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ABSTRACT

Margulis” Normal Subgroup and Arithmeticity Theorems classify completely the lattices
in higher-rank algebraic groups as being (up to finite index) the simple groups consisting
of integer points of algebraic groups. We generalize the Normal Subgroup Theorem to
commensurators of lattices in arbitrary locally compact groups and in particular obtain that
the commensurator of a uniform tree lattice in a regular tree is simple (up to finite index) if
and only if a corresponding completion is. We also make progress on the Margulis-Zimmer
Conjecture: a generalization of the Arithmeticity Theorem to commensurated—geometrically
normal-subgroups by establishing the property (7') “half” of the conjecture.

In keeping with the methods of Margulis’ work and of rigidity theory in general, we prove
new results in the area of the dynamics of group actions with quasi-invariant measures and
in the area of unitary representation theory that in turn lead to our structural results on
commensurators of lattices in arbitrary groups and commensurated subgroups of lattices in
algebraic groups.

The dynamics of group actions with quasi-invariant measures—the study of group actions
on measure algebras preserving the ideal of null sets, but not necessarily the measure itself—
is the natural setting for dynamics of nonamenable groups (such as those we are concerned
with). We develop some foundational results on strongly approximately transitive actions—
the dynamical opposite of measure-preserving—and prove a “SAT Factor Theorem” along the
lines of Margulis’ original boundary-based factor theorem that plays a key role in the proof
of our Normal Subgroup Theorem.

In the realm of unitary representations we prove an existence and uniqueness result for
harmonic cocycles—namely, in any reduced cohomology class there exists a unique harmonic
representative. Consequences of this include our progress on the Margulis-Zimmer Conjec-
ture.
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INTRODUCTION

Originally motivating mathematical analysis, understanding the behavior of (physical) sys-
tems modeled by differential equations has grown into the entire field of dynamics: the
behavior of abstract systems over abstract time (and symmetry). As the methods evolved,
several distinct, related ideas emerged: by focusing on the differential equation as deter-
mining an action of the real numbers, i.e. “time”, one is led to the study of symmetries of
manifolds and Lie group actions; by focusing on the space acted on, one is led (via the ergodic
hypothesis and similar notions) to the study of metric and measure spaces endowed with
group actions (this is generally what is meant by dynamics); and by focusing on numerical
approximations to the equation, one is led to the study of discrete approximations of the
real numbers and of Lie groups in general-that is, to lattices.

A major result, due to Margulis in the 1970s, concerning the structure of lattices in Lie
groups is the Normal Subgroup Theorem: any normal subgroup of a lattice in a (higher-
rank) Lie group is either finite or has finite index in the lattice-geometrically (up to finite
index) lattices in Lie groups are simple. Building on this structural result, Margulis proved
the Arithmeticity Theorem: any lattice in a higher-rank Lie group is arithmetic-the integer
points (in some appropriate sense and up to finite index) of the Lie group treated as an
algebraic group over the rationals. Thus is in some sense approximating a Lie group (perhaps
arising from a differential equation) is the same as approximating the real numbers and one
will not see the discrete approximation vanish (i.e. have a nontrivial kernel) unless the group
being approximated vanishes.

The remarkable strategy of proof is to show that, on the one hand, a lattice modulo an
infinite normal subgroup has a very strong dynamical property: any action of such a group
on a compact metric space admits an invariant (preserved) probability measure (the group is
amenable); and on the other hand, that any continuous affine action on a real Hilbert space
by a lattice modulo an infinite normal subgroup has a nontrivial fixed point (the group has
property (7")). Together these imply that the group is finite.

Perhaps unsurprisingly, this deep result on the structure of lattices follows from the study
of the actions of such lattices (on metric spaces endowed with measures and on Hilbert
spaces). The salient feature of the dynamics involved is that one must work to show the
existence of a probability measure preserved by the action of the lattice modulo the normal
subgroup—the difficulty is in a large part due to the fact that Lie groups naturally act on many
spaces (such as symmetric spaces) without admitting invariant measures. The dynamics of
group actions with quasi-invariant measures, a major theme in our work, focuses on group
actions on probability spaces preserving the measure algebra (though not necessarily the
measure)-the natural setting for measurable dynamics of nonamenable groups such as Lie
group and their lattices.
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The Arithmeticity Theorem is proved in a similar fashion: given any lattice in a Lie group
there exists an arithmetic lattice which shares a common subgroup with the lattice that has
finite index in both (the finiteness of the index follows using the same ideas of dynamics and
representation theory). Far-reaching generalizations of these results followed; the general
program of study and the related advances in dynamics, particularly Furstenberg’s boundary
theory, have applications in many areas.

Formalizing the notion of “equivalence up to finite index” is the essence of commensura-
bility. Two subgroups are commensurate when they share a common finite index subgroup
(the intersection of the two groups has finite index in each group)-geometrically speaking,
commensurate subgroups are the same. The commensurator is the geometric analogue of
the normalizer: conjugation by elements of the commensurator of a group preserve the
group up to finite index. Likewise, a commensurated subgroup is geometrically normalized:
conjugation preserves the subgroup up to finite index.

The work presented here is a generalization of the results of Margulis to commensura-
tors of lattices and commensurated subgroups of lattices, a notable deviation from other
generalizations which have focused on relaxing restrictions on the ambient group but retain-
ing that the object under consideration be a lattice. Our first major result is the Normal
Subgroup Theorem for Commensurators of Lattices: for a lattice in any locally compact
group (not necessarily Lie), the normal subgroups of the commensurator are (up to finite
index) in one-one correspondence with the normal subgroups of a natural completion of the
commensurator (which is in general much easier to study).

In another direction, Margulis’ theorems (and his generalization of them to S-arithmetic
lattices in arbitrary algebraic groups over local fields) give a more or less complete classifica-
tion of the lattices in higher-rank algebraic groups and of their normal subgroups. However,
the geometric approach taken in the proofs and in the resulting conclusions led to Margulis
and Zimmer formulating a conjecture generalizing the result from normal subgroups to com-
mensurated (geometrically normal) subgroups. The striking difficulty with this conjecture
is that there are easy examples of commensurated subgroups of lattices (in contrast with
the nonexistence of normal subgroups) and there is also the less apparent but much more
problematic difficulty that one cannot take the quotient of a group by a commensurated
subgroup so it is not immediately clear what object to even study.

Nonetheless, Margulis and Zimmer conjectured that irreducible lattices in higher-rank
algebraic groups admit a standard description of commensurated subgroups—they are all (in
some appropriate sense) S-arithmetic. We make progress on this conjecture by showing the
property (7") “half” of the result. Shalom and Willis have recently identified the correct
object of study and we show that this group indeed has property (7') as expected, leaving
the remaining “half” of showing that it is also amenable as the only missing ingredient in
the proof of the conjecture.

While not immediately apparent from the discussion so far, a significant portion of our
work is in the realm of measurable dynamics: actions of locally compact groups on probabil-
ity measure algebras. Correspondingly, we develop many new results about quasi-invariant
actions of groups (those preserving the null sets but not the measure itself) and in particular

-2 -



INTRODUCTION

focus heavily on the dynamical notion of strong approximate transitivity—the natural oppo-
site of measure-preserving. The rigidity result we prove for such actions, the SAT Factor
Theorem, is the key new fact that proves the Normal Subgroup Theorem for Commensurators
of Lattices.

In the realm of representation theory, we prove a very general result about reduced
cohomology and harmonic cocycles, namely that in any reduced cohomology class there
exists a unique harmonic representative. Our progress on the Margulis-Zimmer Conjecture
is a direct consequence of this fact.

ORGANIZATION

The dissertation is organized in five sections and is not necessarily intended to be read
linearly, though it certainly can be. The reader wishing to “get to the point” should skip
to section III. Normal Subgroups of Commensurators and to section IV. Commensurated
Subgroups of Lattices where the major new results are stated and proved, and return to the
other parts as needed when reading the proofs.

I. DYNAMICS

The first section presents a somewhat comprehensive background on the dynamics of quasi-
invariant group actions on measure spaces, in part since it is necessary for our work and
in part to collect the basic ideas and results in one place. The reader familiar with and
interested in dynamics may wish to skip immediately to Chapter 3: SAT Actions and refer
back to the earlier chapters when needed.

The reader unfamiliar with aspects of group theory should refer to the appendices when
needed. In particular, we make some use of placing measures on groups and heavy use of the
amenability property of groups; the reader not accustomed to these ideas should perhaps
begin with the appropriate parts of the appendix.

II. REPRESENTATION THEORY

The second section focuses on linear representations of groups as unitary operators on Hilbert
spaces and on reduced cohomology in particular. The reader familiar with reduced cohomol-
ogy theory should skip immediately to Chapter 6: Harmonic Cocycles, in particular Theorem
6.2.

The consequences of this Theorem then occupy the rest of the section—Chapter 7: Injec-
tivity of Reduced Cohomology—and our work on Harmonic Cocycles is the main ingredient
in our progress on the Margulis-Zimmer Conjecture (Chapter 13: The Property (7") “Half”).
The reader unfamiliar with Property (7") should first consult the appendix on that subject
before attempting to read our work on representation theory.

III. NORMAL SUBGROUPS OF COMMENSURATORS

The third section presents our Normal Subgroup Theorem for Commensurators of Lattices in
locally compact groups (Chapter 9: Normal Subgroups of Commensurators of Lattices). In

-3 -
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particular, we determine when the commensurator of a tree lattice is just infinite (Chapter
11: Commensurators of Tree Lattices) in terms of a relative profinite completion. The reader
primarily interested in rigidity theory should start with this section and refer back to the
previous sections as needed.

IV. COMMENSURATED SUBGROUPS OF LATTICES

Our final section presents our progress on the Margulis-Zimmer Conjecture (Chapter 13: The
Property (7) “Half”), a direct consequence of our result on harmonic cocycles and the result-
ing injectivity of reduced cohomology for totally disconnected groups (Chapter 7: Injectivity
of Reduced Cohomology). The reader primarily interested in algebraic groups and their
lattices should begin with this section and refer back to the section on linear representations
as needed.

APPENDICES ON GROUP THEORY

We conclude the dissertation with a collection of appendices on group theory: Appendix
A: Group Theory presents basic background on groups, topological groups and the idea of
placing measures on groups; Appendix B: Amenability and Property (7T") presents in some
detail the two most important properties of infinite groups—amenability and property (7');
and Appendix C: Algebraic Groups appendix focuses on algebraic groups and arithmetic
lattices.

SPECIFIC RESULTS
The major new results in this dissertation are:
e The Normal Subgroup Theorem for Commensurators of Lattices (Corollary 9.11)
e The Property (T') Half of the Margulis-Zimmer Conjecture (Theorem 13.1)
Results of independent interest playing a key role in the proofs of the main theorems are:
e The SAT Factor Theorem (Theorem 3.9)
e The Harmonic Cocycle Theorem (Theorem 6.2)
e The Injectivity of Cohomology Theorems (Theorems 7.1 and 7.2)
e The Existence of Continuous Compact Models for G-Maps Theorem (Theorem 1.35)
Consequences of our Normal Subgroup Theorem of specific interest are:
e The Normal Subgroup Theorem for Irreducible Lattices in Products (Corollary 10.5)

e A Partial Characterization of Normal Subgroups of Commensurators of Tree Lattices
(Theorem 11.4)
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Our new contributions can be found in:
e [. Dynamics, Chapter 1: Quasi-Invariant Group Actions, Section 1.6

e [. Dynamics, Chapter 3: SAT Actions, Sections 3.4 — 3.6

I1. Representation Theory, Chapter 6: Harmonic Cocycles

IT. Representation Theory, Chapter 7: Injectivity of Reduced Cohomology

III. Normal Subgroups of Commensurators (Chapter 9 — Chapter 11)

e IV. Commensurated Subgroups of Lattices, Chapter 13: The Property (T") “Half”

ATTRIBUTIONS

The new results in this dissertation are joint work of the author and his advisor Yehuda
Shalom. These results will be published in journal format shortly after the completion of
this dissertation.

Material on dynamics and representations (I. Dynamics and II. Representation Theory)
is both known results, usually attributed in the text, and new results to this work. The
material in III. Normal Subgroups of Commensurators (excluding Chapter 8) and IV. Com-
mensurated Subgroups of Lattices is new to this dissertation and comprises our main theo-
rems. Background material in the Appendices is attributed in the text or is well-known and
classical.
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CHAPTER 1

QUASI-INVARIANT GROUP ACTIONS

Dynamics refers to the study of groups acting on spaces with analytic structure. This ranges
from the notion of a differential equation describing the behavior of a physical system over
time to the more abstract setting of groups (for example symmetries) acting on metric spaces.
Dynamics is characterized by relating the asymptotic behavior of the system to the structure
of the space, the structure of the acting group and the nature of the action.

The reader unfamiliar with the aspects of group theory we make use of in this and
the following chapters should consult Appendix A: Group Theory for definitions of group
theoretic notions, in particular ideas about topological groups and measurable groups.

The material in this chapter is all well-known and either classical or due to Furstenberg,
Glasner, Mackey, Weiss or Zimmer (among many many others) and is usually indicated in
the text, with one exception: Theorem 1.35 is new to this work and plays a key role in our
proofs as well as being of independent interest.

1.1 METRIC SPACES

Modern analysis is characterized by the study of metric and measure spaces. We recall
the basic definitions of metric spaces and group actions on them and the motivations and
methods for placing a measure on a metric space. Most of the material presented here will
be used implicitly in the sequel, particularly the relationship between the action of a group
on a metric space and the corresponding actions on continuous functions and probability
measures on that space.

Definition 1.1. A metric space is a set of points X and a metric d : X x X — [0, o0]
that is symmetric (d(z,y) = d(y,x)), proper (d(z,y) = 0 if and only if x = y), complete
(d(xy, ) — 0 implies the existence of z such that d(x,,x) — 0) and satisfies the triangle
inequality (d(z,y) < d(z,z) + d(z,9)).

Metric spaces have the natural topology that z,, — = when d(x,,x) — 0. The Borel sets
(see below) of this topology are denoted by B(X). Often we will omit d when the context
makes clear which metric is being used.

Definition 1.2. A group G acts on a metric space X, written G ~ X, when there is a
map: G X X — X written gz such that g(hz) = (gh)z.

1.1.1 CONTINUOUS ACTIONS

The natural setting for studying group actions on metric spaces is to have a group G acting
on a metric space (X, d) continuously:
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Definition 1.3. Let GG be a group acting on a metric space X. The action is continuous
when if x, - z in X and ¢, — ¢ in G then g,x, — gz, that is, the group action map
G x X — X is jointly continuous.

It is a classical fact that for a locally compact group G acting on a metric space X that if
G x X — X is separately continuous in each of G and X then it is in fact jointly continuous
and hence the action is continuous.

In general there is no invariant metric for G ~ X since the usual technique to obtain
invariant metrics requires the map G x X — X x X by (g, 2) — (gz, x) be proper (meaning
the preimage of compact sets is compact) which can only occur when G itself is compact.

1.1.2 BOREL SETS

The most important aspect of metric topology for us will be the algebra of Borel sets.

Definition 1.4. Let X be a metric space. The Borel sets of X is the smallest o-algebra of
sets in X that contains the open sets. That is, B(X), the Borel sets, is the smallest collection
of sets such that

e BeB(X) = X\ B e B(X) (closed under complements);
e By,B,,--- € B(X) = |, B, € B(X) (closed under countable unions); and
o Uye={re X d(x,zy) <€} € B(X) (contains the open sets)

The most general natural setting for studies of Borel sets and group actions is that of Polish
groups acting on Polish spaces and the reader is referred to Becker and Kechris [BK96] and
to Kechris [Kec00] (among other sources) for a detailed exposition. We will not go into
details here as our interest is primarily in placing a measure on the space but we will make
use of facts about Borel sets in metric spaces at times.

1.1.3 BOREL ACTIONS

Often continuity of a group action is too much to require and we relax the condition to be
the map being merely Borel. Of course, requiring any less than a Borel action in effect says
that the group action does not respect the topology (hence the metric) at all and therefore
the action is not “really” that of a group on a metric space.

Definition 1.5. A group action on a metric space G ~ X is a Borel action when the map
G x X — X for the action is a Borel map (the preimage of Borel sets is Borel).

This definition, like that of continuity of an action, involves the topology of the group. When
G is discrete and countable (has no topology in effect) the action is Borel precisely when
each group element represents a Borel map X — X. As with continuous actions, there is
generally no invariant metric on X for the group action.

— 10 —
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1.1.4 CoNTINUOUS FUNCTIONS

The space of continuous functions on a metric space plays a key role in dynamics.

Definition 1.6. Let X be a metric space. A function f : X — R is continuous when for
every x € X and € > 0 there exists 6 > 0 such that if d(z,y) < 0 then |f(z) — f(y)| < e.

Definition 1.7. Let X be a metric space. The space of continuous functions on X will
be written C'(X).

Assume now that X is compact. The space of continuous functions is endowed the supremum
metric topology, that is: for f € C'(X) define

IfII = sup [f ()]
reX

Then define D(f1, f2) = || f1 — f2||. This is a metric on C'(X) called the supremum metric.
Moreover C'(X) is separable (with this metric) when X is compact. Note that this means
that f,, — f precisely when ||f, — f|| — 0.

Note that C(X) separates points in the sense that if + # y € X then there is some
f € C(X) such that f(z) # f(y). This is an easy consequence of the fact that there are
disjoint open sets containing x and y (take balls of diameter less than half the distance
between the two points = and y).

The reader is referred to any general analysis and topology book for more information
on continuous functions. We remark only that the e-0 definition given is equivalent, in our
case, to the usual open set definition: a function is continuous if and only if the preimage of
any open set is open.

1.1.5 THE AcCTION ON FUNCTIONS

Given a group action on a metric space G ~ X and f : X — Y a function on the metric
space (to some other space), one can “compose” the function with the group action by setting

g+ f(z) = flg~'w)

for z € X and g € G. Now

g-(h-f)@)=h-fg~2) = f(h'g"a) = (gh) - f(2)
so this in fact defines an action of the group on the space of functions.

Proposition 1.1.1. If G ~ X continuously and X is a compact metric space then G ~
C(X) continuously (with the supremum metric).

Proof. Observe that if g € G and f € C(X) then the action g - f(z) = f(g 'z) is an action
since h-g- f(z) = g- f(h'x) = f(¢7'h~'z) = f((hg)"'z) = hg - f(z) and that clearly
g-f € C(X) when f € C(X) by the continuity of the G-action on X. Then if g, — ¢ in

— 11 —
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G and f € C(X) is fixed then, by compactness, ||g, - f — g f|| = sup, |f(g,'z) — f(g'z)|
is attained by some z,, € X. Suppose that ||g, - f — g - f|| > d > 0 infinitely often. Take a
further subsequence of that subsequence, {n;}, such that z,,, — 2., for some o, € X (again
possible by compactness). Then

| (9n, ;) = (g7 ;)| > 0
.. . . . -1 -1 —1 —1
but by the (joint) continuity of the G-action, Gn, Tny = G Tog and g~ ', — g~ T hence
£ (gn, wn;) = F(g an))| = | F(97 %00) = F(97 000)| = 0O
contradicting that § > 0. n

1.2 FROM METRIC TO MEASURE

A key idea in the early development of dynamics was the ergodic hypothesis: if one samples
a system repeatedly and averages the results this should reflect the average behavior of the
system as a whole. Concretely, one would like to say that if 7" : X — X describes the
evolution of a system over time then for any measurement on the system f : X — R and
any given point xo € X (the initial configuration of the system) the average of the values
f(T™(xp)) should converge to the “average value” of the measurement. Specifically we would
like to say that

=

1

¥ 2 T ) = A

Il
o

where A represents the average value of f on the system. To make sense of this, the intro-
duction of a measure on X is necessary.

1.2.1 PROBABILITY MEASURES

Definition 1.8. A (Borel) probability measure on a metric space X is a set function
v B(X) — [0,1] satisfying:

e Y(X\B)=1-v(B) for all B € B; and
e v(U; B)j) = >_,v(B;) for all countable collections of disjoint B; € B
The notion of integration is defined as usual: first for characteristic functions, then linear

combinations of them and then for general Borel functions by approximation. Integration
will be written [ - dv. We will also use the shorthand

Wﬂzéﬂ@w@
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when thinking of a probability measure as a functional on functions.
The ergodic theorem asserts the desired result: if there are no nontrivial invariant sets
then for v-almost every x € X

=2

-1

1 n
N ST [ rav

3
Il
=)

where v is any Borel probability measure such that v(7T~!(B)) = v(B) for all Borel sets B
(that is, v is T-invariant).

1.2.2 THE SPACE OF PROBABILITY MEASURES

Since we will be concerned primarily with group actions that do not preserve a probability
measure we will have the need to study the space of (Borel) probability measures as a
topological space.

Definition 1.9. The space of Borel probability measures(Borel) probability measures
on a metric space X will be written P(X).

There are a few natural topologies on the Borel probability measures. It will be more
convenient to define these topologies in terms of convergent sequences rather than open sets
(though the reader should be able to easily translate to the open set versions):

Definition 1.10. Let X be a metric space. The strong topology on P(X) is defined by
v, — v when v,(B) — v(B) for every Borel set B.

Definition 1.11. Let X be a metric space. The weak-* topology on P(X) is defined by
v, — v when v,(f) = v(f) for every f € C(X).

We will exclusively use the weak-* topology on P(X) in what follows. This is the more
natural topology in our setting since it corresponds to treating P(X) as the (continuous)
dual of C'(X) which is itself the (continuous) dual of X.

Proposition 1.2.1. Let X be a metric space. Then P(X) is itself a metric space under the
weak-* topology and will be compact when X is.

The compactness of P(X) is a consequence of the Banach-Alaoglu Theorem since P(X) is
the set of positive norm one elements of C'(X)* and C(X) is a separable Banach space when
X is compact.

1.2.3 THE SUPPORT OF A MEASURE

The support of a measure is the smallest closed set on which the measure “lives” in the sense
that any smaller closed set has measure strictly less than one.

Definition 1.12. Let X be a metric space and v € P(X) be a probability measure on X
(or more generally any measure on X). The support of v is the minimal closed set C' such
that v(C') = 1. The support is written as supp v.

— 13 —
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The support is well-defined since the collection {C' C X closed : v(C) = 1} is nonempty
(v(X) = 1 and X is closed) and since if v(C,) = 1 for n € N then v(NC,,) = 1 also and
so Zorn’s Lemma implies there is a unique minimal element in that collection which will
necessarily be the support of v by definition.

