 29 594 @
q a+1

so the claim follows as the liminf is attained along that sequence. O
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