1.2.4 THE AcTION ON FUNCTIONS AND MEASURES

Let G ~ X be a group acting continuously on a metric space. For f € C'(X)or f € L>®(X,v)
(for some measure v) define gf by (¢f)(z) = f(¢g~'z). This defined an action of G' on
functions which is continuous when the G action on X is.

Likewise, for v € P(X) define gv by

[ aw= [ 575 dv= [ 1(g0) avio)

and this defines an action G ~ P(X) which will be continuous when G ~ X is continuous.

1.3 QUASI-INVARIANT ACTIONS

The focus of our study will be on quasi-invariant actions—groups acting on measure spaces
preserving the space of null sets. Quasi-invariant actions are the most natural choice for
dynamics when considering nonamenable groups in the sense that any group action on a
metric space admits a quasi-invariant measure (as we shall see). The reader unfamiliar with
the concept of amenability should consult Appendix B: Amenability and Property (7) for
the definition and basic facts about amenable groups.

1.3.1 INVARIANT MEASURES

The usual context for dynamics on probability spaces is to assume the measure v is invariant
under the group action, that is v(¢gB) = v(B) for all ¢ € G and B € B. When the acting
group is Z or R, as is the case in classical dynamics, this presents no issues as such measures
always exist. More generally, when the acting group is amenable then such measures exist:

Theorem 1.13. Let X be a compact metric space and T : X — X be a Borel map. Then
there exists a T-invariant Borel probability measure on X .

Proof. Let vy € P(X) be any Borel probability measure on X. Consider the sequence of
probability measures

=
VN = N Vg © Tn
n=0
Observe that
vyoT —vy=—(oTN — 1)
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Since X is compact, so is P(X) so this sequence has a weak-* limit point, call it v. Then
. .1 N
voTl —v=limuy, oT — vy, =lim—(rpo T — 1) =0
j i Nj
so v is invariant. OJ
Note that implied in how we have written the above is that for all f € C(X)

1 N-1

VN(f):NZVOOTn(f)

n=0

and likewise wherever we have written measures. We will often write in this fashion in what
follows.

Theorem 1.14. Let G be an amenable countable discrete group and let X be a compact
metric space such that G ~ X continuously. There exists a G-invariant Borel probability
measure on X.

Proof. Let vy € P(X) be any Borel probability measure on X. Let Fy be a sequence of
Folner sets for G. Consider the sequence of probability measures

Observe that for any g € G

1 1
— = — E hyy — —— E h
gUVN — VN I3 Vo |FN| Yy

| Fiv|

hegFn heFn
hence . GFyAFy
grn N
guny —UN| < —— hiyyl < ——— =0
‘ N N} |Fy] Z Iz |Fy|
hEgFNAFN

Since X is compact, so is P(X) so this sequence has a weak-* limit point, call it v. Then
gv —v =Ilimgvy, — vy, =limgry, — vy, =0
j J
so v is invariant. O
Of course when G is locally compact second countable the same result holds.

1.3.2 INVARIANT MEASURES NEED NoT EXIST

Let Fy be the free group on two generators and X be the space of (finite and infinite) words
in a,b,a”!,b~! with cancellation. Clearly F; ~ X from the left by “concatenation with
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cancellation”.

Suppose v € P(X) is an invariant probability measure on X. Let B,, be the Borel set of
all words that begin with the finite word w. So

v(B,) + v(By) + v(Bg-1) + v(By-1) + v(e) =1

Now
B, = a(B. \ By-1)

v(B,) = v(aB.) —v(aB,-1) = 1 — v(B,-1)

using the measure-preserving property. Then
V(By) +v(By1) =1

and likewise
v(By) + v(By-1) =1

but
v(By) +v(By) + v(By-1) + v(By-1) + v(e) =1

so we have a contradiction. There simply aren’t any Borel probability measures on the space
of words that are invariant.

1.3.3 EXISTENCE OF QUASI-INVARIANT ACTIONS

There is one way to fix the problem that no invariant measures exist: Let u be a probability
measure on the group with (supp ) = G (the notation (-) means the subgroup generated
by the set of elements under the group operations). For vy € P(X) define

* vy = / gvo dp(g)
G

the convolution. Then
n times

=,
——N——
NZM*M**M*VO
n=0
has a weak-* limit point v and necessarily

WV =1uv

We say this measure is stationary under .
Note that for g € G and B € B

v9B) = [ Lynle) dvie) = [ 1a(g™0) dvta) = g~'u(B)
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Now for B a measurable set with v(B) > 0 and g € supp u

1

g lv=gtuxv > gt u(g)gr = ulg)v

meaning that
v(9B) = g~'v(B) > pu(g)v(B) > 0

Of course for arbitrary g there is some convolution power of y with p™(g) > 0 so this is
true in general.

Definition 1.15. Let G ~ X a (compact) metric space. A probability measure v € P(X)
is quasi-invariant when for all g € G and measurable B

v(gB) =0 if and only if  v(B) =0

Our construction above of stationary measures using the weak-* compactness has shown
that for any p € P(G) there exist p-stationary measures. We can conclude that:

Theorem 1.16. Let G be a locally compact group acting on a compact metric space X. Then
there exists a quasi-invariant v € P(X).

1.4 (G-SPACES

The basic object of our study in dynamics will be:

Definition 1.17. A G-space is a Borel probability space (X,v) such that G ~ X in a
Borel manner (the map G x X — X is jointly Borel) and v is quasi-invariant.

Having placed the measure v on the standard Borel space X, we generally are only concerned
with the measurable behavior of the group action. That is, we are interested in phenomena
that can be seen in the algebra of measurable sets modulo null sets.

In particular, as we will explore in more detail below, if two compact metric spaces
equipped with group actions and quasi-invariant measures are measurably isomorphic
(meaning there is an equivariant map defined almost everywhere that preserves the measures
of sets) then we will treat them as the same. In this case, the underlying metric spaces are
both referred to as compact models for the measurable action.

We will see below that any measurable action of a locally compact second countable (in
fact Polish) group admits a Borel compact model (that is, a compact metric space with a
group action such that the action is Borel and the Borel sets form an isomorphic measure
algebra to the given algebra).

We record here a classical result of Mackey indicating this is true:

Theorem 1.18 (Mackey). Let (X,v) be a standard Borel probability space. Write B(X)
to denote the Borel sets. Assume that there is a continuous action of a (locally compact
second countable) group G on B(X) preserving the boolean operations: union, complement
and intersection.

— 17 —
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Then there exists a standard Borel probability space (Y,n) where G acts on'Y in a Borel
fashion and n is a quasi-invariant probability measure, that is (Y,n) is a G-space, and there
exists a Borel measure-class-preserving surjective map ¢ : Xg — Yy defined on conull Borel
sets Xo C X and Yy C Y such that ¢* : B(Y) — B(X), given by ¢*(B) = ¢~(B), is a
homeomorphic G-map.

1.4.1 ERrGoDIC (G-SPACES

It is possible to decompose any G-space into “measurably minimal” components. A space is
ergodic when there are no nontrivial invariant sets (in the measurable sense):

Definition 1.19. Let (X, ) be a G-space. Then (X, v) is ergodic or G-ergodic when for
any measurable set B

gB=B VYged& = v(B) € {0,1}

That is to say, if for some measurable set B we know that v(BAgB) = 0 for all g € G then
B is either null or conull (measurably trivial).

1.4.2 G-MApPs

In the category of G-spaces, the morphisms are measurable maps between measure spaces
that preserve (intertwine) the group action.

Definition 1.20. Let X and Y be Borel spaces and 7 : X — Y be a Borel map. The
push-forward map 7, : P(X) — P(Y) is given by, for a Borel set B C Y and v € P(X),

r.v(B) = v(x " (B))

Definition 1.21. Let (X, v) and (Y, 7n) be two Borel probability spaces. A measurable map
m: X — Y such that m,v = n is called a homomorphism of probability spaces.

Definition 1.22. Let (X,v) and (Y,n) be two G-spaces. Let 7w : (X,v) — (Y,n) be a
homomorphism. If 7(gx) = gn(x) almost surely then 7 is G-equivariant and we say 7 is a
G-map.

A basic fact, a proof of which can be found in the appendix of Zimmer [Zim84], is:

Proposition 1.4.1. Let X and Y be Borel spaces and G a group acting in a Borel fashion on
both. Letv € P(X) andn € P(Y) be Borel probability measures (the measurable sets are the
Borel sets). Then for any measurable map m: X — Y such that m,v = n and 7(gzx) = gm(x)
for almost every x (for each g) there exists a Borel map my : Xog — Yy defined on a v-measure
one set to an n-measure one set such that (my).v = n and that 7o(gx) = gmo(x) for all z € X,
and g € G and such that m = 7y almost everywhere.

— 18 —



CHAPTER 1. QUASI-INVARIANT GROUP ACTIONS

This fact allows us to talk unambiguously about G-maps in the context of measure algebras
and also in the context of models for those algebras. Details on compact models are discussed
later in the chapter.

When the need arises, a group acting on a measure algebra (that is, an algebra with
boolean operations, usually written as union and complement) will be referred to as a
boolean system. The reader is referred to Zimmer [Zim84], Appendix A, and to [FG10]
section 7 for more information about the relationship between boolean systems and G-spaces.

1.4.3 (G, ju)-SPACES

We have already seen that given G ~ X there always exist measures making X into a
G-space. In fact we saw that for any p € P(G) there exist:

Definition 1.23. A (G, 1)-space is a G-space such that px v = v.

While our focus will be on G-spaces, we remark that (G, p)-spaces are in fact the more well-
studied category. In fact, one of our objectives is to move away from the need to introduce
a measure on the group in order to study dynamics. We remark that:

Theorem 1.24 (Bader-Shalom). Let G be a group and pu € P(G) a probability measure on
G. Let X be a compact metric space where G acts. The set of ergodic p-stationary probability
measures are extremal in the convex, compact set of all p-stationary measures. In particular,
if v1, v € P(X) are both p-stationary and in the same ergodic measure class then vy = vsy.

1.4.4 THE BARYCENTER MAP

Let (X, ) be a G-space that is a convex subset of a (real or complex) complete metric vector
space, meaning that if z,y € X then for any ¢ € [0, 1] we have that tz + (1 —t)y € X. The
primary example of such a space will be P(X) when G ~ X. Such a space is called a
convex G-space. The barycenter is the center of a measure on such a space:

Definition 1.25. Let X be a convex space and v € P(X). Then the barycenter of v is
defined as

bar(v) = /X:c dv(z)

In particular, if v € P(P(X)) for some compact space X then bar(v) € P(X) and

bar(1)(f) = / REGEA0

defines the barycenter measure. The convexity is required for the definition to make sense
since the barycenter is defined to be a convex combination of elements in X. An obvious but
useful observation is that the barycenter map is equivariant with respect to group actions:

Proposition 1.4.2. Let X be a convex G-space. Then the barycenter map is G-equivariant.
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Proof. Let v € P(X) and g € G. Since G ~ X we can define an action of G on P(X) by
defining gv € P(X) to be

gu(f) = /X f(g) dv(z)

for all f € C'(X) (the usual action on probability measures). Then

g bar(v) = g /X z dv(z) = /X gz dv(z) = /X z dgv(z) = bar(gv)

1.5 CompPACT MODELS

In the preceding discussion we have been glossing over the details of the distinction between
a measure algebra and the Borel sets of the underlying metric space. Here we spell out
concretely how these interact and why this is justifiable. Most of the results presented here
will be used implicitly in what follows. The reader wishing to know more about the interplay
between topological models and measurable actions of groups should consult Glasner [Gla03]
and the references provided there.

1.5.1 ComMmPACT MODELS OF GROUP ACTIONS

The formal definition of a compact model is as follows:

Definition 1.26. Let (X, ) be a probability measure algebra and G a group acting on it
quasi-invariantly (G acts on the algebra of measurable sets modulo null sets). A compact
metric space X with a Borel probability measure v € P(X) is called a compact model of
the G action on (X, ) when the Borel sets of X are isomorphic to ¥ in such a way that the
v agree over the isomorphism and the isomorphism is a G-map (is G-equivariant).

Recall that the support of a measure v on a compact metric space X is defined to be the
smallest closed set C' such that v(C) = 1. Since C is closed it is also compact and is a
metric space in its own right. Evidently the space (C,v) is also a compact model for the
same action that (X, v) was. Therefore:

Proposition 1.5.1. We may always assume that v is fully supported on any compact model.

1.5.2 CONTRACTIBLE MODELS

Contractible models, defined by Furstenberg and Glasner, form a useful characterization of
SAT actions (which we will discuss in a later chapter):

Definition 1.27. Let G be a group and (X, v) a G-space. Let Y be a compact model for
the action. The model is called contractible when for every y € Y there exists a sequence
gn € G such that (in weak-*) g,v — 0, (the point mass at y).
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1.5.3 PROXIMAL MODELS

Proximal models for actions, introduced by Furstenberg and studied extensively by Glasner
[Gla76], Furman [Fur03] and Raja [Raj03], arise in an attempt to relate topological and
measurable behavior of group actions.

Definition 1.28 (Furstenberg). A compact metric space X with a group G acting con-
tinuously is proximal when for all x,y € X there exists a sequence g, € G such that
lim,, g,x = lim,, g,y.

Proximal spaces are the counterpart to the distal systems studied extensively by Furstenberg
culminating in the topological structure theorem for distal systems. We are concerned with
group actions that are far from distal so do not go into details here.

Definition 1.29 ([Gla76], [Fur03]). A compact metric space X where a group G acts is
called strongly proximal when for every probability measure v € P(X) the closure of the
G-orbit of v (in the weak-* topology) contains a point mass.

Theorem 1.30 (Glasner). A compact metric space X with a G-action is strongly prozimal
if and only if the corresponding action on P(X) is prozimal.

Theorem 1.31 (Glasner). Let X be a compact metric space with a G-action that is strongly
prozimal. Then G ~ P(X) in a strongly proximal fashion.

There are examples of proximal spaces which are not strongly proximal but the above The-
orems show that there are no further levels of discrepancy in “how proximal” a space can

be.

1.5.4 MINIMAL MODELS

Topologically speaking, minimal models are the smallest spaces one can study.

Definition 1.32. Let X be a compact metric space with a continuous group action by a
group G. Then G ~ X is minimal when the only closed G-invariant subsets of X are trivial
(the empty set and X itself).

Unfortunately one cannot assume that minimal compact models always exist. In fact there
exists a Polish group that admits no nontrivial minimal actions on a compact space but does
admit quasi-invariant ergodic actions that are not measure-preserving (see [Gla9d8]).

1.5.5 MINIMAL STRONGLY PROXIMAL MODELS

Minimal strongly proximal models are the natural topological extreme from distal spaces
(which are the topological equivalent of measure-preserving spaces).

Proposition 1.5.2. Let (X,v) be a compact model for a G-space. If X is minimal and
strongly prorimal then X 1is contractible.
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Proof. Assume that X is minimal and strongly proximal. Since X is strongly proximal there
is a point mass in the closure of the G-orbit of v. Let C C X be the points x such that 9,
is contained in the closure of the orbit. So C' # (). Now C' is closed since if z,, € C' and
r, — x then 6,, € Gv so 6, = limJ,, € Gv. Hence by minimality C' = X. Thus (X, v) is
contractible. O

Note that the converse does not hold: Furstenberg showed that for any group G there exists
a maximal compact space which is minimal and strongly proximal in the sense that any
minimal strongly proximal compact G-space is a quotient of this maximal space. Furman
[Fur03] showed that a group G is amenable if and only if this maximal space is trivial.
However there exist amenable groups with nontrivial Poisson Boundary hence there exist
groups that admit a nontrivial contractible action on a compact space but admit no nontrivial
minimal strongly proximal actions on compact spaces. Therefore there exist contractible
compact spaces that are not minimal and strongly proximal.

1.5.6 EXISTENCE OF COMPACT MODELS

We make use of the following standard fact (see e.g. [Zim84]):

Lemma 1.5.3. Let (Z,() be a G-space, G a countable discrete or locally compact second
countable group. Then there exists a compact model for (Z,() where G acts in a Borel
fashion.

In fact, there exists a compact model where the action is continuous. We remark that the
existence of a continuous model is equivalent to the existence of a countable collection of
G-continuous functions which generate the o-algebra (that is, separates points) but that for
locally compact groups such a sequence is automatic. The reader is referred to [FG10] and
[Zim84] for more details.

For completeness, and since we will make use of it in the next section on compact models
of G-maps, we present a concrete construction of a compact model on which the action is
continuous.

Theorem 1.33. Let G be a locally compact second countable group and (X,v) a G-space.
There exists a compact metric space Y and n € P(Y) such that (X,v) is measurably G-
isomorphic to (Y,n) (the measurable isomorphism is G-equivariant almost everywhere, i.e. is
a G-map) such that G ~Y continuously.

Proof. Take (Xo,v) to be a Borel model for (X,v) so G ~ X, in a Borel fashion (and
of course so that the measurable functions, and hence the continuous functions, separate
points) which exists by Mackey’s Theorem. Since X is a Borel space with a Borel G-action,
Xy embeds as a Borel G-invariant subset into a Polish G-space, that is, a Polish space X’ on
which G acts continuously (see Becker and Kechris [BK96]). The continuous functions on
X' are a separable Banach space and so we can take Fy to be a countable dense set in C'(X")
restricted to having domain X, (which is a G-invariant subset of X’). Then the G-action on
each element of F is continuous since the G-action on X’ is continuous.
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Let Go be a countable dense subset of G. Now let

. Ug]-“oz{g-f:geGo,fE-Fo}

g€Go

be a countable collection of Borel functions on X,. Let C be the C*-algebra generated by F
(that is, close F under the operations of addition, scalar multiplication and pointwise limits).
Then C is a separable sub-C*-algebra of the bounded Borel functions on X (separable since
F is countable). Note that since C is Gy-invariant, it is in fact a G-invariant sub-C*-algebra
since Gy is dense in G (and the bounded Borel functions on Xj is a G-invariant C*-algebra).

Let Y be the Gelfand space for C: the set of x-homomorphisms from C to the complex
numbers C. Denote the Gelfand Representation on C forc€ Cbyc:Y — C

By the Gelfand-Naimark Theorem the map ¢ + ¢ is an isometric *-isomorphism C — C(Y)
(see e.g. Arveson [Arv81]). Since 1 € C we know Y is in fact compact and since C is separable
Y is metrizable (using the weak-* topology).

We have a G-action on C by, for g € G and ¢ € C,

g-clx) =clg'x)

coming from the G-action on Xy. Clearly g - ¢ € C since C is G-invariant. Now define a
G-action on Y by letting
(g-y)(e) =ylg-c)

and then

g y) =(g-y)c) =ylg-c) =g-cy)
so the map ¢ — ¢ is G-equivariant. Let n € P(Y) be the push of v over this map in the
sense that v defines a linear functional on F{y hence on F and therefore on C since v is a
continuous functional and so 1 is defined as the image of v extended from Fy to C. This
is precisely the point in the proof where we use that v is quasi-invariant to ensure that n
is well-defined (if v were not quasi-invariant under the action then v would not necessarily
extend in any reasonable sense to C).

Then (Y, n) is a compact model for (X, v) and the measurable isomorphism between them
is a G-map as required (the Borel functions on Z must be isomorphic to those on X since
the Borel algebra is the minimal algebra closed under the operations and separating points:
every function in C(Z) comes from a Borel function on X by construction). It remains to
show that the G-action on Y is continuous. Let y, — vy in Y (recall the topology here is
weak-*) and g, — e in G. Then for ¢ € C(Y) we have that

|€(gnyn) — )| < llgn e =2l + [e(ya) — 2(y)]

Now ¢(y,,) — ¢(y) since c(y,) = yn(c) — y(c) = ¢(y) for all ¢ € F by the definition of weak-*
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convergence. Recall that we chose Fy to consist of G-continuous functions and therefore for
all ¢ € F we know that g, - ¢ — c. Since ¢ — € is isometric this means that ||g, - ¢ —¢|| — 0.
Therefore we have that ¢(g,y,) — ¢(y) for all ¢ € F hence by construction for all ¢ € C.
Therefore G ~ Y continuously since G ~ C(Y') ~ C continuously and C(Y") separates
points. So (Y,n) is a compact model for (X, ) on which G acts continuously. O

The reader is referred to [GTWO05] for more details (see Theorem 2.2 in that work) and
to Becker and Kechris [BK96] for information on Borel actions and Arveson [Arv81] for
information on C*-algebras.

1.6 CONTINUOUS MODELS FOR (G-MAPS

In addition to compact models for G-spaces we can define:

Definition 1.34. Let 7 : (X, v) — (Y, n) be a G-map of G-spaces. A Borel map mg : Xo — Yo
is a compact model for m when X and Y| are compact models for (X, v) and (Y,n) and
7 is measurably isomorphic to 7.

We now show a much stronger fact than we did above that given a G-map between G-spaces,
there exists a continuous compact model for the map in the sense that there are compact
models for both spaces on which the G-action is continuous and further that the equivariant
map between them is continuous.

The main ideas of our proof of this fact are due to Glasner, Tsirelson and Weiss [GTWO05]
where they show that a o-algebra of functions admits a compact model with a continuous
action if and only if the algebra has a dense sequence of G-continuous functions. Their work
is stated in the context of measure-preserving actions but quasi-invariance is all they use.

Theorem 1.35. Let G be a locally compact second countable group and ¢, : (X,v) — (Y,n)
be G-maps between the same G-spaces for a finite (or countable) collection of n. Then there
exists compact models for (X,v) and (Y,n) where G acts continuously and such that the @,
are continuous maps between compact metric spaces.

Proof. First observe that we may assume already that G ~ Y continuously since there
are always compact models with a continuous action. Fix such a model for Y denoted Y.
Likewise, choose X to be a compact model for X where GG acts continuously. Fix Gy C G
a countable dense subset (possible since G is second countable).

Let ) be a countable collection of continuous functions on Y that generate the Borel sets
(which exists by compactness and metrizability of Y). Define Yy tobe {g-f : g € Gy, f € V}.
Then ) is a Go-invariant countable collection of continuous functions (the G action on Y
is continuous) that generate the o-algebra of Borel functions on Y.

Let F, = {fopn:f €} We are of course already assuming the ¢, are Borel maps
(which always exist by Zimmer’s result). Note that each F,, is a countable Gy-invariant
collection of Borel functions on X since the ¢,, are G-maps. Define

FOZU-Fn
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Then Fy is a Gp-invariant countable collection of Borel functions on X that generate the
B(Y)-measurable functions. Taking X as we did ) and setting

F:JT"()UXO

we obtain a G-invariant countable collection of Borel functions on X that generate the Borel
functions on X.

Let A be the smallest Gg-invariant o-algebra containing /. Then A is a separable o-
algebra and is Gy-invariant. Since Gy is dense in GG this means that A is G-invariant.

Let Z be the compact metric Gelfand space for A: the space of norm one linear functionals
on A where the map A — C(Z) by f — f by f(z) = z(f) is an isometric isomorphism of
Banach algebras and the action fog on A defines a homomorphic action ]?o g(z) = f(zog)
(see Theorem 1.33 for details).

Let 2, — 2 in Z and g, — e in G. Then for f € C(Z) we have

~ ~ ~

1F(gnzn) = F < (10 gn — Fl + 1 (20) = F(2)]

which tends to zero since the G action is continuous on F hence on C'(Z) since the Gelfand
map is isometric.

Therefore G ~ Z continuously. Now the Borel sets of Z are a G-invariant subset of
B(X) and since & was chosen to be dense in the Borel functions, the Borel sets of Z must
be all of the Borel sets of X under the isomorphism. Therefore Z with its Borel sets is a
compact model for X. By construction GG acts continuously on Z. Since all the functions in
F are mapped to continuous functions on Z by the construction of the Gelfand space and
the Gelfand Transform, the maps ¢, : Z — Y, obtained over the isomorphism X — Z are
necessarily continuous. Define 7 to be the extension of v from Fj to C(Z) as we did in the
proof of Theorem 1.33 (using the quasi-invariance). The Theorem is then proved. ]

That is to say, define:

Definition 1.36. Let 7 : (X,v) — (Y,n) be a G-map of G-spaces. Let 7y : Xo — Y| be a
compact model for 7. When G ~ X, continuously, G ~ Y} continuously and 7 is continuous
then 7y is a continuous model for 7.

and the above Theorem says that there always exist continuous models for G-maps.

1.7 CHARACTERIZING AMENABILITY

Theorem 1.37. Let G be a group. Then G is amenable if and only if for every compact
metric space X such that G ~ X continuously there exists a G-invariant Borel probability
measure on X.

The preceding sections have already shown that if G is amenable then any action on a metric
space admits invariant probability measures. It also follows from the fact that P(X) is a
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weakly closed convex invariant subset of the unit ball in the Banach space of measures on
X so Theorem B.6 yields a fixed point.

The reverse holds since we can take X to be the positive cone in the unit ball of
L*>*(G, Haar) under the weak topology and obtain an invariant probability measure on it
which is then an invariant mean (see Definition B.2).
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CHAPTER 2

STATIONARY DYNAMICAL SYSTEMS

Starting in the 1960s, Furstenberg developed the theory of boundaries as a means for studying
harmonic functions on nonabelian Lie groups. Since then it has developed as a powerful tool
in understanding the dynamics of nonamenable groups.

Furstenberg’s original papers [Fur63], [Fur67], [Fur71] and [Fur73|, updated by Furman
[Fur02] and Bader and Shalom [BS05], should provide the interested reader with more in-
formation if desired. Applications of boundary theory appear in those works and also, for
example, Nevo and Zimmer’s structure theorem for actions of semisimple Lie groups [NZ02]
and Raugi’s work [Rau77].

Before presenting details of boundary theory, we elaborate on the category of (G, u)-
spaces introduced in the previous chapter. Boundaries are a very special type of (G, u)-space,
and the best understood, but it will be useful to collect some abstract facts about stationary
systems before studying boundaries.

2.1 STATIONARY SYSTEMS

In the previous chapter we proved the existence of quasi-invariant probability measures
on metric spaces equipped with group actions by showing that in fact there always exist
stationary measures.

Locally compact second countable groups, the class of groups we will study, are topolog-
ical groups with a topology that is separable (by second countability) and therefore whose
Borel sets behave much like those of metric spaces. In particular, we can speak of measures
on locally compact groups as we do measures on metric spaces.

Definition 2.1. Let G be a locally compact group and p € P(G) a probability measure on
G. A G-space (X,v) is a (G, u)-space when pu*v =v

Recall that the convolution p * v is defined by, for f € C'(X),

() = /G gu(f) du(g) = /G /X F(g) dv(z) dp(g)

and that given G ~ X a compact metric space there always exists v € P(X) such that
PV =U.

Definition 2.2. Let G be a locally compact group and p € P(G). A (G, pu)-space is also
called a stationary dynamical system.

The category of stationary dynamical systems has (G, u)-spaces as its objects and G-maps
of G-spaces as its morphisms. This is justified by the easy observation that
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Proposition 2.1.1. Let (X,v) be a (G, u)-space and © : (X,v) — (Y,n) be a G-map of
G-spaces. Then (Y,n) is a (G, p)-space.

Proof. We need only show that pxn =n. To see this, let f € C(Y) and observe that since
mv =n and 7 is G-equivariant

u*n(f)=//f(gy) dn(y) dp(g)
//fgﬂ ) dv(z) dulg //f r(gz)) dv(z) dy(g)
//f ) dgv(x /f )) dp * v(z)
= [ frta)) dvta) - /Y (w) dnfy)

That is, pu * m.v = T * v = mv (since 7 is equivariant so is 7). Hence pxn =n. [
We also mention again a fact stated in the previous chapter:

Theorem 2.3 (Bader-Shalom). Let G be a group acting on a compact metric space X and
p € P(G). The set of p-stationary probability measures is denoted P,(X) = {v € P(X) :
pxv =v}. The ergodic measures in P,(X) are the extreme points in the compact conver set

Pu(X).

This indicates that in the context of stationary systems, the ergodic decomposition plays the
same role as in the measure-preserving case.

2.2 BOUNDARIES

Furstenberg developed boundary theory in the 1960s in an effort to generalize the classical
Poisson Transform to general Lie groups. Since then boundary theory has been found to
have applications both to Lie groups and to general locally compact groups and has been an
active area for almost fifty years.

Our presentation is based heavily on the development of boundary theory put forth by
Bader and Shalom [BS05] and we incorporate details from Furman [Fur02] and of course from
Furstenberg’s original papers. The reader is referred to those two excellent works for more
information. Of course the vast majority of the ideas in what follows are due to Furstenberg
and we should mention that Kaimanovich is responsible for a large amount of foundational
work in the theory.

2.2.1 THE CLASSICAL PoI1SsSON TRANSFORM

Before embarking on a discussion of general boundary theory we recall the basic idea of the
classical Poisson Transform in complex analysis. Boundary theory generalizes this to Lie
groups and the classical transform is the motivating example for what follows.
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Let GG be the group of fractional linear transformations of C which preserve the unit disc
(equivalently that preserve the upper half plane if one then applies the standard conformal
mapping technique, i.e. G = PSLy(R)) in the sense that for g € G we require that gD = D
where D = {z € C : |2| < 1}. Let h : D — R be a bounded harmonic function on the disc.
Then the Poisson formula states that A can be written in terms of a bounded function f on
the boundary of the disc:

he) = | f(x)ReH“g dm(z)

where m is the normalized Lebesgue measure on the boundary of the disc 9D = {z € C :
|2 = 1}.

Given such a bounded harmonic function h : D — R we can determine a bounded function
on G using the formula

h(g) = h(g(0))

for g € G. The Poisson formula tells us that ~(0) = [ f(z) dm(z): the value of a harmonic
function at 0 is the average value along the boundary of the disc. Now hy(z) = h(g(z))
defines another bounded harmonic function on the disc and due to the conformal nature of
factional linear transformations it is clear the value of h, at zero is the average along the
boundary of the bounded function f,(z) = f(g(x)) (that is, we can first shift the entire
picture by g and take the average then shift back). Therefore the Poisson formula implies
that

h(g) = ] (9(z)) dm(z) = ] (x) dgm(z) = gm(f)

We also observe that since h is harmonic the Laplacian of A is zero on the disc and this in
turn means that & is annihilated by the corresponding differential operator on G. Therefore
in some sense £ is a harmonic function on g. Since g is a fractional linear transformation that
preserves the unit circle, in fact g(0) determines the function g completely and so there is a
one-one correspondence between harmonic functions on the group GG and bounded functions
on the unit circle.

The purpose of boundary theory is to generalize the above results on harmonic functions
as functions on the Lie group G to arbitrary Lie groups (and more generally to locally
compact groups) by constructing an appropriate “boundary” such that harmonic functions
on the group are in one-one correspondence, via a “Poisson formula”, to bounded functions
on this boundary.

2.2.2 HARMONIC FUNCTIONS ON GROUPS

In order to make sense of our above discussion we first define what we mean by a harmonic
function on a group. We opt to present the most general approach first and then return to
Lie groups later.
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Definition 2.4. A function ¢ : G — R is y-harmonic when for every ¢’ € G we have that

= /G o(g'g) du(g)

The space of all bounded p-harmonic functions on G is denoted Har(G, p).

2.2.3 THE Po01sSsON TRANSFORM

Let (X,v) be a (G, p)-space. For f € L>(X,v) define f:G—=>Rby

_ /X f(gz) dv(x) = gu(f)

/f //fggxdv du(g //fgxdgV)du()

= [ 1) dur @) = [ o) dvta) = Fi)

so f is p-harmonic. Moreover, |]?(g)| < |||l so fe Har(G, p).

Then

Definition 2.5. Let G be a group and u € P(G). Let (X, v) be a (G, u)-space. The mapping
L>*(X,v) — L*(G,Haar) by f+— f is the Poisson Transform.

2.2.4 THE UNIVERSAL (P01SSON) BOUNDARY

The Poisson boundary is the space on which the Poisson Transform just described can be
inverted in a reasonable sense.

Consider the countable product GN with measure pN (the product measure). G acts on
this space by g(wy, we, . ..) = (qwy, we, . ..) (multiplication on the left in the first coordinate).

Let T be the map from GN to itself given by T'(wy, wa, ws, ...) = (wiws, ws, . ..) (the left
shift combining the first two coordinates). We define the Poisson Boundary of G (relative
to p1) to be the space of T-ergodic components of GN with the push forward of the measure
T.uN. The Poisson boundary will (sometimes) be written PB(G, ).

Since the GG action commutes with 7', the action descends to an action on the Poisson
boundary. Moreover, since i (pu X g x -+ ) = (p#p) X g x -+ = T,uN the measure v on PB
is stationary for p. It is clear that since G acts continuously on itself (by left multiplication)
the action of GG on its Poisson boundary is continuous.
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2.2.5 HARMONIC FUNCTIONS AND BOUNDARIES

Let ¢ € Har(G, ). Define the maps ¢, : GN — R by ¢, (wy, ws, ...) == p(wywsy - - -w,). Let
F,, be the sigma-algebra generated by the first n coordinates of GN. Then

Elpnl o) = [ plun - wnnia) dsw,)
= p(wy -+ wy) = @n(wy,...)

and |p,| < |¢| so the ¢, form a martingale. We can then define @(wy, . ..) := lim, @, (w1, .. .)
which exists by the martingale convergence theorem for uN almost every path (wy,...). Now
» : GN — R is T-invariant so @ descends to a function, also denoted @, in L®(PB(G, 1)).

Moreover, using Dominated Convergence and that ¢ is p-harmonic,
o= [ g dvle) = [ plowus,. ) diun..)
PB(G,p) el

a n

N T Gn

= lim p(g) = ¢(9)

so in fact the maps Har(G, u) — L*(PB(G, 1)) — Har(G, ) form an isomorphism.

Likewise, for f € L>®°(PB(G,u)) we have that f o ¢ € L>°(GN, uN) is T-invariant where
¢ : GN — PB(G) is the T-component map. By the definition of the topology and measure
structure on (GN, uN) for pN-almost every w € GN we have

fod(w)= liyrlnf o d(wy,wa, ..., wn,w')

for any ' € GN. This follows since the sequence of functions above necessarily converges
almost surely by the previous work to some limit, and necessarily converges in L? to f o ¢(w)
since the f o ¢(wy,...,w,,w’) are defined on increasing cylinder sets. Then

~

F ) = tim Fln--s0) =t [ oo+

=lim [ f(o(T" N wy,. .. ,wn")))duN (W) = ligbn ) f(o(wi, .. wn,w))duN (W)

— /GIN li?f((b(wl,...,wmw’))duN(w/) — /(;N f(w)d,uN(cu’) _ f(CU)

by Dominated Convergence. Hence f = f almost surely.

Therefore the map ¢ +— @ from Har(G,u) — L>®(PB(G,pu)) is the inversion of the
Poisson Transform.
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2.2.6 DEFINITION OF BOUNDARY
The formal definition of a (G, u) boundary is now clear:

Definition 2.6. Any (G, u)-space which is a quotient of the Poisson Boundary for (G, p)
is called a (G, p)-boundary. A boundary is also sometimes referred to as a proximal
(G, p)-space.

Boundaries correspond to G-invariant sub-o-algebras of L>(PB(G, 1)) which in turn corre-

spond to sub-o-“algebras” of Har(G, p). Keep note of the fact that fi fo # jA’lfg but that for
boundaries P1ps = P71 P2 (in fact this characterizes boundaries).

2.3 THE LiMiT MEASURES

Let (X,v) be a (G, u)-space. For any f € L>(X,v) the sequence of numbers wyws - - - w,v( f)
converges for pyN-almost every path (wi,...). This means that w - --w,v converge in the
weak-* topology almost surely (take a countable dense subset of C(X); for each function in
that set there is a measure one set of convergence hence there is a measure one set that works
for all functions in the countable dense set which in turn works for all continuous functions
by continuity).

Definition 2.7. The probability measure v, = lim,, w; - - - w,v is the limit measure for w
(it is also referred to as the conditional measure).

The barycenter equation states that

v :/ vy dpN(w)
GN

or, in other words, that v is the barycenter of the limit measures. The proof is an easy
consequence of Dominated Convergence and stationarity:

vty die) = [ i) i)

GN T

=lim [ w - wr(f) dpN(w) = lim p™ x v (f) = v(f)
n aN n

where p(™ is the n-fold convolution of y with itself.

2.3.1 JOININGS

An unfortunate truism about stationary systems is that the usual product system will not
be stationary. In fact it is easily checked that if (X,v) and (Y,n) are (G, p)-spaces then
(X x Y,v x n) with the diagonal action of G has

u*(vxn)z/agvxgndu(g)
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and so p * (v x ) = v x n would imply that
/gvxgndu(g)zvxnzf gv X hny dpx (g, h)
G Gxa

which does not always happen. In fact, when that is the case for the join of a system with
itself we see that for any f € L>(X,v) with v(f) = 0 we would have that

~

e (v x V) (f % f) = /G g (H)|} du(g) = /G 170 duto)
and that, since v(f) =0,
(pxv) xv(f x f)=p*xv(flr(f)=0

and therefore these being equal would imply that ]/”\ = 0 for all g hence gv(f) = v(f) for
all f and therefore (X, ) is a measure-preserving system. The product system is therefore
not in general stationary (and in fact when it is stationary one of the systems is measure-
preserving).

To rectify this problem, Furstenberg and Glasner have introduced the concept of a joining
of stationary systems:

Definition 2.8. Let (X, v) and (Y,n) be (G, p)-spaces. Define the measure A € P(X x Y)
by

A :/ Ve X N dpN(w)
GN
Then (X x Y, A) is the join of (X, ) and (Y, n).

The join is the closest stationary system to the product system available. Note that it is
stationary:

Proposition 2.3.1. The join of two (G, p)-spaces is a (G, p)-space.

Proof. Let (X,v) and (Y,n) be (G, u)-spaces. Let A € P(X x Y') be the join measure. Then

jx A = / g\ dulg) = / / GV X g1 dpM(w) dp(g)
e aJan
[ % d ) dut) = [ vx )
aJaw el
where we have used that gv, = v, which follows from that fact that for f € C(X) we also

have f,(z) = f(gz) is continuous (taking a compact model where the G-action is continuous)
and therefore

gyw(f) = Vw(fg) = hTIanl o 'wny(fg) = hTangwl T 'wny(f) = ng(f)
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and therefore, writing 7' : GN — GN for T'(wy, wo, w3, ...) = (Wiws, w3, .. .),

u*)\:/ Vi X Mo dpt % p (w)
GN
= / Ve X 1y dTopN(w)
GN
:/ Vr(w) X M) dpt (@)
GN
:/ Ve X Mo dpN(w) = A
GN
since T, uN = p » uN and v, is T-invariant by construction. O

Note that if A is the join of v and n then A\, = v, X n,, that is the limit measure of the join
are the products of the limit measures.

We also remark that if (X, v) is a (G, u)-space and (Y, 7) is a measure-preserving G-space
then the join of (X, v) with (Y, n) is simply (X x Y,v x 7).

Proposition 2.3.2. The join of two prozimal (G, p)-spaces, i.e. boundaries, is a proximal
(G, u)-space.

Proof. The limit measures are point masses for each proximal space hence the same holds
for the join. Below we will show that in fact a (G, p)-space is a boundary if and only if the
limit measures are point masses (Theorem 2.11). O

This allows us to define the maximal proximal space by taking the join of all proximal spaces.
This turns out to be an equivalent way to define the Poisson Boundary.

2.3.2 THE BOUNDARY MAP

Let (X,v) be a compact model for a (G, u) space (meaning X is a compact G space and
p*v = v). Consider the map GN — P(X) given by w + v,. This map is defined pN
almost everywhere (as above). The map is obviously 7" invariant so it descends to the
boundary map 3 : PB(G,u) — (P(X),n) where 1 is the pushforward of uN. Clearly this
is a measurable G-map between G spaces.

Theorem 2.9 (Naturality of Limit Measures). Let 7 : (X,v) — (Y,n) be a Borel G-map of
G-spaces. Then for uN-a.e. w: v, = n,,.

Proof. Fix f € C(Y) and w such that the limit measures exist. Then

nalf) = s - w,n(f) = I / F(w1 - -wny) dn(y)

= hm/ flwy - wym(zx)) dv(z _hm/ f(m(wy - wyz)) dr(x)
—hTanwl--- W(fom)=v,(form) =mau,(f)
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]

Theorem 2.10. Any group acts amenably (in the sense of Zimmer [Zim84]) on its Poisson
Boundary.

Proof. The boundary map is a G-equivariant measurable map from PB to P(X) for any
G-space X. O]

2.3.3 BoOUNDARY LIMIT MEASURES ARE POINT MASSES

Theorem 2.11. Let (X,v) be a compact model for a (G, p)-space. Then (X,v) is a (G, p)-
boundary if and only if the limit measures v,, are point masses u"-almost surely.

Proof. Let m: (GN, uN) — (P(X),a) be the boundary map and ¢ : (GN, uN) — (X, v) the
map witnessing that (X, v) is a boundary.

Take f € L>°(X,v) and observe that since ?: f o ¢ almost surely

where . represents the point mass. Since this is true for every f € L>°(X,r) and since X is
compact, we have that v, = d4(.) almost surely.

In fact, letting ¢ : (X,v) — (P(X),d,v) be the map x + d,, we have that 7 = §o ¢
(measurably) and therefore that (X, ) is isomorphic to (P(X), m.uN) as (G, u)-spaces. In
particular,

b= [ 0 dvte) = [ 8 dop@) = [ b dite) = [ 7o) i) =

Conversely, if almost every limit measure is a point mass then there is a measurable map
w — x(w) from GN to X such that v, = dz(w) (which is obviously a shift-invariant G-map).
Consider the push-forward of uN under this map: call it 5. Let f € L°°(X,v). Then

n(f) = GNf(:U(w)) dp(w) = [ 0uw)(f) dMN(W)I/ vo(f) dp™(w) = v(f)

el GN

where the last equality is the barycenter equation. Therefore the push-forward of pN is in
fact v so the map w — z(w) is a (G, u)-map witnessing that (X, v) is a (G, u)-boundary. [

This gives the consequence that if any compact model of a (G, u) space has the property
that almost every limit measure is a point mass then in fact every compact model has that
property. That is to say, having point masses as limit measures is in fact a measurable
property (that does not depend on the model).
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2.3.4 UNIQUENESS OF THE BOUNDARY MAP

As noted above, (X,v) is a (G, x) boundary (i.e. is a factor of PB(G, i) if and only if the
image of the boundary map is contained in the set of point masses). In particular, v, = 0,
where [w] is the image of w in PB(G, p1) then mapped to X.

Also, We have the barycenter equation. Let bar : P(P(X)) — P(X) be the barycenter
map: bar(a) = [,y p da(p). Then bar(n) = v, ie. [ou v du®(w) =v.

Proposition 2.3.3. The boundary map is essentially unique.

Proof. Let 8: GN — P(X) be a T-invariant G-map such that the barycenter bar((3).uN) =
v. Write n = B,uN and then (P(X),n) is a (G, u)-boundary. Now 3 factors through the
Poisson Boundary (being T-invariant) and so by the naturality of limit measures we have
that

= (BetN)o = Bul(1V)e) = Bub = Op(w)

which agrees with the fact that for a boundary the limit measures are point masses. Now
Blw) = bar(dpw)) = bar(n.)
= bar(limw; -+ - w,n) = limw; - - - w,bar(n)

=limw; - wy,v =1,
n

But this means that £ is the boundary map as claimed. O

2.3.5 LiMIT MEASURES ARE NOT ABSOLUTELY CONTINUOUS

We remark that Furstenberg and Glasner have shown that the limit measures being abso-
lutely continuous can happen only when the action is measure-preserving;:

Theorem 2.12 (Furstenberg-Glasner [FG10]). Let (X,v) be a (G, u)-space. Then (X,v) is
a measure-preserving G-space if and only if the limit measures v, are absolutely continuous
with respect to v for almost every w € GN.

Therefore if (X, v) is a stationary dynamical systems which is not measure-preserving then
in fact there is a positive measure set of random paths leading to limit measures which are
not absolutely continuous with respect to v.

2.4 AMENABILITY AND THE POISSON BOUNDARY

Amenability is intricately connected with the Poisson Boundary and the corresponding
(non)existence of bounded harmonic functions on a group. We will use this characterization
of amenability in our results in later chapters.
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2.4.1 BOUNDARIES OF AMENABLE GROUPS

A result of Kaimanovich and Vershik [KV83] states that amenability is equivalent to the
existence of a probability measure on the group yielding a trivial Poisson Boundary:

Theorem 2.13 ([KV83]). Let G be a locally compact second countable or countable discrete
group. Then G is amenable if and only if there exists u € P(G) with support generating G
such that the Poisson Boundary PB(G, ) is measurably isomorphic to the one point system.

Proof. By Theorem 1.37 the group G is amenable if and only if every compact metric G-
space admits a G-invariant (Borel) probability measure. Assume that there exists p € P(G)
with support generating G such that PB(G, i) is the trivial (one point) system. Let X be
any compact metric space on which G acts. Let v € P(X) such that p* v = v (which
we know always exists). Now the boundary map GN — P(X) maps w — v, but factors
through the Poisson Boundary (which is a single point) so v, = v for every w. But then
gV = gy, = Vg, = v so v is in fact G-invariant (actually v is invariant for the support of p
hence for all of ). So in fact G is amenable.

We will not actually make use of the converse in our work so we refer the reader to
[KV83] Theorem 4.3 for a complete proof that G being amenable implies the existence of
such a measure on G making the Poisson Boundary trivial. O]

2.4.2 THE “MINIMAL” AMENABLE SPACE

On the one hand, the Poisson Boundary is an amenable space for the group and is therefore
quite large from the point of view of group dynamics. On the other hand, the limit measures
are almost surely point masses so in some sense the Poisson Boundary is quite small in
that there is no “extra room” beyond that which is needed to encompass all of the group
actions. This unique position of the Poisson Boundary as the “minimal” amenable space for
the group makes it quite useful in many contexts.

2.5 MEASURES ON SUBGROUPS

A key aspect of Furstenberg’s boundary theory is that lattices “inherit” boundaries of the
ambient group they sit inside. The major component in proving this is the following Theorem
that essentially says that there is a measure on the lattice such that any harmonic function
on the ambient group, when restricted to the lattice, is harmonic for this measure. This
Theorem is also crucial in Margulis’ proof of the Normal Subgroup Theorem for lattices in
higher-rank Lie groups.

We will also make use of this idea in relation to cocycles as part of an effort to bring
together the two halves of the arguments involved in results like the Normal Subgroup
Theorem. Recall that:

Definition 2.14. Let G be a group (either countable discrete or locally compact and metriz-
able). A probability measure p on G is admissible when the support of p generates G
(generates as a group) and when some convolution power of pu is not singular with respect
to the Haar measure on G.
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Theorem 2.15 (Furstenberg, [Mar91]). Let G be a locally compact second countable group
and o an admissible probability measure on it. Let I' be a lattice. Then there exists a
probability measure p on I with full support such that for any closed conver subset of a
Banach space V' on which G acts isometrically and any v € V such that o x v = v it
holds that p v = v. In particular, if v is an a-stationary measure on a G-space then v is
u-stationary.

The main example of such a convex G-space is P(X) where X is a compact metric G-space.
In this case, the Theorem states that if v € P(X) and a * v = v then there is a measure on
the lattice p such that also px v =wv.

2.5.1 DENSITY LEMMA

Lemma 2.5.1. Let G be a locally compact second countable group and o an admissible
probability measure on G. Let g1,92 € G. Then there exist n,n’ € N* and § > 0 such that
gra™ > 5g,a™) where o™ denotes the n-fold convolution of a with itself.

The reader is referred to [Mar91] for more information about this fact; we prove it only in
the case when « is the restriction of Haar measure to a compact set since that will be enough
for our purposes.

Proof. Let n’ be such that the density of o™ is positive on a neighborhood of the identity.
Note that n is independent of ¢g; and g,. We will write o in place of o) from here on
(convolution powers of a™) are convolution powers of o after all).

We will assume that o = m|x where m is Haar measure on G and K = U and (U) = G
where U is an open set containing the identity and U is symmetric: U~! = U. Of course
we normalize the Haar measure so that a(G) = «(K) = 1. This is justified since (some
convolution power of) our original measure strictly dominates (a multiple of) this measure.
Define the function for g, h € G by

dh~ga!™)

6(g,h) =sup{6d>0:Jopen U' 3 e3IneNVz el o

(z) 2 6}

Since (K) = G there is some n such that h='g € U". Then h™'ga™ > da for some § > 0
(since « is constant density on U there is some lower bound on the density of a * a on U).
Hence 6(g, h) > 0 for all g, h.

O

2.5.2 DENSITY OF TRANSLATIONS

Lemma 2.5.2. Let G be a locally compact second countable group and o« an admissible
probability measure on G and let v be an a-stationary vector in some Banach G-space with
isometric action. For any g,h € G there exists 6(g,h) > 0 and an admissible w € P(G),
both independent of v, such that

gv =906(g,h)hv+ (1 = 6(g, h))w x v
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Proof. By the previous Lemma, there exists n,n’ and ¢ such that ga(™ > dha™). Since
o * v = v we have a(™ x v = v and therefore

gv = ga'™ x v = §ha™) x v + (ga'™ — sha'™)) x v = Shv + (1 — §w * v

where w = (1 — 0)~*(ga™ — §ha!™)). This is a positive measure by the preceding Lemma.

]

2.5.3 PROOF OF MEASURES FOR SUBGROUPS

Proof. (of Theorem) Let p. € P(T") be any symmetric fully supported probability measure
on I'. Define the set
O ={u' € P(I"): 4 is fully supported }

and let V denote the class of all a-stationary vectors in closed convex subsets of Banach
spaces on which G acts isometrically. Define the function

L(g)=sup{0<e<1:(3 € ©)(Fu" € P(G)) (Vv eV) guv=eu xv+ (1 —e)u” xv}
Fix g € G. By the previous Lemma, for any v € I" we have that

gv = 0d(g,7)yv+ (1 —4(g,7))w(g,7) *v

Define p, € P(I") by
6(g,71)
9,7) + (9,7~

pg(v) = 5 1)2pe(7)

Observe that

d(g,7~1)d(g:7) B
5(g.7) + 0(g. 1) 2P = 9(9:7)p,(7)

89,7 () =

by the symmetry of p. and that

2ZP9 Zpg + pg(v >:Zg2g’7;i§§§,z )2Pe —2ZPe ) =2

s0 pg € P(I'). Now set e = >~ 6(g,7)py(7) and

1) =€e'9(g,7)pg(y) and w=(1—¢" /F(l —6(9,7))w(g:7) dpg(v)
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which are probability measures. This then means that

eu’*v+(1—6)W*v=Z 7@+Zpg 8(g,7))w(g, ) * v
= Zpg < g: )0+ (1= 6(9,7)w(9,7) *v>
22/)9 Y)gv = gv

and of course 0 < € < 1 since p, is a probability measure and 1 > §(g,7v) > 0. Since p, is
fully supported, so is p/. Hence p’ witnesses that fact that L(g) > e. Therefore L(g) > 0 for
all g € G.

For v € I" and g € G, write y;, and i to be the measures witnessing that L(g) > € for
some fixed € > 0. Then for any v € V

— / !
Ygv = eypy * v+ (1 — €)ypy * v
and so taking p, = yu, and likewise for 4" we obtain that L(yg) > e. Note that
1oy (V) = 1y (V) = gy ™1y') < d(g,771) = d(v9.7)

so i, satisfies the requirements for L. We therefore conclude that L(yg) = L(g). So L is
left-I-invariant. In particular, L(y) = L(e) for all v € I so L is constant on I'.

Assume for the moment that from this we can deduce that L is constant on G (or at
least uniformly bounded above zero). Take € > 0 to be less than a uniform lower bound on
L (when L is constant any e < L(e) is fine). For each g there is then y € P(I') such that

gu = ety ¥ v+ (1 — )y * v
for some p;; € P(G) and every v € V. Hence for any o € P(G)

oxv=cu xv+(l—e)ul*xv

Iy = / 11y do(g)
G

is a probability measure on I' and likewise for p”.

where v € V is arbitrary and

Set 09 = .. Given o, choose p,,+1 € P(I') and 0,,,1 € P(G) such that for every v € V
Om ¥V = €1 * U+ (1 — €)ome1 ¥ 0

By induction (using that V' is a closed convex subset of a Banach space to ensure convergence
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and that the G-action is isometric so || x v|| < ||v|| for any n € P(G) or P(T))
v=09%v=¢€u ¥V + (1 —€)epug kv +---

and so setting
oo

p=e> (1= tmn

m=0

we get that (using that the G-action is isometric)
pxv =1

and of course > (1 — €)™ = 1/e so this is a probability measure.

It remains to show that L being constant on I in fact implies that L is uniformly bounded
above zero on G. This follows from the Cauchy-Schwarz-Buniakowski inequality (as in
Margulis): observe that

Lig) > / Ligg) dalg)
since
gU = ga ¥ v = / gg'v da(g")
G

and set L'(I'g) = 1 — L(g) which is a well-defined function on I'\G since L is left-I'-invariant.
For z € I'\G,

() < /G L/(xg) dag)

from the inequality for L and therefore, using the Cauchy-Schwarz-Buniakowski inequality,
letting m be the Haar measure on G (which is finite on I'\G as it is a lattice),

[ wa@r i@ = [ | [ 2y o) in
S/F\G/G]L’(wg)f da(g) dm(x)
_ /G /F \G\L'(mfdg—lm(x) da(g)
_ /F\G|L’(x)|2 dm(z)

by the G-invariance of the Haar measure. The inequality is therefore an equality L(zg) =
L(z) for o x m-almost every (g, x). Now in fact we may replace a by any of its convolution
powers since the inequality still holds and since « is admissible there is some convolution
power which is nonsingular with respect to m. As the support of a generates G, and each
sufficiently large convolution power is nonsingular, we obtain that L(xg) = L(x) for m-almost
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every g and x. Hence L is constant m-almost surely.

2.5.4 MOMENTS

The above construction of a measure on the lattice leaves almost no information about the
measure constructed. In particular, nothing is known about the moments (in terms of word
length), information which can be useful to have (as we will see).

The proof of this involves Brownian motion and stopping times, combined with a general
form of Harnack’s Inequality. The reader is referred to [Fur71] for the original idea, [LS84]
for the general construction and [Kai88] and [Kai92] for general exposition.

Theorem 2.16 (Furstenberg, Lyons-Sullivan, Kaimanovich). The measure obtained on a
finitely generated lattice may be assumed to be symmetric and to have finite first and second
moments when the ambient group G is a Lie.

The proof of this involves the idea of “discretizing” Brownian motion and we will not go into
details, the reader is referred to the works referenced above for the specific construction.

2.6 BOUNDARIES OF SPECIFIC GROUPS

We collect here some results giving explicit descriptions of the Poisson Boundary of certain
classes of groups, including Lie groups, lattices in Lie groups, and almost connected groups.

2.6.1 BOUNDARIES OF LIE GROUPS

The original motivation for Furstenberg’s boundary theory was to generalize the classical
Poisson Transform on the unit disc to Lie groups. Semisimple Lie groups have the most
well-developed and complete boundary theory and appear to be the largest class of groups
where the boundary is (or perhaps can be) well-understood.

We also remark that boundaries were used by Zimmer as the first examples of amenable
actions of nonamenable groups and by Jaworski as the first examples of SAT spaces (to be
discussed in the following chapter).

Theorem 2.17 (Furstenberg [Fur63|). The Poisson boundary of a semisimple Lie group G
with finite center (relative to an admissible p) is isomorphic to G/P (with the image of )
where P is a minimal parabolic subgroup of G (such subgroups are all conjugate).

In fact, Furstenberg showed that if G is a semisimple Lie group and K is a maximal compact
subgroup of G then for every admissible a € P(G) which is K-invariant (that is, for any
ap € P(G) take a = my * g xmy where my is Haar measure restricted to K and normalized
to mg(K) = 1) the Poisson Boundary PB(G, «) is the same. That is, the parabolic group
P above depends only on K and not on the measure.

In particular, the Lie group PSLy(R) has the unit disc as its boundary which shows that in
fact the general construction of boundary theory generalizes the original motivating example
of the classical Poisson formula as was intended.
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2.6.2 BOUNDARIES OF LATTICES IN LIE GROUPS

Shortly after developing the Poisson Transform for Lie groups, Furstenberg studied the
boundaries of lattices in such groups:

Theorem 2.18 (Furstenberg [Fur67]). Let G be a semisimple Lie group and I' a lattice in
G. Let a € P(G) be a K-invariant admissible measure on G (where K is a mazimal compact
subgroup of G). Then there exists p € P(I') such that PB(I', u) = PB(G,a) = G/P.

The reader is referred to Furstenberg’s work [Fur7l] section 5.1 in particular for details.
The measure p is precisely the measure constructed using “discretized Brownian motion” as
discussed previously. A consequence of this fact, and one of the motivations for the initial
study of boundaries of lattices, is that while PSLy(Z) is (isomorphic to) the free product
Zy % Z3, in fact PSL,,(Z) for n > 3 cannot have a finite index free subgroup.

Margulis showed (the Factor Theorem) that all I-quotients of G-boundaries are in fact
G-boundaries and that therefore the I'-boundaries are the same as the G-boundaries (using
the measure on the lattice constructed above). Zimmer later improved on this and Bader
and Shalom extended the result to lattices in products of groups. The reader is referred to
[Mar91], [Zim84] and [BS05] for more information.

2.6.3 BOUNDARIES OF ALMOST CONNECTED GROUPS

While Lie groups are an important class of groups, we should also mention that a key
aspect of Furstenberg’s result has been shown to hold more generally for the class of almost
connected groups.

Definition 2.19. Let G be a locally compact group and G° the connected component of G.
Then G is almost connected when G/G° is compact (or finite).

Theorem 2.20 (Raugi [Rau77]). Let G be an almost connected locally compact group and
w € P(G) an admissible probability measure on G (the support of u generates G and some
convolution power of  is nonsingular with respect to Haar measure) with finite first moment.
Then the Poisson Boundary PB(G, i) is a homogenous G-space (that is, G acts transitively
on it, i.e. it is of the form G/P for some P).

Jaworski later improved this by removing the moment restriction:

Theorem 2.21 (Jaworski [Jaw98]). Let G be an almost connected locally compact group and
w € P(G) an admissible probability measure on G. Then the Poisson Boundary PB(G, )
is a homogenous G-space.

Jaworski also showed that in general (the not almost connected case) this can fail: there
are groups where the Poisson Boundary is not a transitive space. The free group is an easy
example of this phenomenon.
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2.6.4 BOUNDARIES AND NORMAL SUBGROUPS

We conclude the chapter by remarking on the interaction between boundaries and quotient
groups.

Theorem 2.22. Let G be a locally compact group and N < G be a normal subgroup. Let
w € P(G) and write u* for the pushforward of u to G/N. Then

PB(G/N, u") = PB(G, u)//N
where PB(G, p)//N is the N-ergodic components of PB(G, ).

The reader is referred to [BS05] for details; this fact is easy and appears in various places in
the literature. The key idea is that the boundaries for G/N are precisely the boundaries of
G on which N acts trivially.
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SAT ACTIONS

While boundary theory is very useful in understanding quasi-invariant dynamics, it suffers
from two defects: one, it imposes a measure on the group so the results obtained then
generally hold for the group and measure together but (except in the special case of Lie
groups) changing the measure generally changes the boundary; and two, determining whether
a given space is a boundary is not easy to do.

Introduced in the mid 1990s by Jaworski in [Jaw94] (with ideas going back to [Jaw91]),
SAT (strongly approximately transitive) is a dynamical property of a group acting on a
measure space (no measure on the group) that is the natural opposite of measure-preserving.
Boundaries are SAT spaces, so such spaces certainly exist, but SAT is defined purely in terms
of dynamical (as opposed to algebraic) properties.

3.1 STRONG APPROXIMATE TRANSITIVITY

The definition of SAT makes it clear that it is a dynamical property that is “opposite”
measure-preserving:

Definition 3.1 (Jaworski). Let (X,v) be a G-space. We say (X,v) is SAT when for any
measurable B C X such that v(B) > 0 and any € > 0 there exists ¢ € G such that
v(gB) >1—e.

Clearly SAT is equivalent to saying that for every measurable set A with v(A) < 1 there is
a sequence g, € G such that lim, v(gA,) = 0 and we will use the two interchangeably.

An important fact about SAT to keep in mind is that it precludes the existence of
invariant measures (even o-finite measures):

Theorem 3.2 (Jaworski [Jaw94]). If (X, v) is a SAT G-space and X is a o-finite G-invariant
measure on X then X s atomic.

Jaworski also showed that almost nilpotent groups (equivalently, groups of polynomial growth
by Gromov’s theorem) do not admit nontrivial SAT actions.

3.2 AN EXAMPLE

We present now an example of a SAT action to help the reader gain some intuition. Neces-
sarily the group involved cannot be the integers or anything like them.

Consider the natural action of PSLy(R) on the unit circle S with the Lebesgue measure.
That is, PSLy(R) is the collection of fractional linear transformations preserving the upper
half-place (and preserving oriented area) and we can then translate (via Riemann Mapping
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Theorem) this to PSLy(R) acting on the unit disc preserving area. In particular, PSLy(R)
under this mapping must preserve the unit circle.

However, the Lebesgue measure on the circle is decidedly not invariant under these maps.
In fact, the image of Lebesgue measure under elements of PSLy(R) will correspond to solu-
tions to the Dirichlet problem on boundary values of harmonic functions (details are left to
the reader; see Chapter 2: Stationary Dynamical Systems). In particular, the action will be
SAT since we will be able to obtain any bounded measurable function on the circle as the
boundary values of a harmonic function.

More generally, the action of a locally compact group on its Poisson Boundary (corre-
sponding to any admissible measure on the group) will be a SAT action. Since the Poisson
Boundary is characterized by the limit measures being point masses, it is easy to see that any
positive measure “becomes” a measure one set as an appropriate limit measure is approached.

3.3 CHARACTERIZATIONS

We now present some known characterizations of SAT actions. The first is in terms of an
associated functional being an isometry; the second is in terms of the total variation metric
on measures; and the third is topological.

3.3.1 ISOMETRY CHARACTERIZATION

Theorem 3.3 (Jaworski). Let (X,v) be a G-space and consider the map L¥(X,v) —
L>(G,Haar) given by f — g 'v(f) (¢ 'v(f) being a function in g). Then (X,v) is a
SAT space if and only if this map is an isometry, that is:

sup [gv(f)] = [Ifllzoex)
geG

Proof. 1t suffices to show that (X, v) is SAT if and only if for any measurable B C X with
v(B) > 0 we have that ||v(-B)||z=) = 1 = ||1B||z(x) since characteristic functions form a
basis for a dense subset of L.

Assume (X, v) is SAT. Then for any € > 0 there exists g € G such that v(gB) > 1 —e.
Hence ||v(-B)||z(a) = sup,eq ¥(9B) > 1 — €. So the map is an isometry as it is continuous
in f and the characteristic functions form a basis for the L*>° functions.

Conversely, if the map is an isometry then for any measurable B C X with v(B) > 0
we have that sup,cqv(9B) = ||1p|/z=~(x) = 1 and so for any ¢ > 0 there exists g such that
v(gB) > 1—e. O

3.3.2 ToTAL VARIATION CHARACTERIZATION

Theorem 3.4 (Jaworksi). Let (X,v) be a G-space. Then (X,v) is SAT if and only if for
any n € P(X) in the same measure class as v there exists v, € P(X) which are convex
combinations of gv ranging over g € G such that

17 = vnllzvy — 0
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where || - ||7v is the total variation norm: ||a||7yv = sup{|a(B)| : B measurable}.
This can in turn be phrased as:

Theorem 3.5 (Jaworski). A G-space (X,v) is SAT if and only if for any compact model the
(convex) closure of the G-orbit of v in P(X) contains the point masses, that is conv Gv =
P(X).

Here, and throughout, conv C' denotes the convex closure of a subset C' of a convex space.
Jaworksi also proved a “zero-two” law for SAT actions:

Theorem 3.6 (Jaworski). Let (X,v) be a SAT G-space. Then for any fized g € G

sup || ghv — v||rv € {0,2}
heG

3.3.3 ToPOLOGICAL CHARACTERIZATION

Strong approximate transitivity implies strong topological properties of any compact model.
Furstenberg and Glasner recently showed:

Theorem 3.7 (Furstenberg-Glasner 2009). The action of a group G on a measure space
(X,v) is SAT if and only if every compact model of the action is contractible.

3.3.4 PROXIMAL CHARACTERIZATION

We now prove an easy characterization of SAT that makes the connection between SAT and
proximal (boundary) spaces more explicit. Recall that a proximal (G, u)-space is defined
by saying that almost every “limit measure” is a point mass. We show now that SAT is
characterized by the existence of a limit measure that is a point mass:

Theorem 3.8. Let (X,v) be a G-space. Then (X,v) is SAT if and only if for any compact
model there exists a sequence g, € G such that g,v — 9§, in P(X) (weak-*) for some
topologically generic point x (meaning the orbit is dense).

Proof. The topological characterization makes one direction trivial: if (X,v) is (a compact
model for) a SAT G-space then for every x € X there exists a sequence g,, such that g,v — 0,
in weak-* (and SAT implies ergodicity so there is a generic point). Assume now that for any
compact model X there is a sequence g, € G and a topologically generic point x such that
gov — 0, and Gz = X. Take a compact model on which the G-action is continuous. Fix
y€ X. Let f € C(X) and € > 0. Choose h such that |f(hx) — f(y)| < € which exists since
y € Gz and f is continuous. Write f,(2) = f(hz) so f, € C(X) and choose n such that
|gnv(frn) — 02(frn)| < € (possible since g,v — §,). Then

1hgnv (f) = FW)| = lgnv () = F@)] < lgnv(fr) = fu(@)] 4 [fa(z) — f(y)] < 2€

and therefore, taking e — 0, we have that §, € Gv. Therefore (X,v) is SAT as this holds
for every point y so the model is contractible. O
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The requirement that the point be topologically generic appears to be necessary to account
for examples such as the source-sink dynamical system on [0, 1] where points flow to the left
and 0 is a stable fixed point and 1 an unstable fixed point. The group R contracts Lebesgue
measure on [0, 1] to dp under this flow but this is obviously not a SAT action.

3.4 PROPERTIES OF SAT ACTIONS

In this section we study the behavior of SAT spaces for locally compact second countable
groups and their lattices and we mainly establish results that we use in the following chapters.

Lemma 3.4.1. Let G be a group and ¢ : (X,v) — (Y,n) a G-map between G-spaces. If
(X,v) is a SAT G-space then so is (Y,n).

Proof. Let A be a measurable subset of Y with n(A) > 0. Then ¢ !(A) is a measurable
subset of X and v(¢ ' (A)) = p.v(A) = n(A) > 0. Since (X, v) is SAT there is a sequence
gn such that v(g,p1(A)) — 1. Since ¢ is G-equivariant,

N(gnA) = ouv(gnA) = v(e (g2 A)) = vgap ' (A)) — 1

and therefore (Y, n) is SAT. O

3.4.1 SAT ImpLIES ERGODIC

Lemma 3.4.2 (Jaworski). Let (X,v) be a SAT G-space. Then the G-action on (X,v) is
ergodic.

Proof. Let B C X be a G-invariant Borel set. Suppose that v(B) > 0. Since the action is
SAT there exists g, € G such that v(g,B) — 1. But g,B = B since B is invariant hence
v(B) = 1. Therefore any G-invariant set has measure zero or measure one. [l

3.4.2 SAT As A MEASURE CLASS PROPERTY

We prove the following fact not previously appearing in the literature:

Lemma 3.4.3. SAT is a property of the measure class, not the measure: if (X,v) is a
SAT G-space and V' € P(X) is in the same measure class as v (meaning they are mutually
absolutely continuous) then (X,v') is also a SAT G-space. More is true: for each B the
same sequence {g,} works for both measures.

Proof. Let B C X with v(B) < 1. Then there exists g, € G such that v(g,B) — 0.
Suppose that limsup2/(g,B) = 6 > 0. Let {n;} be the sequence attaining this limit. Then
v(gn;B) — 0 and v/(g,,B) — ¢. Pick a further subsequence {n;, } such that v(g,, B) <27
Now define the sets

By = U gnth
t=k
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and then .
v(By) <) 27 =271 50
t=k

and
V'(By) > V'(gn;, B) = 0

Note that the B, are a decreasing sequence of sets and therefore, by Lemma 3.4.5,
V(ﬂ By)=0  but u’(ﬂ By) >0
k k

which contradicts that the measures are in the same class. Therefore no such § and subse-
quence exists meaning that v/(g,B) — 0 as claimed. O

Lemma 3.4.4. Let G be a locally compact second countable group acting on a measure space
(X,v) quasi-invariantly. Let A; be a sequence of measurable sets such that v(A;) — 0 and
let g; — goo be a convergent sequence in G. Then v(g;A;) — 0.

Proof. Choose a subsequence j; such that v(Aj,) < 27%. Let B, = ;2,1 A4;. Then
v(B,) < 27" and the B, are a decreasing sequence of sets. Let B =N, B,. Then v(B,) — 0
and B, are decreasing (as sets) so v(B) = 0 by Lemma 3.4.5.

Let K be any compact neighborhood of g, (which exists since G is locally compact).
There there is some J such that g; € K for j > J. Then v(g;4;) < v(KB,) for j in the
subsequence {j;} sufficiently large (K B, is the set {kz|k € K,z € B,}).

Hence limsup,_, . v(g;4,,) < v(KB,) for all n and therefore by Lemma 3.4.5,

limsup v(g;,A4;,) < v(KB)

t—o0
but K was an arbitrary compact neighborhood of g, and therefore, again by Lemma 3.4.5

(applied to KB as K | {gx}, K compact, using the second countability of G),

limsup v(g;,A;j,) < V(ﬂ KB) =v(gsB)
K

t—o00

and v(B) = 0 so by quasi-invariance v(g;,A;,) — 0. There is therefore a subsequence of j
where the conclusion holds.

Now suppose that v(g;A;) > ¢ for infinitely many j. Applying the above to that sequence
of j’s we obtain a further subsequence where v(g;A;) — 0 which is a contradiction. [

The following basic measure-theoretic fact was used above:

Lemma 3.4.5. Let (X,v) be a probability space and § > 0. Suppose B, is a decreasing
sequence of measurable sets (meaning B,y1 C B,,). Then v((, By) = lim, v(B,).
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Proof. First note that v(B,) is a decreasing sequence of nonnegative numbers since B, is
a decreasing sequence of sets. Hence it has a limit § > 0. Write 4, = X \ B, so that
A, C A, ;1. By countable additivity,

L—v(()Bn) = U UAnH\A = v(Ani1 \ Ay)
n=1 n=1 n=1 n=1
N-1 N-1
= fim, 2 v Awn \ A —hva_Jl Anii \ Ap)) = lim p(Ay) =190

]

3.4.3 LATTICES INHERIT SAT

The next result, new to our work, is the first indication that SAT actions, like boundaries,
have a place in rigidity theory for lattices in locally compact gorups.

Lemma 3.4.6. Let G be a locally compact second countable group and I' a cocompact lattice
in G. Let (X,v) be a SAT G-space. Then (X,v) is a SAT I'-space.

Proof. Let K C G be a compact set such that KT' = G. Let B C X such that v(B) < 1.
Then there exists g, € G such that v(g,B) — 0 since the G action is SAT. Write g, = k,7n
for k, € K and Yn € I'. Since K is compact there is a convergent subsequence k,,; — ko, (and

so k, | — k. since inverse is continuous). By Lemma 3.4.4 we then have that v(k, g, B) —
0. Hence V(’yn B) — 0. Therefore the I" action is SAT. O

3.4.4 SAT Is GEOMETRIC

An immediate consequence of the previous fact is that SAT is a geometric property:

Lemma 3.4.7. Let ' be a group and (X,v) a SAT I'-space. Let Ty be a finite index subgroup
of I'. Then (X,v) is a SAT T'y-space.

Proof. This is a special case of Lemma 3.4.6. For completeness: let ¢1,...,£,, be a system of
representatives for I'/T'y. Let B C X be a measurable set with v(B) > 0. Then there exists
a sequence 7, € I' such that v(v,B) — 0 since (X, v) is [-SAT. For each ~, write

Tn = ejnf)/o,n
where j, € {1,...,m} and v, € I'¢. Since there are only finitely many choices for j, there
exists a subsequence {n;} such that j,, is constant. Along that sequence, v,, = {;70n, SO

V<€jnt70,ntB) = V(’yntB) —0
By Lemma 3.4.4, since ¢;, = {; — {; is a convergent sequence, this means that

(6 g]nt ,YO ng ) - 0

Jng
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and therefore v(yy,,B) = 0 so (X,v) is ['x-SAT. O

3.5 ACTIONS OF SUBGROUPS

The previous section showed that SAT actions are in some sense rigid for cocompact lattices.
Ideally one would like to get away from the restriction of cocompactness and we now show
that one can, in the special case of boundaries.

3.5.1 RiIGIDITY OF SAT ON BOUNDARIES

We now prove a basic rigidity statement for SAT in the special case of Poisson Boundaries
of the ambient group. This result is new to our work and will be crucial in to the proof of
our Normal Subgroup Theorem for Commensurators of Lattices.

Lemma 3.5.1. Let G be a locally compact second countable group and T' a lattice in G.
Then the action of I' on any Poisson Boundary of G is SAT.

Proof. Let (X,v) be the Poisson Boundary for (G, pu) where p is a symmetric probability
measure on G. Let m be the Haar measure on G restricted to G/I" and normalized to be a
probability measure (possible since I" is a lattice). The Random Ergodic Theorem (see
[Fur02]) states that for any f € L>(G/T") and m-almost every z € G/I" and pN-almost every

w e GN,
1
L o N I

Let Ky be a compact subset of G such that m(KyN F') > 0 where F'is a closed fundamental
domain for I' in G.

Write K for the compact set in G/T" which is the image of K in G/I" and let 1x be the
characteristic function of K on G/T.

By the Random Ergodic Theorem for m-almost every z and pN-almost every w € GN we
have

A}gnooNZlK cewrz) =m(K) >0

Pick z € G/T such that the above holds for uN-almost every w. Then w,, - - - w2 € K infinitely
often (uN-a.s.). By the symmetry of p also w; '+ w; 'z € K infinitely often (uN-a.s.).

Fix a measurable set B C X with v(B) < 1. Let zg € G be a representative of z € G/I.
Set A = zyB and note that v(A) < 1 (by quasi-invariance).

Since (X, v) is the Poisson Boundary the conditional measures v, are point masses almost

surely and in fact
pNw v (A) =0} =1—v(A4) >0

Pick w such that v,(A) = 0 and w; - - -w,z € K infinitely often (such w must exist since a
positive measure set intersects a full measure set nontrivially).
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Let {n;} be the times where w;jl ---w; 'z € K (which is happening in G/I'). Then

0=1v,(A) = lim v(w,'---wtA) = lim v(w, ' w'2B)
j—roo J J—roo J
and w,, ! -+ Witz € Kol for each j (since zp € 2T and w,, ' -+ wi'z € K).
Write w;jl cewy g = ;7 for k; € Ky and ; € I'. Then lim;_,o, v(k;y;B) = 0.
Choose a subsequence j, such that k;, — ko for some k,, € K (possible since K is
compact). Set By = kj,v;,B. Then v(B;) — 0 and k;,' — k3! in K. By Lemma 3.4.4 this

means that v(k;'B;) — 0. Hence

glggo V(’VJ'ZB) =0

Since B was an arbitrary measurable set with v(B) < 1 and ;, € I for all ¢ this means the
[-action is SAT. O

3.5.2 UNIQUENESS OF SAT MAPS

We prove now that SAT maps are unique, a fact new to our work and key to the proof of
the Factor Theorem:

Lemma 3.5.2. Let G be a locally compact second countable group and (X,v) and (Y,n) and
be SAT G-spaces. Let ¢ : (X,v) — (Y,n) and ¢ : (X,v) = (Y,n) be G-maps such that n
and n' are in the same measure class. Then ¢ = ¢’ almost everywhere.

Proof. By Theorem 1.35 we may take X and Y to be compact metric spaces where GG acts
continuously and such that ¢, ¢’ : X — Y are continuous maps.

By Theorem 3.7 since (X, v) is a SAT G-space the model is contractible. Let zq € X
be arbitrary. Then there exists a sequence g, € G such that g,v — §,, in weak-* since the
model is contractible.

Since ¢ is continuous so is the pushforward map ¢, (in the weak-* topology) and therefore
©e(gnV) = ©+(ds,). By the G-equivariance of ¢ this means that g,n = g« — ©i(0s,)-
Clearly ¢.(0zy) = Op(zo) and 80 g1 — p(ag)-

Of course the same reasoning gives that g,n" — 0u/(s). By Lemma 3.4.3, for any
measurable set B, since 7(¢,B) — (o) (B) and also 1/(gnB) — dy(ae)(B) we have that
Op(o)(B) = 0p/(z0)(B) (the Lemma says that the same sequence that sends one of them to
zero would do the same for the other, so they are either both zero or both one). This means
that dp(ze) = 0pr(a) and so p(x) = ¢'(20). Since o was arbitrary this means that ¢ = ¢’ as
maps between the compact models. So ¢ = ¢’ measurably. O]

3.6 THE SAT FACTOR THEOREM

Factor Theorems play a key role in using dynamics to study the structure of groups, par-
ticularly lattices. Previous factor theorems, including those of Margulis [Mar91|, Zimmer
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and Bader-Shalom [BS05], have always applied only to boundary actions. Our SAT Factor
Theorem applies to general SAT actions and is therefore more general and more dynamical
in nature.

The reader unfamiliar with the notion of commensuration, commensurable groups, and
in particular the commensurator of a subgroup of an ambient group, should consult Chapter
8: Commensuration for definitions and an introduction to the concept. We write Comm(I")
to mean the commensurator of I' in G in what follows.

Theorem 3.9. Let G be a locally compact second countable group and I' < G a lattice in G.
Let A < Comm(I") be a subgroup of the commensurator of T such that A is dense in G and
I' <A.

Let (X,v) be a G-space where the I'-action on (X,v) is SAT and let (Y,n) be a A-space
such that there exists a I'-map ¢ : (X,v) — (Y,n).

Then ¢ extends to a G-map in the sense that there is some G-space (Y',n') which is
measurably A-isomorphic to (Y,n) (meaning the isomorphism is a A-map) such that ¢ extends
to a G-map from (X,v) to (Y',n') (in the sense that the various A-maps commute).

The factor theorem roughly says that if we have a G-space on which I' acts SAT and a I'-map
from it (meaning the map only respects the lattice as far as equivariance) to a space where
the commensurator of the lattice acts then in fact the target space is measurably a G-space
and the map is a G-map. This means that merely knowing that the lattice acts SAT is
enough to guarantee that lattice factors are in fact coming from the ambient group. Note
also that unlike in the measure-preserving case it is nontrivial that the action of a dense
subgroup extends measurably to a quasi-invariant action of the group.

Proof. Let (X,v) be a G-space where the I'-action on (X,r) is SAT and let (Y,n) be a
A-space such that there exists a [-map ¢ : (X,v) — (Y, n). Note that I" acts ergodically on
(Y, n) since it does on (X, v) because it acts SAT on (X,v) (Lemma 3.4.2).

Fix A € A. Since A commensurates I" the subgroup 'y = I' N A™'T'\ has finite index in
I'. As I'is a lattice in G this means that I'y is also a lattice in G.

Consider the map ) : X — Y defined by

pa(r) = A"Tp(A)

Since ¢ is [-equivariant we have that ¢y is T'g-equivariant: for 75 € I’y we have My ™t € T’
and so by the I'-equivariance

ex(107) = A o(Moz) = A p(AoA T AZ) = AT M d T (M) = Yopa ()

Let n = p.v be the pushforward of v to Y over ¢ and 1’ = (p,).v be the pushforward over
. Note that  and 1’ are in the same measure class: if 7(N) = 0 then n(AN) = 0 by the

— 53 —



CHAPTER 3. SAT ACTIONS

A-quasi-invariance of 1 and therefore v(o ™' (AN)) = 0 but

() = / Ly(ia(a)) di(z) = / Ly (A p(Ar)) d(z)
- / Liv(p(x)) dw(z) = Av(p ' (AN))

so by the A-quasi-invariance of v this is zero meaning the measures are in the same class.
By Lemma 3.4.7 the action of I'g on (X, v) is SAT since the I-action is (and ' has finite
index in I'). Then the action of Iy is SAT on (Y, 7) by Lemma 3.4.1 since it is a quotient of
a SAT space and is therefore ergodic by Lemma 3.4.2.
Since ¢ and ¢, are both I'y-equivariant maps, one to a SAT I'y-space and one to another
measure in the class of the SAT measure, by Lemma 3.5.2 this then means that ¢y = ¢ a.e.
Hence for each A\ we have that

A p(Ar) = ()

for almost every x meaning that ¢ is in fact a A-map (when A is countable the union of
countably many a.e. sets is still an a.e. set and in the case A is not countable, by the second
countability of GG, we can take a countable subset of A which is dense in A in the relative
topology from G).

Since A is dense in G, treating (Y, 7) as a A-invariant sub-o-algebra of (X, ) means that
as a o-algebra (Y, n) is in fact G-invariant. Then by Mackey’s work there exists a measurably
A-isomorphic G-space (Y, 1) as claimed—(Y,n) corresponds to a A-invariant sub-c-algebra
of (X,v) and therefore to a G-invariant sub-c-algebra by density (which requires knowing
that m is A-equivariant) and hence has a compact G-model and G-map. [
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FACTORS AND EXTENSIONS

We now have established two extremal types of actions, namely measure-preserving actions
and SAT actions (or boundary actions). We will now discuss quotients and extensions of
G-spaces. This chapter focuses on the well-studied theory of relatively measure-preserving
G-maps and various properties they enjoy. Results in this chapter on G-maps and G-factors
are classical and well-known except where stated.

4.1 (G-SPACE QUOTIENTS

Recall that a G-space is a probability measure space (X, v) such that G acts on X and v
is quasi-invariant (null sets are preserved) under the action and that a G-map of G-spaces
is an equivariant map (commutes with the action) pushing one probability measure to the
other (see Chapter 1: Quasi-Invariant Group Actions).

Definition 4.1. Let 7 : (X,v) — (Y,n) be a G-map between G-spaces. Then (Y,n) is a
G-quotient or G-factor of (X,v) and likewise (X, v) is a G-extension of (Y, 7).

This chapter will be concerned with classification and structure of G-maps and G-quotients.
Our first observation is that quotients of G-spaces correspond to G-invariant sub-o-algebras:

Proposition 4.1.1. Let (X,v) be a G-space. If 7 : (X,v) = (Y,n) is a G-map of G-spaces
then the pullback of n-measurable sets on'Y to X is a sub-o-algebra of the v-measurable sets
on X which is invariant under G.

Conversely, if F is a sub-c-algebra of v-measurable sets that is G-invariant (that is, for
B e F and g € G also gB € F) then there is a G-quotient (Y,n) with pullback of measurable
sets being JF.

Proof. Write B to denote the Borel sets. We can and will assume that 7 is a Borel map and
that X and Y are compact Borel models of the actions.

Given 7 : (X,v) — (Y, n) define F = {7~ '(B) : B € B(Y)}. Observe that if A € F then
A = n7}(B) for some Borel set B C Y. Then

X\A=X\7'B)={re X a¢r (B}
={reX:m(x)¢B}={reX:m(x)eY\B}=7(Y\B)

so F is closed under complements (as the Borel sets are). If A, € F for n € N then, writing
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UA” = Uwfl(Bn) ={reX:3In =(z)€ B,}

={zeX r(@) e B} =m"(Bn

so JF is closed under countable union as well. Hence F is a sub-o-algebra. Finally, if A € F
and g € G then, since m(gz) = gm(x),

gA=gr ' (B)={re X : glzena(B)}={r e X :n(¢g'x) € B}
={reX:g'n(x)eB}={r € X :7(x) € gB} =7 "'(gB)

and since G ~ Y in a Borel manner, gB is Borel so gA is also.

For the converse, observe that (X, F,v) is a measure algebra with a quasi-invariant G-
action and therefore there is a compact model realizing this algebra as its Borel sets and the
G-map is given by conditional expectation. O

The following standard fact is also useful to keep in mind:

Proposition 4.1.2. Let (X,v) and (Y,n) be G-spaces. Then (Y,n) is a G-factor of (X, v)
if and only if there is an equivariant unital weak-* continuous map from L>*(Y,n) onto a
weak-* closed *-subalgebra of L= (X, v).

Proof. 1f Y is a factor then there is an equivariant map 7 : X — Y and for f € L>(Y,n)
the function f o7 is in L*(X,v) and this mapping has the desired properties.

Conversely, the fact that the map is unital weak-* continuous and equivariant means it
takes characteristic functions to characteristic functions in an equivariant way. Since the
image is closed, the image of characteristic functions is also and therefore defines a sub-o-
algebra which is G-invariant so the claim follows by the previous proposition. O

4.2 THE DISINTEGRATION MAP

Given a G-map between G-spaces 7 : (X,v) — (Y,n) the key notion in understanding the
map is the disintegration of v over n:

Proposition 4.2.1. Let 7 : (X,v) — (Y,n) be a G-map of G-spaces. For almost every y
there exists a unique measure Dy (y) supported on 7= (y) and such that

/Y Do (y) dny) = v

Proof. Let F be any G-invariant sub-c-algebra of the Borel sets of X (assuming X is a Borel
model for (X,v)). We will in fact take F = {7~ }(B) : B € B(Y)} in what follows. For
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feL>®(X,v)and A € F define
w4) = [ 1 av
A

Then 7 is a probability measure on X whose measurable sets are F. Clearly 7y is absolutely
continuous with respect to v since if v(A) = 0 then n;(A) = [, f dv = 0. Therefore the
Radon-Nikodym derivative 47s/dv exists and is in L'(X,v). Now dns/av is F-measurable by
construction so when F is the pullbacks of the Borel sets of Y over m we know that @ns/av is
m-invariant. Hence it descends to an L'(Y,n) function:

Fy(w) = W ()

is well-defined since the derivative is constant on fibers over y. Define the map D, : Y —
P(X) by
Dx(y)(f) = Fr(y)

This indeed defines a measure since if f, — f in C'(X) then

I17.(A) — np(4)] < / | ful@) — F(@)] di(@) < |lfa— ] =0

so Fy, — Fy pointwise and therefore D,(y) is a continuous functional on C'(X). Now for
positive f,, € C'(X) we have that, by Fubini,

nzfnm):/Aan dVZZ/Afn dv =3 "y (4)

and therefore

hence D, (y) is a measure. Now for f > 0 clearly

w) = [ fav=o

so D, (y) is positive and also D, (y)(1) = Fi(y) = 4m/a(y) = 1 so D, (y) € P(X).

Observe that for f € C(X) and y € Y such that f(z) = 0 for all 2 such that =(z) =y
and for B C 77!(y) measurable

nf<B>=/dev=0
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since f =0 on B. Hence 77f| () =0so

D)) = Fy(o) = L a) =0

for z such that 7(x) = y. Therefore D, (y) is supported on 7~ 1(y). We also have that

[ D) dnto) = [ Fytrta) dvta) = [ Fhta) avto

:/X dnf:nfm:/deu:u(f)

meaning that [, Dr(y) dn(y) = v as required.

For uniqueness, observe that the Radon-Nikodym derivative can be defined from the
disintegration map by reversing the previous construction and therefore the uniqueness of
Radon-Nikodym derivatives implies the uniqueness of disintegration. O]

Definition 4.2. The measures D,(y) above are the disintegration measures. The map
D, : Y — P(X) which is defined n-almost everywhere is the disintegration of v over 7.
D, is also referred to as the disintegration map.

Definition 4.3. Let 7 : (X,v) — (Y, p) be a G-map of G-spaces. Fix y € Y. The fiber of
7 over y is simply the set 77!(y) = {z € X : 7(z) = y} (where we are of course implicitly
referring to specific compact models of X and Y).

The disintegration map “disintegrates” v over n by splitting v into measures on each fiber
whose “average” is v. In essence, this means that D, (y) is the “value” of v on the points
mapping to y.

4.2.1 DISINTEGRATION OF COMPOSITION MAPS

The disintegration map of a composition of G-maps can, of course, be written in terms of
the disintegrations of its pieces. Specifically:

Proposition 4.2.2. Let 7 : (X,v) — (Y,n) and ¢ : (Y,n) — (Z,p) be G-maps. Then the
composition ¢ : (X,v) — (Z, p) is also a G-map and for p-almost every z

Dy(2) = ™Dy (2)

(where m, : P(X) — P(Y) is given by m,a(B) = a(r~(B))) and

Dirl) = [ Dals) dDs(:)(0

Proof. Observe that since Dy, (z) is supported on (¢m)~'(2) = 7 *(¢'(2)) we have that
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T.Dyr(2) is supported on 7(7~ (¢ (2))) = ¢7(2). Also

Z?T*de( / Dy (2) dp(z =1

from the barycenter equation for Dy, and that G-maps push measures to one another. This
then means that 7, Dy, (%) satisfies both conditions for being the disintegration of ¢ and so
by uniqueness the first claim is proven.

Similarly, since D (y) is supported on a subset of 77! (y) the measure [, Dr(y) dDy(z)(y)
is supported on a subset of Uyes-1,)7 ' (y) = (¢7) "' (2) and we have that

/z/yD”(y) dDy(2)(y) dp(z) = /Y Dr(y) dn(y) =

from the barycenter equations for Dy and D,. Then by uniqueness of disintegration the
second claim holds as well. O

4.2.2 DISINTEGRATION IS MEASURABLE

We point out now the fairly obvious fact that the disintegration map is a measurable property
and does not depend on the compact models for the spaces or map.

Proposition 4.2.3. Let 7 : (X,v) — (Y,n) be a G-map. Let (X',v") and (Y',n') be com-
pact models for (X,v) and (Y,n) and let 7' : X' — Y’ be a Borel representative of 7 for
these models. Then D, = D, almost surely (identifying Y and Y’ over the measurable
isomorphism).

Proof. Let ¢ : X — X' be the measurable G-isomorphism (so ¢ is a G-map defined v-almost
everywhere and v/ (¢(B)) = v(B) for every measurable set B) and p : Y — Y’ the other
measurable G-isomorphism. Then ¢=1 : X’ — X and p~! : Y’ — Y are also G-isomorphisms.
Of course the diagram of G-maps

commutes and therefore 7'(¢(x)) = p(7(x)), that is 7’¢ = pmw. Therefore, by the properties
of disintegration of composition, for (almost every) y’ € Y’

DoY) = 6.Dys() = 6 Dpelyf ¢/D ) dD,(y')(y)

. : ) . : . . . . N
Now ¢ is an isomorphism so ¢, is also an isomorphism and p is an isomorphism so D,(y') =
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d,-1(y is the point mass at the preimage of 3. So

Dr(y') = ¢*D7r(p_1 (¥))

meaning they are isomorphic, i.e. equal, almost everywhere as claimed. O]

4.2.3 ERGoODIC DECOMPOSITION

When (Y,n) is taken to be (X,Z,v) where Z denotes the G-invariant Borel subsets of X
(which is of course a G-invariant sub-o-algebra) the disintegration map yields the ergodic
decomposition.

It is termed this since (X, D, (y)) is an ergodic G-space for almost every y in this case. The
ergodic decomposition plays a key role in ergodic theory, being the cornerstone of the idea
that understanding ergodic transformations is “enough” to understand all transformations.
It also plays a key role in the abstract definition of the Poisson Boundary (though we did
not elaborate on it at that time).

4.2.4 CONDITIONAL EXPECTATION

Given a G-map 7 : (X,v) — (Y,n) between G-spaces, let F be the pullback of the Borel
sets of Y over m, that is F = {7~ %(B) : B € B(Y)}. The conditional expectation is defined
as follows: let f be a Borel function on X. Then the conditional expectation of f over F,
written E[f|F], is the unique F-measurable function such that v(E[f|F]) = v(f).
The connection between conditional expectation and disintegration is fairly clear. Specif-
ically, given f € L>°(X,r) define
F(y) = Dx(y)(f)

and observe that F' o 7 is an F-measurable function on X and that
V(Fom) = m(F) = n(F) = /Y D(9)(f) dnly) = v(f)

by the definition of disintegration. Hence F o is the conditional expectation (by uniqueness
of conditional expectation). That is

Dr(m(2))(f) = E[f|F](x)

4.3 MEASURE-PRESERVING EXTENSIONS

The notion of a measure-preserving extension is crucial in any structure theory of quasi-
invariant group actions. Recall that:

Definition 4.4. A G-space (X, v) is measure-preserving when gv = v for all g € G.

To lift this notion to extensions or factors we define:
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Definition 4.5. A G-map 7 : (X,v) — (Y, p) is called relatively measure-preserving
when G commutes with D,: for all ¢ € G and almost every y € Y we have gD, (y) = D.(gy).

This will also be stated as saying that (X, v) is a measure-preserving extension of (Y, 7)
or that (Y,n) is a measure-preserving factor of (X, v).

4.3.1 MEASURE-PRESERVING EXTENSIONS OF A POINT

A basic fact about relatively measure-preserving extensions is that a system is measure-
preserving if and only if it is a measure-preserving extension of a point, which in some sense
justifies the terminology.

Proposition 4.3.1. A G-space is measure-preserving if and only if the canonical G-map
from it to a point is relatively measure-preserving.

Proof. The map 7 : (X,v) — ({p},d) given by n(z) = p clearly has D,(p) = v. Thus
gD, (p) = gv and D, (gp) = D.(p) = v. So gD.(p) = D(gp) if and only if gv = v. O

4.3.2 COMPOSITION OF MEASURE-PRESERVING EXTENSIONS

The most useful structural fact about measure-preserving extensions is that they are extremal
in the space of possible maps in the following sense:

Proposition 4.3.2. Let 7 : (X,v) — (Y,p) and ¢ : (Y,p) — (Z,7) be G-maps between
G-spaces. Then ¢m is relatively measure-preserving if and only if both ™ and ¢ are relatively
measure-preserving.

Proof. Observe by Proposition 4.2.2 that
Dy(2) = 7. Dga(2)

and also that

Dn(2) = /Y D, (y) dDy(2)(y)

Assume now that ¢r is relatively measure-preserving. For z € Z and g € G we then have

9Dy(2) = gmDyr(2) = Mg Dyr(2) = mDyr(g2) = Dy(92)

so ¢ is relatively measure-preserving. Then for z € Z and y € Y such that ¢(y) = z and any
ge G

/Y D.(gy) dDy(2)(y) = /Y D.(y) dgDy(2)(y) = /Y D, (y) dDy(92)(v)

= Dyr(92) = gDyr(2) = /Y 9D~ (y) dDy(z)(y)
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meaning that D;(gy) = gD,(y) for D,(2)-almost every y. Hence 7 is relatively measure-
preserving also.
Conversely, if m and ¢ are relatively measure-preserving then

4Dgn(z) = /Y 4D, (y) dDy(2)(y) = /Y D, (gy) dDy(2)(v)

~ [ D2 d9Dul2)0) = [ Dalw) dDs(92)(6) = Din(2)
Y Y
so ¢ is relatively measure-preserving. O]

4.3.3 THE MAXIMAL MEASURE-PRESERVING FACTOR

An ingredient of any potential structure theory for G-spaces is the idea of a maximal measure-
preserving factor, that is, for any G-space (X, v) a factor (Y, n) such that (X, v) is a relatively
measure-preserving extension of (Y,n) and such that every relatively measure-preserving
factor is “between” them.

Definition 4.6 (Kaimanovich-Vershik [KV83]). Let (X,v) be a G-space. The Radon-
Nikodym factor of this space is obtained by shrinking the measure algebra as follows: let
RN be the smallest o-algebra (contained in that of (X, v)) such that all the Radon-Nikodym
derivatives 9v/ay are measurable. The Radon-Nikodym factor is then (X, RN, v) and the
factor map is conditional expectation. The Radon-Nikodyn factor will be denoted RN (X, v).

Note that the Radon-Nikodym factor is a G-space since RN is necessarily G-invariant (due
to its minimality).

Theorem 4.7 (Kaimanovich-Vershik [KV83]). The G-map (X,v) — (X,RN,v) is rela-
tively measure-preserving. Moreover, it is the maximal relatively measure-preserving factor
of (X,v) in that if (X,v) — (Y, p) is relatively measure-preserving then the Radon-Nikodym
factor for'Y is isomorphic to that of X and so (X,v) — (Y,p) = RN(Y, p) is isomorphic
to (X,v) — RN(X,v). In particular, if RN (X,v) — (Z,7) is relatively measure-preserving
then it is an isomorphism.

We will provide a proof of this later.

4.4 BOUNDARIES OF PRODUCTS

We now prove that the Poisson Boundary of a direct product is the product of the Poisson
Boundaries. We will not need this result in what follows but it illustrates the usefulness of
relatively measure-preserving maps and factors in general:

Theorem 4.8 (Bader-Shalom). Let G and Gy be locally compact second countable groups
and py € P(G1) and oy € P(Gs) be probability measures on them with supports generating

— 62 —



CHAPTER 4. FACTORS AND EXTENSIONS

the groups. Then the Poisson Boundary of the product is isomorphic to the product of the
Poisson Boundaries:

PB(G1 X GQ,,Ul X ILLQ) ~ PB(Gl,[Ll) X PB(GQ,IUQ)

and in fact any (G1 X Ga, 1 X pe)-boundary is a product of boundaries.

Specifically, let G; and G5 be locally compact groups and py € P(G;) and uy € P(Gg) be
probability measures on them (with generating supports). We aim to show that

PB(G1 X GQ,/,Ll X ,ug) ~ PB(Gl,ul) X PB(GQ,/LQ)

The key fact in proving this is:

Theorem 4.9 (Bader-Shalom). Let Gy and Gy be locally compact groups and (X, v) be an
ergodic G X Gy-space. Then there exists a Gi-space (X1,11) and a Gy-space (Xo,15) and a
G1 X Gy-map m: (X,v) — (X1 x Xo, 11 X 1) (with the product action).

When py € P(Gy) and ps € P(G2) and (X,v) is a (Gy X Ga, 1 X ps)-space then each
(X, 1) is a (G, p;)-space and 7 is relatively measure-preserving.

Proof. Let F denote the sub-o-algebra of (X, v) sets which are invariant under G;. That is,
F is the Gi-ergodic components of (X, ). Clearly F is a Gy-invariant algebra and it is also
Go-invariant since the actions commute. Let (X3, 15) be a compact model for (X, F,v) and
observe that Gy x Go ~ (X3, 112) with trivial Gi-action. Hence (X3, 112) is in fact a Ga-space.
Likewise, construct (X7i,1) as a compact model of the o-algebra of Go-invariant sets.

Let mp : (X,v) — (X1,11) be the Gy X Go-map. Write u = 3 X po and observe that since
the actions of the two groups commute we have that

¥ [ K V= g K LRV = [y K U

meaning that p; * v is p-stationary. But it is in the same measure class as v and v is ergodic
so u1 * v = v because ergodic stationary measures are extremal (Theorem 2.3). Then (X, v)
is a (G, pp)-space and therefore so is (X3, 11).

Furthermore, treating (X, v) as a (G, u1)-space we see that g * (gor) = gopy * v = gov
for any g, € G5 and so gov is p-stationary and in the same measure class as v. Therefore, as
shown in [BS05], d92v/av is G-invariant making it (Xs, v5)-measurable. So (X, v) — (X2, 1)
is a relatively measure-preserving Go-map. Since Go acts trivially on (X7,74) then also
(X,v) = (X1 x Xo, 11 X 112) is a relatively measure-preserving Go-map. Likewise (X,v) —
(X1 X Xo,11 X 1) is a relatively measure-preserving Gi-map. Therefore 7 is a relatively
measure-preserving G; X Ga-map. n

Returning to the proof that products of boundaries are boundaries of products, let (B, v)
be the Poisson Boundary of G; x G under 1 X uo and apply the previous result to obtain
that (B, v) is a relatively measure-preserving extension of (By X B, 11 X 15). But being a
Poisson Boundary (B, v) is a SAT space hence the only relatively measure-preserving factor
of it is trivial, an easy fact which nonetheless has not appeared in the literature:
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Proposition 4.4.1. Let (X,v) be a SAT G-space and 7 : (X,v) — (Y,n) be a relatively
measure-preserving G-map. Then w is an isomorphism.

Proof. For f € L*°(X,v) define

and since (X,v) is a SAT G-space
sup |gv(Fy)| = || Fy|
geG

But we see that for n-almost every y € Y

Dx(y)(Fy) = Dx(y)(f) = D=(y) (D (7 (-))(f)) = D=(y)(f) = D=(y)(f) = 0

and we observe that for any g € G, using that 7 is relatively measure-preserving,

gu(Fy) = /Y 9D, (y)(Fy) dnfy) = /Y D.(gy)(Fy) dn(y) = /Y DL (y)(Fy) dgn(y)

and therefore
gv(Fy) = / 0 dgn(y) =0
Y

since gn is in the same measure class as . But this means that

| Fy|| = sup |gv(Fy)| = sup0 =0
geG geqG

and therefore for v-almost every x

so E[f|F(Y)] = f almost everywhere for every f € L*(X,v) (where F(Y) is the Y-
measurable functions treated as a sub-o-algebra of the X-measurable functions). This means
that every measurable function on (X, v) is (Y, n)-measurable. Hence 7 is an isomorphism
(of measure algebras hence models). O

So we now have that (B,v) ~ (B; X Ba, 11 X 15). We claim that (Bj,v4) is in fact the
Poisson Boundary of (G, 1) (and likewise for Gg). To see this, observe that any bounded
p1-harmonic function ¢ lifts to a g3 X pe-harmonic function ¢'(g1,92) = ¢(g1) and therefore
for any f € L*(PB(G1,u1)) there is a corresponding f* € L*°(B,v) obtained by, for
w e (Gl X GQ)N,

fH(w]) = ¢'(w) = B(wr) = f([wr])

where w; is the GY coordinates (the actions commute so this is well-defined). Therefore
L*(PB(Gy, 1)) forms a Gi-invariant (and of course also Gy-invariant) sub-o-algebra of
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L*>(B,v) which sits inside L*(By,v;). Hence (By,v1) = PB(Gy, p1) is a Gi-map. But this
is necessarily a relatively measure-preserving extension since G; acts amenably on its Poisson
Boundary and we have already seen that (B,r) does admit nontrivial measure-preserving
factors so, as above, (By,v;) ~ PB(Gy, ) (treating them both as Gy X Ga-spaces with
trivial Go-action). Of course the same holds for G5 and therefore we have shown that

PB(G1 X Gg,,ul X ,ug) ~ PB(Gl,/Ll) X PB(GQ,,MQ)
with the product action.

4.5 PROXIMAL EXTENSIONS

The usual counterpart to relative measure-preserving extensions are the so-called proximal
extensions. Unfortunately, defining them requires moving to the category of (G, u)-spaces,
and therefore introducing a measure on the group.

Definition 4.10. Let 7 : (X,v) — (Y,n) be a G-map between (G, p)-spaces. Then 7 is a
proximal map and (X, v) is a proximal extension of (Y,n) when 7 : (X,v,) — (Y, n,)
is an isomorphism for yN-almost every w € GV (where v, are the conditional measures).

Proximal extensions are also sometimes referred to as boundary extensions. It is not difficult
to see that proximal extensions satisfy that: the composition of proximal extensions is prox-
imal; if a composition of two extensions is proximal then each of the extensions is proximal;
and a space is a boundary if and only if it is a proximal extension of a point. We will not
prove these facts here as we will not make use of proximal extensions.

Proposition 4.5.1. Let 7w : (X,v) — (Y,n) be an extension of (G, p)-stationary dynamical
systems. If w is both measure-preserving and prorimal then 7 is an isomorphism.

Proof. Let D, : Y — P(X) be the disintegration map which is G-equivariant since 7 is
measure-preserving. For uN-a.e. w,

/ Dr(y) dn.(y) = lim / Dy (wy -+ wyy) dn(y) = lim / wi -+ wy Dr(y) dn(y)
Y nJy noJy
= limw; - - -wn/ D, (y) dn(y) = limw; -+ w,v = 1,
n Y n

That is, measure-preserving on 7 implies that the disintegration map for (X, v,) — (Y, n,)
is the same map as the disintegration map for (X, v) — (Y,n).

On the other hand, for pN-a.e. w, the map 7 : (X,v,) — (Y,n,) is one-one since 7 is
proximal. Therefore the disintegration map for 7 : (X,v,) — (Y,n,) sends points to point
masses almost surely.

But the disintegration map from v, to 7, agrees almost surely with D,. Therefore for
pN-a.e. w and n,-a.e. y we have that D.(y) is a point mass. Since [ n, duN(w) = 7 this
means that for n-a.e. y we have D, (y) is a point mass. So 7 is an isomorphism. O
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4.6 COMMON FACTORS

Let (X,v) be a G-space. Suppose we have two G-factors (Y,n) and (Z,() of (X,v) in the
sense that 7 : (X,v) — (Y,n) and ¢ : (X,v) — (Z,() are both G-maps. That is,

(X, v)
Co

The aim of this section is to show that there then exists a G-space (W, p) which is a common
factor of both (Y,7) and (Z, v) in the sense that there is a commutative diagram of G-spaces
and G-maps:

(Y,n)

Theorem 4.11. Let (X,v),(Y,n),(Z,() be G-spaces and let m : (X,v) — (Y,n) and ¢ :
(X,v) = (Z,¢) be G-maps. That is, given the following diagram of G-spaces and G-maps:

(Y,n) (Z,¢)

Then there exists a G-space (W, p) and G-maps ¢' : (Y,n) = (W, p) and 7" : (Z,() — (W, p)

such that the following diagram commutes:

(X,v)
VN
(Y,m) (Z,¢)
=2 ]

(W, p)

In order to construct this common factor, it will be easier to work with the factors as
invariant sub-c-algebras (Proposition 4.1.1). To that end, we will now explicitly write out
the o-algebra of measurable sets. We will use B to denote the measure algebra of a G-space
(which is isomorphic to the Borel sets of any compact model for that space). So our diagram
becomes:

(X,B(X,v),v)
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Let F(X) be the measurable sets of (X, v), that is F(X) = B(X,v). Let F(Y) C F(X) be
defined by
FY)={r"(B): B €B(Y.n)}

and likewise let F(Z) C F(X) by
F(Z)={¢""(B): B € B(Z)}
Then according to Proposition 4.1.1 we know that
Y,B(Y.n),n) = (X, F(Y),v)  and  (Z,B(Z.().¢) = (X,F(Z)v)

where the isomorphism is a G-map of measure algebras. Identifying = and ¢ over these
isomorphisms our diagram has now become:

(X, F(X),v)

TN
(X, F(Y),v) (X, F(2),v)

Note that a compact model for (X, F(X),vr) is not strictly speaking a compact model for
(X, F(Y),v) since F(Y') will not separate points in X. However, a compact model for (X, v)
will be a compact space on which the measure algebra F(Y) is realized as a sub-algebra of
the Borel sets.

Now we are ready to define the common factor. Let F C F(X) be defined by

F=FY)NF(Z)

This is easily seen to be a G-invariant sub-c-algebra since each of F(Y) and F(Z) are (for
example, if B € F then B € F(Y) and B € F(Z) so gB € F(Y) and gB € F(Z) for all
g € G by the invariance of those algebras and therefore gB € F).

We have already identified the maps over the isomorphisms, so in fact = : (X, F(X),v) —
(X, F(Y),v) is a homomorphism of measure algebras 7* : F(X) — F(Y) (meaning that for
an F(X)-measurable function f that 7*(f) is F(Y')-measurable where 7*(f) = E[f|F(Y)] =
D, (7(-))(f)) which is G-equivariant such that 77‘;(3/) is the identity. Likewise ¢ : F(X) —
F(Z) is G-equivariant and ¢‘ F2) is the identity.

Define the map ¢’ : F(Y) — F(Y)NF(Z) by

¢ = (b}]—'(Y)

that is, ¢’ is the same map as ¢ on measure algebras but is only defined on the F(Y)
measurable sets. Clearly this is is a G-equivariant map and its restriction to F = F(Y) N
F(Z) is the identity (we are of course relying on the G-invariance of all these sigma-algebras
for what we are writing to make sense). Likewise, define 7’ : F(Z) — F by 7’ = ’/T’ F2)
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Now define (W, p) to be a compact model for (X, F, v), which exists by Proposition 4.1.1
since F is a G-invariant sub-c-algebra. This is a G-factor and (as G is locally compact)
there is then a compact model. Therefore we have constructed the diagram:

(Y:n) (Z,¢)
N A
(W, p)

as intended.

The only remaining property to show is that the composition maps commute. To see
this, we make use of the uniqueness of the disintegration maps. Specifically, if ©/'¢ # ¢'n
then they must have distinct disintegration maps since then for some x € X it must be
that 7'(¢(x)) # ¢'(w(z)) and so the disintegrations over those two points must have distinct
supports.

Let f be an F(X)-measurable function on X. Consider the function

F(z) = Dy (¢ (m(x)))(f)

In terms of conditional expectation this is simply
F(x) = E[E[fIFYV)]|F(2)]

and also consider the function
F'(z) = Do (' (¢(2)))(f)

which has the property that
F(x) = E[E[fIF(2)]|F(Y)]

Now the uniqueness of conditional expectation tells us that

E[fIFY)NF(Z)]

is the unique F-measurable function such that v(f) = v(E[f|F(Y)NF(Z)]). Of course, F(z)
is F-measurable since the inner conditional expectation forces it to be F (Y )-measurable and
the outer forces it to be F(Z)-measurable. Using the definition of conditional expectation
(twice)

v(F) = vEE[fIFW)F(2)]) = vELIFO)]) =v(f)
and therefore by the uniqueness of conditional expectation (which is of course equivalent to
that of disintegration maps)

F(x) = E[f|FY)nF(2)]
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but then by the same reasoning
F'(z) = E[fIF(Y)NF(2)] = F(x)

and hence F' = F’ which in turn means that 7'¢ = ¢'m at the level of invariant o-algebras
on X. Therefore 7'¢p = ¢'m at the level of measure algebras hence almost everywhere on
compact models, that is, as G-maps. Thus the diagram commutes as claimed and we can
write without issue

(X,v)
% %\
(Y,m) (Z.¢)
j=2 %

W, p)

(
meaning that (W, p) is the common factor of (Y, n) and (Z, () we were aiming for.

4.7 MAXIMAL RELATIVE FACTORS

We return now to the Radon-Nikodym factor, which is the maximal factor for relatively
measure-preserving extensions.

4.7.1 THE MAXIMAL MEASURE-PRESERVING FACTOR

Let (X,v) be a G-space and let 7 : (X,v) — (Y,n) and ¢ : (X,v) — (Z,() be relatively
measure-preserving G-maps between G-spaces. Construct, as in the previous section, the
common factor of (Y,n) and (Z, () and denote it by (W, p).

We can rephrase our results above on relatively measure-preserving factors by saying
that:

Theorem 4.12. Let (X,v),(Y,n),(W,p) be G-spaces and © : (X,v) — (Y,n) and ¢ :
(Y,n) — (W, p) and define the composition map ¢m : (X,v) — (W, p) by composition.
That is, form the commutative diagram:

(X, v)

AN

(Y, n)

/

(W, p)
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Then the morphism on the left is relatively measure-preserving if and only if both on the
right are.

Therefore given the diagram

(X, v)

VN
(Y:n) (Z,¢)

> A
(

W, p)

such that 7 and ¢ are relatively measure-preserving, it is enough to show that 7’ (equivalently
¢') is also relatively measure-preserving. We will defer this for now. Then in fact all the
morphisms in the above diagram are relatively measure-preserving by the preceding Theorem
so in particular (W, p) is a relatively measure-preserving factor of (X, v).

Since then any two relatively measure-preserving factors have a common factor which is
also measure-preserving, there is necessarily, by abstract considerations, a maximal measure-
preserving factor in the sense that it is a relatively measure-preserving factor of all the
measure-preserving factors of (X, ) (including (X, v) itself). Precisely speaking, this is a
type of direct limit construction:

Theorem 4.13. Let (X, v) be a G-space. There exists a G-factor (Y,n) such that (Y,n) is a
relatively measure-preserving factor of (X, v) and such that any relatively measure-preserving
factor (Z,() of (X,v) necessarily has (Y,n) as a relatively measure-preserving factor.

Proof. Let (Z,,(,) be an enumeration of all relatively measure-preserving G-factors of (X, v)
(where ¢ ranges over some ordinal). We will omit the measures for the rest of the proof in the
interests of clarity. Note that since the measure algebra for X can be realized as the Borel
sets of a compact metric space there is a set-theoretic bound on the number of such factors
since each factor corresponds to an invariant sub-c-algebra and since a compact metric space
is second countable there is a countable collection of open sets which generate the Borel sets.

This set is naturally partially ordered by saying that Z, < Z, when Z, is a G-factor
of Z,. Since the Z, are all relatively measure-preserving factors of (X, v) the factor map
Zy — Z, is relatively measure-preserving as well. Now let Z, be a chain in this set (that is
Zq, — Zy,., ranging over n in some ordinal). Let F, be the corresponding invariant algebra
and observe that (), F5, is then an invariant sub-o-algebra which corresponds to some Z,
(by the previous work Z, exists since the composition of all these maps is still measure-
preserving). Hence any chain has a maximal element and therefore by Zorn’s Lemma there
is a maximal element in the partially ordered set. O]

It remains only to show that ¢ is relatively measure-preserving: observe that Dy is G-
equivariant (that is g7' Dy (gw) = Dy (w) for all g) if and only if the conditional expectation
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is G-equivariant, that is for f an F(Y')-measurable function on X we require that
Elg - fFIF(W)](gx) = E[f|F(W)](x)
Since f is already F(Y')-measurable we know that
E[f|F(2)] = E[f|F]
and since ¢ is relatively measure-preserving we know that
Elg - fIF(2)](gz) = E[f|F(Z)](z)
but this just means that
Elg - fFIF(W)](gx) = E[f|F(W)](x)

that is, ¢’ is relatively measure-preserving (of course this is not surprising as it is simply the
restriction of ¢ to an invariant sub-algebra).

4.8 RADON-NIKDOYM DERIVATIVES

In order to understand quasi-invariant actions, the Radon-Nikodym derivatives of the trans-
lates of the measure are an obvious object of study:

Definition 4.14. Let (X, v) be a G-space. The functions
dgv
d—y($)
are the Radon-Nikodym derivatives for the G-action on (X, v).

Since G ~ (X, v) quasi-invariantly, gv << v and v << gv. The Radon-Nikodym Theorem
then states that d9v/av € L'(X,v) exists almost everywhere.

4.8.1 RADON-NIKODYM DERIVATIVES OF STATIONARY MEASURES

We pause briefly to point out a useful fact about the Radon-Nikodym derivatives of stationary
measures, though we will not need this in what follows.

Proposition 4.8.1 (Kaimanovich). Let G be a countable group and pn € P(G) a probability
measure on it. Let (X,v) be a (G, p)-space, that is p+v = v. Then for all g € G and almost
every x € X
dgv 1
-1
(g ) < = — (@) £ ——=
W= =

Proof. For almost every x € X we have that

1= B [ ) dnto) > o) @)
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and therefore 49v/ay(x) < 1/u(g). Then, since this holds for any x,

dv dg—tv

u(g)SE(g“w)z (@)

]

When G is locally compact we can obtain a similar result using the same proof (replacing
1(g) by u(K) where K is a compact set in G. We also remark that since p* puxv = v as
well one can in fact get a bound on all g not just on those in the support of .

4.8.2 THE RADON-NIKODYM FACTOR

As remarked previously, the maximal measure-preserving factor, called the Radon-Nikodym
factor, is known to be the factor corresponding to the smallest sub-o-algebra of F(X) such
that d9v/av are measurable (for each g):

Theorem 4.15 (Kaimanovich-Vershik [KV83]). Let (X,v) be a G-space. The G-factor
(X, RN ,v), defined by taking RN to be the o-algebra generated by the Radon-Nikodym
derivatives 49v/av for all g, is the maximal measure-preserving factor of (X,v) in the sense
that if (Y, n) is a relatively measure-preserving factor of (X, v) then (X, RN, v) is a relatively

measure-preserving factor of (Y,n). In particular, the only relatively measure-preserving

factor of (X, RN ,v) is itself.

Proof. We have already shown the existence of a maximal factor. Let 7 : (X,v) — (Y,n)
be a relatively measure-preserving G-map of G-spaces. Then for any f € L*(X, ) we have

that
N = [ o) dvie) = [ [ #(ae) D) @) dnty

- /Y /X f(z) dgDx(y)(z) dn(y) = / / f(z) dDr(gy)(x) dn(y)
_//f(x) dD.(y)(z) dgn(y //f ) dDx( )C; (y) dn(y)
— [ [ 1) w(a) aDaw)e) dntw) = | Do) DL m) dnty)

o) = () / D)2y dny)

and therefore, since this holds for all f , we have that

and also that

dgv._ dgn

dv dn
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for almost every . In particular this means that 49v/av is F (Y )-measurable since it is 7-
invariant.

Therefore, the Radon-Nikodym derivatives are measurable with respect to any invariant
sub-g-algebra arising from a relatively measure-preserving map. In particular, they are all
measurable with respect to the maximal measure-preserving factor.

Conversely, define RN to be the o-algebra generated by the Radon-Nikodym derivatives.
Clearly RN is G-invariant since

dhv  dghv  dghv dv

dv dgv dv dgv

and each of the two functions on the right is in RA/. Hence RN defines a G-factor of (X, v).
Let m be the factor map to a compact model (Y, n) for this algebra and observe that

dgv dgn
E(ﬂﬁ) = d—n(ﬂ(fv))

since the Radon-Nikodym derivatives are measurable. By reversing the above argument we
see that 7 is relatively measure-preserving and therefore (X, RN, v) is a relatively measure-
preserving factor of (X, v).

Since (X, RN, v) would then be a relatively measure-preserving factor of every relatively
measure-preserving factor, but on the other hand the maximal measure-preserving factor
must map to it, we have shown that the factor corresponding to the algebra of Radon-
Nikodym derivatives is the maximal factor as claimed. O]

4.9 STRUCTURE THEORY FOR STATIONARY SYSTEMS

We conclude our discussion of factors and extensions by considering a possible structure the-
ory for stationary dynamical systems. Furstenberg’s structure theory for measure-preserving
systems, developed in connection with multiple recurrence, gives a canonical structure for
any measure-preserving system as a weakly mixing extension of a (transfinite) tower of com-
pact extensions of a point. Ideally one would like a similar statement for quasi-invariant
systems and we return to this question in the next chapter.

4.9.1 FURSTENBERG-GLASNER STRUCTURE THEOREM

Furstenberg and Glasner in [FG10] have established a partial structure theorem for stationary
dynamical systems. Specifically, they have shown that for an arbitrary (G, u)-space (X, v)
there exists canonically defined (G, u)-spaces (X*,v*) and (Y,n) such that the following
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diagram of G-maps exists
(X7 v7)
AN
(X, v) (Y, )

such that

o (X*,v*) = (X,v) is a proximal factor map

o (X*,v*) — (Y,n) is a relatively measure-preserving factor map

e (Y,n) is a proximal (G, u)-space (boundary)

That is to say, any stationary dynamical system can be written as a proximal factor of a
stationary system that is a measure-preserving extension of a proximal space.

4.9.2 STRUCTURE CONJECTURE

The defect in the above theorem is that one must take an extension of the original space
first and then one has a canonical structure theory. Ideally, a structure theory involving
only factors would exist. There is a well-known and long-standing question (see e.g. Furman
[Fur02]) as to whether measure-preserving extensions and boundaries can somehow be used
as the building blocks of a structure theory for stationary systems.
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CHAPTER 5

UNITARY REPRESENTATIONS

Linear representations play a key role in the study of groups, forming the foundation of
quantum mechanics and harmonic analysis. Fourier analysis can be viewed as a special
case of representation theory. We will focus on the most well-developed part of this theory:
representations of locally compact groups as (strongly) continuous unitary operators on
Hilbert spaces.

The material in this chapter is all well-known and classical or due to Shalom, except where
indicated. This chapter is in essence the background preparation for the next chapters where
we present our new results on cohomology of group actions.

5.1 REPRESENTATIONS ON HILBERT SPACES

Here, and throughout, H will denote a Hilbert space (which we will assume separable when
convenient though this is generally not necessary). B(#H) denotes the bounded operators on
the Hilbert space and U(H) the unitary operators: |lu| = 1.

Definition 5.1. Let G be a topological group. A homomorphism 7 : G — U(H) is called
a unitary representation of G on the Hilbert space H. The representation is (strongly)
continuous when 7 is a continuous map from the topology of G to the (strong) topology on
U(H), that is for all x € H the map g — 7(g)z is norm continuous.

That the map be a homomorphism means that 7(gh) = 7(g)m(h) where multiplication of
unitary operators is by composition and further that 7(g~!) = 7(g)~! so in particular 7(e)
is the identity operator. That 7 maps G into U (#H) means that ||7(g)v| = ||v|| for all v € H
and g € G.

5.1.1 NOTATIONAL CONVENTIONS

We will use the phrase “let m be a representation of a group G” to always mean that G is
locally compact and 7 is a strongly continuous unitary representation on a Hilbert space. Of
course, countable groups with the discrete topology fall into the category of locally compact
groups so these are included.

5.1.2 IRREDUCIBLE REPRESENTATIONS

Definition 5.2. Let 7 be a representation of a group G. Then 7 is irreducible when the
only invariant subspaces are trivial.

That is, if 7 : G — U(H) and V C H is a subspace such that 7(g)V C V for all g then
V={0}or V==H.
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A representation is finite-dimensional when the underlying Hilbert space is finite-
dimensional (i.e. is matrices).

It is easy to see that if a representation admits an invariant subspace then the complement
of that subspace is also invariant. This in turn leads to the fact that any representation can be
decomposed as the direct sum or direct integral of irreducible representations. In particular,
any finite-dimensional representation is the finite direct sum of irreducible representations.

5.1.3 FAITHFUL REPRESENTATIONS

Occasionally we will want to know that a unitary representation “shows the whole group”
in the sense that it is not trivial on some subgroup. Of course the kernel of a representation
would necessarily be a normal subgroup so in the case of simple groups this is not much of
an issue. A representation is called faithful when the kernel is trivial:

Definition 5.3. A representation 7 of GG is called faithful when the kernel of 7 is trivial.
That is, if m(g) is the identity operator then g is the identity element.

5.1.4 THE HOWE-MOORE THEOREM

A wuseful fact, which we will make use of in our results later, is that representations of Lie
groups which do not have almost invariant vectors (see Section 5.5) are mixing (7(g) — 0
weakly as g — oo in the sense of leaving compact sets). The “Howe-Moore Theorem” (see
e.g. Zimmer [Zim84] Chapter 2) states:

Theorem 5.4 (Howe-Moore). Let G be a (finite) product of semisimple Lie (or p-adic Lie)
groups, none of which are compact, and let w be a unitary representation of G such that
m restricted to each semisimple factor does not have invariant vectors. Then the matriz
coefficients vanish at 0o, that is, for any vectors v and w we have (w(g)v,w) — 0 as g — o©
(meaning as g leaves compact subsets of G).

In fact Zimmer states the Lie case in Chapter 2 of [Zim84] and the general p-adic result in
Chapter 10. The reader is referred there for some background and a proof.

5.2 CocYCLES AND COHOMOLOGY

Cohomology is the main tool in representation theory, especially in the realm of rigidity
results. We present the basic ideas and results that we will use later. We adopt the approach
of treating cocycles as maps satisfying a certain identity, the cocycle identity, rather than the
more traditional cohomology and cochain approach. This simplifies our exposition greatly,
and we remark only for the reader familiar with the usual cohomology that by cocycle we
strictly speaking mean 1-cocycle.

5.2.1 COCYCLES

Cocycles play a major role in rigidity theory and will play a crucial role in our results in the
following chapters.
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Definition 5.5. Let 7 be a representation of a group G on a Hilbert space H. A continuous
map [ : G — H is called a cocycle when it satisfies the cocycle identity:

B(gh) = 7(g9)B(h) + B(g)
for all g, h € G.
An immediate consequence of this identity is that
m(e)B(e) + B(e) = Ble) + Ble) = 28(e)

and so f(e) = 0 for any cocycle. Therefore

m(9)B(g") = Blgg™") — B(g) = —B(g)

=
—
Q]
~
I
=
—
Q)
M)
SN~——
I

for all g € G.
5.2.2 COBOUNDARIES

The first obvious method for creating cocycles is to form coboundaries:

Definition 5.6. Let 7 be a representation of a group G on a Hilbert space H. Let v € ‘H
be a fixed vector. Define

Bu(g) = m(g)v —v

Then f, is a coboundary.

Observe that

Bu(gh) = m(gh)v — v = m(g)m(h)v — v = 7(g)m(h)v — m(g)v + 7(g)v — v
= m(g)(m(h)v —v) +7(9) — v =7(g9)Bu(h) + Bu(g)

so coboundaries are in fact cocycles.

5.2.3 COHOMOLOGY

Definition 5.7. Let 7 be a representation of a group G on a Hilbert space H. Denote by
ZMG,7) ={B:G — H | Bis a cocycle}

and
BY(G,7)={B € Z'(G,n) | B is a coboundary}

The cohomology of 7 is then defined as
H'(G,7) = Z'(G,7)/B'(G,)

the equivalence classes of cocycles modulo coboundaries.
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The superscript 1 denotes that what we have defined here is the first cohomology. We will
not need higher cohomologies for our results so we will not go into details about them.

Definition 5.8. Two cocycles 3y, 82 € Z'(G,n) are cohomologous when their difference
is a cocycle: B — By € BY(G, 7). That is, when they are in the same cohomology class.

5.2.4 CocYCLES ON CompPACT GROUPS

We will make use of some standard and easy facts about cohomology on compact groups:

Lemma 5.2.1. Let K be a finite (or compact) group and b : K — H be a w-cocycle. Then
b is a coboundary.

Proof. Let m be the Haar measure on K (which we may take to have total mass one since
K is finite or compact). Set

v :/ b(k) dm(k)
K
and observe that for any £k € K
/ b(kk') dm(K') = / b(k) + m(k)b(K") dm(K") = b + W(k)/ b(k") dm(k") = b(k) + w(k)v
K K K
and on the other hand, by the invariance of m,
/ b(kk') dm(k'") :/ b(k") dkm(k'") :/ b(k") dm(k") =wv
K K K

and therefore
b(k) =v—m(k)v

meaning b is a coboundary. 0

Lemma 5.2.2. Let K be a compact group and ¢ : K — R an additive homomorphism. Then
© is trivial.

Proof. Write m for the Haar measure on K (which is a finite measure since K is compact,
hence all integrals below are finite). Then for any k¢ € K,

| etk dm(i) = [ o0 dtam() = [ o(0) dmii)
by the left invariance of Haar measure. But also
| etk dm(i) = olho) + [ o(0) dm(i)

K

since ¢ is a homomorphism. Therefore p(kg) = 0. [
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5.3 REDUCED COHOMOLOGY

Cohomology is an algebraic structure that is quite useful in the study of groups and rep-
resentations. The notion of reduced cohomology brings analysis and analytic techniques to
bear on cohomology by introducing a topology on cocycles.

Definition 5.9. Let 7 be a representation of a group G. Denote by Z!(G, ) the space of
cocycles and B(G, ) the subspace of coboundaries. These are vector spaces over R or C

(according to whether the Hilbert space is real or complex).
Topologize Z'(G, ) with uniform convergence on compact sets: (3, — [ means that
Bn(g) — B(g) in the strong topology on the Hilbert space uniformly over compact sets in G.
Let B(G, ) be the closure in this topology of the coboundaries. The reduced coho-
mology is defined as

HYG,7) = ZYG,7)/BYG, )

Definition 5.10. Two cocycles are almost cohomologous when they are in the same
reduced cohomology class. That is, #; and [y are almost cohomologous when there exists
vectors v,, such that

B1(9) + 7(g)vn — v — B2(g)

as n — oo in the strong topology uniformly over compact sets in G.

Definition 5.11. A cocycle § € BY(G, ) is called an almost coboundary: 3 is almost
cohomologous to zero.

Reduced cohomology is much more useful for our results than ordinary cohomology and in
fact we will not make (much) use of ordinary cohomology in what follows.

5.4 AFFINE ACTIONS

A unitary representation of a group G on a Hilbert space H can be thought of as defining a
linear action of the group G on the Hilbert space. Concretely, g-v = 7(g)v is readily seen to
define a group action. It is linear in the sense that g - 0 = 0 (meaning the identity element
is preserved) and ¢ - (v 4+ w) = g - v + ¢ - w (meaning the addition operation on the vector
space is preserved).

5.4.1 AcCTIONS ASSOCIATED TO COCYCLES

Definition 5.12. Let m be a representation of a group G on a Hilbert space H and let
B : G — H be a cocycle. The affine isometric action associated to [ is given by

g-v:=m(g)v+PB(g)
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To see that this is an action, observe that

(gh) - v =m(gh)v + B(gh) = m(g)m(h)v + 7 (g)B(h) + B(g)
(9)(m(R)v + B(h)) + B(g) = w(g)(h-v)+ B(g) = g (h-v)

as required. This action is not linear since
g-vtg-w—g-(v+w)=P5(g) #0

for a general cocycle . It is affine in the sense that it is linear up to a “constant”. Further-
more

g-v—g-w=m(g)v+pg) —n(g)w - B(g) = 7(g)(v —w)
and therefore, since m(g) € U(H),
lg-v—g-wll = l7(g)(v—w)| = [[v—w]
meaning the action is isometric.
5.4.2 COCYCLES ASSOCIATED TO ACTIONS

Definition 5.13. Let G be a group and X a topological vector space such that G acts
continuously on X. The action is said to be affine when

g-(x+y)=g-v+g-y—cly
for some (continuous) map ¢: G — X.

Let - denote an arbitrary (continuous) affine action of G on H. Then the associated map c
must satisfy that
cg)=g-v+g-w—g-(v+w)

for all v,w € H. Therefore
cg)=9g-v+9g-0—g-(v+0)=g-v+9g-0—g-v=g-0
Then we can define a map 7 : G — B(H) by
m(g)v=g-v—c(g)
and obtain that 7(¢)0 =¢-0 — ¢(g) = 0 and
m(g)(v+w)=g-(v+w)—clg) =g v+g w—2c(g) =7(g)v+7(g)w
so this is a linear map. Moreover,

c(gh) —m(g)e(h) —c(g) = (gh) -0 —g-(h-0)+g-0-g-0=0
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so ¢ is a m-cocycle. Then we see that

m(g)m(h)v = 7(g)(h-v —c(h)) = 7(g)(h-v) — 7(g)c(h)
=g (h-v)—clg) —7(g9)c(h) = (gh) - v — c(gh) = w(gh)v

so 7 defines an action of G and therefore 7 is a representation of G. Now

Im(g)(v = w)]| = [Im(g)v = w(g)wll = [[(g- v —c(g)) = (g-w =c(g)] = llg-v—g-w]|

and therefore the affine action is isometric if and only if 7 maps G into the unitary operators.

The correspondence between affine isometric actions and cocycles of unitary representa-
tions is an indication of how cocycles come into play when studying group actions (both those
on Hilbert spaces and those induced by a quasi-invariant action to the space of probability
measures).

5.5 ALMOST INVARIANT VECTORS

Almost invariant vectors, which play a defining role for property (7), turn out to have a
decisive role in the theory of reduced cohomology. We describe now how fixed and almost
fixed points relate to affine actions and how almost invariant vectors influence cohomology.

5.5.1 FIXED POINTS

We first explore what happens when there is a fixed point for an action associated to a
cocycle:

Proposition 5.5.1. Let © be a unitary representation of a group G on a Hilbert space 'H
and B : G — H a cocycle. Then B is a coboundary if and only if the associated action has a
fixed point.

Proof. Assume [ is a coboundary: (g) = m(g)ve — vo for some vy € H. Then the associated
action is given by

g-v=m(g)v+B(g) =n(g)v+m(g)vo — vo = 7(g)(v + vo) — vo

and therefore
g+ (=vo) = 7(g)(—vo + vo) —vo = —vp

so —vg is a fixed point for the action.
Conversely, let 3 be an arbitrary cocycle assume that vy is a fixed point for the associated
affine action. Then the associated action to [ satisfies

vg = g - vy = 7(g)vo + B(g)

and therefore

g) = m(g)(=vo) = (=vo)
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so [ is a cocycle. O]

5.5.2 ArLMoOST FIXED POINTS
Weakening slightly the idea of a fixed point for an action, we consider:

Definition 5.14. Let (V,d) be a metric space and G ~ V' be an affine action. The action
does not admit almost fixed points when there exists a compact set ) C G and € > 0
such that for all v € V' there exists g € () such that d(gv,v) > e.

That is, “an” almost fixed point for a compact set @ C G is a sequence {v, } in V such that
d(gun,v,) — 0 for all g € Q.

Definition 5.15. An action of a locally compact group G on a metric space is called uniform
when there are no almost fixed points.

5.5.3 ALMOST INVARIANT VECTORS
Related to the notion of almost fixed points is the analogous concept for vector spaces:

Definition 5.16. Let 7 be a unitary representation of a locally compact group G on a
Hilbert space H. The action does not admit almost invariant vectors when there
exists a compact ) C G and € > 0 such that for all v € H there exists ¢ € ) such that
I7(g)v — vl| = €lv]].

One reason almost invariant vectors are of interest is that:

Proposition 5.5.2. Let 7w be a unitary representation of a locally compact group G on a
Hilbert space. If © does not admit almost invariant vectors then H'(G,7) = HY(G, ).

That is, the reduced cohomology differs from the ordinary cohomology only if there are
almost invariant vectors for the representation. Equivalently, the subspace of coboundaries
is closed in the space of cocycles (under strong convergence uniformly on compact subsets
of the group) if there are no almost invariant vectors.

This is a well-known (and fairly easy) result that appears in the work of Guichardet
[Gui80] and Delorme [Del77] (Delorme in fact shows the converse which is somewhat more
involved).

Proof. First observe that the only way that H'(G,7) # H'(G, ) is when there exists two
cocycles 8 and B’ which are almost cohomologous but not cohomologous. Then g — f’ is
a cocycle which is almost cohomologous to zero but not cohomologous to zero. That is,
B — ' € BY(G, ) but is not a coboundary. Hence all we need to show is that B'(G,7) =
BY(G, ).

Let f € BYG,n). Then there exists coboundaries 3, such that 8, — S (strongly,
uniformly over compact sets) by the definition of the topology on cocycles. Write ,(g) =
7(g)v, — v, for some vectors v,. Then we have that

W(Q)Un —Up — B(g)
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uniformly over g in compact sets. Since m does not admit almost invariant vectors there is
some compact set () C G and € > 0 and there exists ¢, € () such that

17(gn)on = vall = €f[on]]

Since () is compact we can set o = max,eq ||#(q)|| to be some finite number. Then, since
7(q)v, — v, — B(q) uniformly over ¢ € Q) (as @ is compact),

lim sup [[vn|| < e limsup [|7(gn) vy — vnl| < €7 max [|5(g)]| = ¢ la
qe

n—oo n—oo

Then for any g € G we have that

18(9)]| = Jim [[w(g)en — val] < 2limsup [jo, ]| < 2o

n—o0
so [ is uniformly bounded. The associated affine action ¢g - v = 7(g)v + B(g) then has the

property that
lg - ol < llm(g)oll + 18] < o]l + 26

and therefore the affine isometric action has bounded orbits.

Since Hilbert space is uniformly convex and the action is isometric, having a bounded
orbit implies that there is a global fixed point for the isometric action. But this then means
that (§ is a coboundary by Proposition 5.5.1. Hence any almost coboundary is necessarily a
coboundary as claimed. O

5.6 CHARACTERIZING PROPERTY (7))

Akin to the characterization of amenability as being equivalent to every action on a metric
space admitting an invariant probability measure (Theorem 1.37), the main result we will
need about cohomology is due to Shalom and characterizes property (7') in terms of reduced
cohomology.

The reader unfamiliar with property (7") should consult Appendix B: Amenability and
Property (T') for the definition and some basic facts and properties of groups having property
(T). The following is Theorem 6.1 in [Sha0Oa] (see also Theorem 4.2 in [Sha06)):

Theorem 5.17 (Shalom). Let G be a locally compact, second countable, compactly generated
group. If G does not have property (T') then there exists a continuous unitary representation
m of G such that ﬁ(G,TF) # 0. Moreover one may assume that this representation is
wrreducible.

That is, property (7') is equivalent to the fact that every (irreducible) unitary representation
on a Hilbert space does not admit any cocycles except those almost cohomologous to the
trivial cocycle. Recall that property (7') implies compact generation so the requirement that
the group be compactly generated in the above is not truly a restriction.
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5.7 COHOMOLOGY AND SUBGROUPS

Relating the cohomology of a subgroup, such as a lattice or a commensurator, to the coho-
mology of the ambient group is a key feature of rigidity theory. One of our main results, the
injectivity of reduced cohomology for dense subgroups of totally disconnected groups (The-
orem 7.1), is such a statement. We now state some known results about this phenomenon
that we will need in the following chapters.

5.7.1 SUPERRIGIDITY FOR REDUCED COHOMOLOGY

The “Superrigidity for Reduced Cohomology” is Theorem 4.1 of the work of Shalom [Sha00a]
(combined with the discussion in section 10.4 of that paper on non-cocompact lattices):

Theorem 5.18 (Shalom). Let I' be an irreducible integrable lattice in a (finite) product of
at least two locally compact, second countable, compactly generated groups G = [[G,. Let
(m,H) be a unitary I-representation and b : I' — H be a m-cocycle. Then b is almost co-
homologous to a a cocycle of the form by + by + - - - + b where by takes values in the space
of I'-invariant vectors and each b; takes values in a I'-invariant subspace H; on which the
[-representation extends continuously to a G-representation which factors through a repre-
sentation of G;. Fach b; extends continuously to a cocycle depending only on G; and b
extends continuously to a cocycle of G.

Corollary 5.19. Let I' be an irreducible integrable lattice in G = [[ G; where each G; is a
locally compact, second countable, compactly generated group and let (w,H) be a nontrivial

irreducible unitary representation of I'. Then there exists a representation o of one of the
factors G; such that H\(I', ) = HY(G;,0). In fact, o|p = 7.

Proof. Let b : I' — H be a cocycle. By the above Theorem b is almost cohomologous to
a cocycle of the form by + b; + --- + by where each b; takes values in distinct I'-invariant
subspaces. Since 7 is irreducible there can only be one such subspace and therefore b is almost
cohomologous to b; which is a cocycle for a representation of GG that factors through G; for
some specific j (we cannot end up with by since the representation is nontrivial). Moreover,
another such cocycle o' cannot lead to a different j since that would also contradict the
irreducibility of 7. Call this Gj-representation o. So o|r = 7 and ¢ is a continuous extension
of m to Gj.

Therefore we have a map from H'(T',7) — H(G;, 7). Now let b and b’ be (T', 7)-cocycles
almost cohomologous to b; and b, respectively. Let B and B’ be the continuous extensions of
bj and b}, respectively, to (G, 0)-cocycles. Suppose that B and B’ are almost cohomologous.
Then there is some sequence of vectors v,, such that B(g) + 7(g)v, — v, — B'(g) uniformly
over compact sets in Gj. But then b;(y) +7(v)v, —v, — b(7) for each v € I' meaning that b;
and b are almost cohomologous. This in turn means that b and b’ are almost cohomologous
since they are both in the equivalence class of b;. Hence the map is injective.

To see the map is surjective, take any o-cocycle and restrict it to the projection of I'
in G;. Then treat this restriction as a (I, 7|p)-cocycle. Since the restriction of o to the
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projection of I' is 7, this new cocycle is a m-cocycle. This new cocycle’s reduced cohomology
class must map to the original reduced cohomology class since it extends continuously to the
original cocycle and we cannot have almost cohomologous Gj-cocycles with restrictions not
almost cohomologous. O]

The reader wishing to know more is referred to Shalom’s work [Sha98], [ShaO0Oa], [Sha00b]
and [Sha06]. In particular, superrigidity can be used to show strong rigidity: that any
isomorphism of lattices in products of groups extends to an isomorphism of the ambient
groups. We also remark that Shalom has shown analogous statements of superrigidity and
strong rigidity for commensurators of lattices though we will not make use of them here.
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HARMONIC COCYCLES

The main new idea in our work on representations is that of a harmonic cocycle. Our main
contribution in this area, Theorem 6.2, states that each reduced cohomology class contains
a unique harmonic representative. Material presented in this chapter is all new to this work
except where stated.

6.1 HARMONICITY

Harmonic maps have been studied in many contexts, and the idea of a harmonic cocycle
appears in the work of Mok in the 1990s and in various places from then on, notably in
Kleiner’s work on Gromov’s Theorem [Klel0].

Definition 6.1. Let u € P(G). A cocycle 8 : G — H is u-harmonic when for all g € G,

M@ILM%%Mﬁ

Lemma 6.1.1. A cocycle B is harmonic if and only if it is harmonic at the identity:

Lﬁ@dmmzo Umdm@#léwwﬁw@ﬁzmwﬁrwgeG

Proof. By the cocycle identity:

/G Blgg') dul(g') = /G B(g) +m(9)B(g") dulg’) = B(g) +(g) /G B(g") du(g’)

6.2 HARMONIC REPRESENTATIVES THEOREM

The main theorem in this chapter characterizes harmonic cocycles as the unique represen-
tatives of reduced cohomology classes. The consequences of this result appear later in this
chapter and ultimately lead to progress on the Margulis-Zimmer conjecture (see Chapter
12: The Margulis-Zimmer Conjecture).

Theorem 6.2. Let G be a locally compact second countable compactly generated group and
7w : G — B(H) a unitary representation of G on a Hilbert space and p a compactly supported
symmetric probability measure on G with support generating G. In any reduced cohomology
class [8] € HY(G, ) there exists a unique p-harmonic representative.

This is in fact a special case of:
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Theorem 6.3. Let G be a locally compact second countable compactly generated group and
7w : G — B(H) a unitary representation of G on a Hilbert space and p a symmetric probability
measure on G with support generating G. In any reduced cohomology class [5] € HY(G, )
that contains an LQ(M) representative there exists a unique p-harmonic representative.

6.3 CHARACTERIZING PROPERTY (7))

Before proving the Theorem, we state a consequence of it—a characterization of property
(T) in terms of harmonic cocycles (the reader is referred to Appendix B: Amenability and
Property (T') for definitions and facts about property (7')):

Theorem 6.4. A locally compact second countable compactly generated group has property
(T') if and only if the only harmonic cocycle (for every compactly supported measure gener-
ating the group and any representation) is zero.

Specifically, property (T') is equivalent to: let = be any unitary representation of G on a
Hilbert space H and let p € P(G) be a compactly supported probability measure on G with
support generating G. Let 8 : G — H be a m-cocycle such that g is p-harmonic. Then
B =0.

Proof. Let G, m, p and 8 as above. Assume that G has property (7'). Then every cocycle is
almost cohomologous to zero since the reduced cohomology is trivial (Theorem 5.17). Hence
[ is almost cohomologous to zero. Clearly zero is p-harmonic. Hence by uniqueness (the
Theorem in the previous section) 5 = 0.

Conversely, assume that G does not have property (7'). Then there is some unitary
representation 7 with nontrivial reduced cohomology. Let ¢ be a cocycle that is not almost
cohomologous to zero. By the Theorem ¢ is almost cohomologous to a p-harmonic cocycle
. But 8 cannot be zero since ¢ is not almost cohomologous to zero. O]

6.4 FIXED POINTS

We first handle the case of H having fixed points under 7(G). Decompose H = H fizea P
Hunfizea Where H fizeq is the set of fixed points for . These are clearly G-invariant subspaces
of H.

Let 5 : G — H be a cocycle. Write 8(9) = Bfizea(q) + Bunfized(g) Where Brizea(g) is the
projection of 5(g) to Hfizea (and likewise for By fized). By the cocycle identity,

Bfi:ced(gh) + ﬁunfi:ved(gh) = W(Q)ﬁfi;ved(h) + ﬂ-(g)ﬁunfi:ved(h) + /Bfiaced<9> + Bunfi;red(.g)

and therefore, since 7(g)Bfizea(h) = Brized(),

Bfimed(gh) - Bfixed(g) - Bfia:ed(h) = _Bunfixed(gh) + 71—(g)ﬂunfiaceal(h) + Bunfiwed(g)

The vector on the left is in H fizeq While that on the right is in Hypfized. Therefore both are
in fact 0. So Bfized : G — H fizea a0 Bun fized : G — Hunfizea are both cocycles.
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Now Bfixed(gfl) = _7T(971>5fixed(g) = —Brizea(g) by the cocycle identity and that
Brizea(g) is a fixed point so

/ Brinea(g) dp(g) = 0
G

since £ is symmetric. Since 7 is the trivial representation on H ;.4 and there are no nontrivial
coboundaries for the trivial representation, Sfeq is the sole representative of its (reduced)
cohomology class and is also p-harmonic.

Now assume that the Theorem holds for B,y fizes. So there is a unique p-harmonic
representative for [y, fizeq). Call this representative @y, fizes. Define the cocycle on H

Y= Bfixed + 90unfixed

Since Sfized and Pup fizea are p-harmonic, so is . Since Qup fized € [Bunfized) We clearly have
¢ € [B]. So [f] has a p-harmonic representative.

Suppose ¢ were also a p-harmonic representative of [3]. Decompose ¢ = @ fized + un fizved-
Observe that

¢(g) — Blg) = lim7(g)v, — vy
for some v,, which we may take to be in Hyn fized (if Vn, = Vn, fived+Vn,un fizea then m(g)v, —v, =
ﬂ-(g)vn,unfixed - Un,unfixed)- Then

¢fixed(g) - Bfia:ed(g) = /Bunfia:ed(g) - gbunfia:ed(g) + hmﬂ-(g)vn — Un

and the term on the left is in H ;5.4 While that on the right is in H, fizeq. So they are both 0.

Then ¢fixed = 5fixed and ¢unfixed € [ﬁunfia:ed]- SO, by the uniqueness of Punfized in [5unfi:ced]
we have that ¢ = Bfized + Punfized = - SO @ is unique.

Therefore to prove the Theorem we need only to show that it holds when we assume that
the Hilbert space ‘H has no fixed points for the linear G action.

6.5 ENERGY

The energy of a cocycle, called that due to its similarity to the definition of energy in physics,
measures how far the cocycle is from being trivial. Energy is a natural sort of “norm” on
cocycles once one has placed a measure on the group.

6.5.1 THE ENERGY FUNCTION

We define now the energy and the energy function, which play a central role in the study of
harmonic cocycles.

Definition 6.5. Let G be a group and p a symmetric probability measure on G. Let
7w : G — B(H) be a unitary representation of G' on a Hilbert space H. Let 8: G — H be a
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cocycle. The u-energy of [ is defined to be

Bl = /G 18I du(g)

and the p-energy function for 3 is Ej : H — [0, 00| given by

B5(0) = [ lInta)o = v+ B0)IF dito)

The energy of a cocycle is the value of its energy function at 0, that is £y = E7(0), and in
fact for v € H the cocycle 5,(g) = B(g) +7(g)v — v (which is cohomologous to ) has energy

E'N

5, = E5(v)

In order that the energy be finite, it is sufficient that g be compactly supported (since
I7(g)v — v+ B(g)|| < oo for each g). More generally, since

[m(g)v = v+ Bgll < 2llvll +15(9)]

it is sufficient that ||3(g)|| € L*(G, u). The hypotheses of our Theorem then ensure that Ej
is finite (which we will implicitly use throughout what follows).

6.5.2 PROPERTIES OF THE ENERGY FUNCTION

Recall that fi is the symmetric opposite of u: dji(g) = du(g™1).

Lemma 6.5.1.
Bj(w+w) = B5(0) = [ (g = wlP dule) =2 | (mtg)o = v+ Alg).w) dlu+ i)
Proof.
l%@+w%—@m0—1ﬂﬂwv—v+mw+W@Mﬁﬂﬂ”ﬁh@ﬁ-v+mwwde

- /G Im(g)w — wlP + 2(m(g)o — v+ Blg), w(ghw — w) du(g)

and using the cocycle identity (and that 7(g) is unitary)

(m(g)v — v+ B(g), m(g)w) = (v —n(g~")v+m(g7")B(g), w)
= (w—m(g Y+ 'g) —Blg™),w)
=(@w—m(g " )v—B(g"),w)
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because 5(e) = 0. Now since

/ (x(g)o — v + B(g) m(g)w) dulg) = / (0= (g )0 = Blg~), w) dp(g)
G &
_ /G (r(g)o — v + Blg),w) dilg)

we have that
(v + w) — B4(v) = / (9w — wl]? diu(g)

9 /G (r(g)v — v+ Blg),w) du(g) — 2 /G (n(g)v — v + B(g),w) dig)

A useful special case is the following:

Lemma 6.5.2.

Eﬂ—/nw Jo— o] du()—2/<ﬁ(9) o) du + i) (9)

Lemma 6.5.3. The energy function is continuous: if 5, are cocycles such that (8, — [
uniformly over compact sets in G (and strongly in H) and such that the (5, and [ are
uniformly in L*(u x || - ||) (all dominated by the same L* function) then for all v € H

B (v )—hmE“( )

TL

and in particular
b I
Ey = hgn Ey

If u is compactly supported then the L*(u) requirement is satisfied automatically for all
cocycles and the energy function is continuous everywhere.

If G is finitely (or compactly) generated and p has finite second moment relative to the
word length then likewise the energy function is continuous everywhere.

Proof. The uniform L? requirement (since v is fixed 3,(g) + 7(g)v — v are also uniformly in
L?) allows us to apply the Dominated Convergence Theorem (twice) to conclude that

o) = [ 13(@) + wloyo = ol duls) = [ 1im (o) + w(g)o = ol duto)
= [ tm (o) + mlo)o = o dito)
—tim [ 5(9) + 7)o ~ ol ditg) = lin B4, (0
G
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When g is compactly supported the energy of any cocycle is finite (since ||5(g)|| must attain
its maximum on the support of u) and since 5, — § uniformly on compact sets in G the
convergence is uniform on the support of ;4 meaning the Uniform Convergence Theorem can
replace the need for the Dominated Convergence Theorem. Of course, compact support
means ||3(g)||* attains its maximum on the support of 1 and so the energy of any cocycle is
finite hence the function is continuous everywhere.

When G is finitely (compactly) generated and p has finite second moment in terms of
word length we proceed as follows. First observe that for s,g € G

1B(sg)ll = lIm(s)B(g) + B < 1B+ 15(s)]

Let S be a finite (compact) symmetric generating set for G and write |g| for the word length
in S. Then

15()1 < lgl max |5(5)]

from the above (repeatedly). Therefore

o) = [ 18(0)+ mla)o = ol du(o) < [ 1oF dila) max 155 + w(s)o = ol

is finite since S is a finite (compact) set and p has finite second moment (meaning that
[ 1g)? du(g) < oo). Hence energy is finite everywhere as in the compactly supported case.
Moreover, if 3, —  then 5, (s) — ((s) uniformly over s € S and so

2 2
max |8 = max 1 5(s)|

hence

18I < o (max | B(s)] +1)

for sufficiently large n which is a fixed L?*(G, ) function that then uniformly bounds the
18.(9)|I>. Hence the energy function is continuous everywhere. O

6.5.3 DIRECTIONAL DERIVATIVES

Consider the directional derivative of the energy function:

u "
D, B4 = lim Esltw) ~ By
t—0 t

Lemma 6.5.4.
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Proof. Applying Lemma 6.5.2 to the directional derivative:

t—0

. /G (Blg)w) d(p+ ) (9)

DB =l ([ Pllrtoy =l duto) =2 [ t(3(0).u) dlu-+ (o)

O
Lemma 6.5.5.
P5(0) = 5 = [ lir(a)o ol duto) + D,
Proof. Lemma 6.5.4 and Lemma 6.5.2. O]
Lemma 6.5.6. Forc € R,
DCUEZ = cDUEg
Proof. By Lemma 6.5.4 twice,
Do = =2 [ (Bla).co) dlu+ () = =2 [ (B(g).w) dlu-+ fo(a) = D,
O

Lemma 6.5.7. The derivative of the energy function is continuous for each fized direction:
if v € H and B, are cocycles such that 5, — B uniformly over compact sets in G (and
strongly in H) and such that the B, and 8 are uniformly in L?(u) (all dominated by the
same L? function) then
DvEg = liyrln DvEgn
If w is compactly supported then the L*(u) requirement is satisfied automatically for all
cocycles and the derivative of the energy function is continuous everywhere.

If G is finitely (or compactly) generated and p has finite second moment relative to the
word length then likewise the derivative of the energy function is continuous everywhere.

Proof. Fix v € H. By Lemma 6.5.5 we have that
i D, B, = tim B, (0) = B, = [ Ila)o ol di(o)
and therefore, by continuity of energy (Lemma 6.5.3),

lim D, B, = E4(v) — B - /G Iw(g)o — vl]* dyu(g) = DE"
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6.5.4 MINIMA OF THE ENERGY
Definition 6.6. A cocycle § minimizes the energy when
By < Ej(v)

for all v € H.

Lemma 6.5.8. A cocycle 8 minimizes the energy if and only if all the directional derivatives
of the energy function for 8 are zero.

Proof. Assume that D,Ej = 0 for all v € H. Then by Lemma 6.5.5,

(o) — B = / Iw(g)o — o> dulg) + D,E" = / ()0 — o] du(g) > 0

so # minimizes the energy.
Now suppose that for some v € H we have DvEg # 0. Replacing v by —v (Lemma 6.5.6)
if necessary, we may assume that there is 0 > 0 such that

D,BY < —§

From the definition of the directional derivative this means for each € > 0 there is some ¢ > 0
such that

S (BA() — BE) < ~0+ e

and therefore, taking e = 9/2,

BY(t) - B < —

meaning that 8 does not minimize the energy. O]

6.5.5 “CENTERS” OF COCYCLES

Definition 6.7. Let § : G — H be a cocycle and p a probability measure on G. The
u-center of 3 is the vector

w(B) = /G B(g) du(g)

A cocycle is then p-harmonic if and only if its p-center is 0 (Lemma 6.1.1).

Definition 6.8. The y-convolution of a vector v is

r(u)o = /G r(9)v dyu(g)
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6.5.6 ENERGY DECREASES UNDER CONVOLUTION

Lemma 6.5.9. Let §: G — H be a cocycle and let p € P(G). Write i € P(G) to mean
[ = r+ifa. Then

E5(1(B)) < Ej
with equality if and only i(5) is a fixed point for the linear (w) action of G on H. If the only
fized point is zero then equality holds if and only if 5 is pi-harmonic.

Proof. Note first that w(g")B8(g) = B(g'g) — B(g") = —B(g""). Forv e Hand g € G
(treating H as real; if it is complex the obvious modifications are required),

18(9)+m(g)v = vl* = 1B(9)]I* = lIm(9)v — v]I* + 2(B(g), 7(g)v — v)
= 7 (g)vll* +lv]|* = 2(x(g)v,v) + 2(m(g7")B(9), v) — 2(B(g), v)
= 2[[vl* = 2{m(g)v,v) — 2(B(g™") + Blg), v)

and therefore
Ef(v) — Ef = 2[Jv||* = 2(m(u)v,v) — 2{u(B) + (), v)
Now observe that

[ (vl < /H?T(g)v\l dp(g) = ]l

and therefore ®) )
pB)+
Ef(v) — Ef < 4|jv)* — 4<#,v>

Then taking v = 1/2(u(8) + 1(8)) = () we obtain that
Elv) — B <0

For the inequalities above to all be equality requires that 7(g)a(5) = w(h)a(5) for all g, h
in the support of p. Hence in this case fi(() is a fixed point for the linear action. O

6.6 HARMONICITY AND ENERGY

Theorem 6.9. Let m be a unitary representation of a group G on a Hilbert space H with no
nonzero fized points and ¢ : G — H a w-cocycle and let i € P(G) be symmetric. Then ¢ is
w-harmonic if and only if it minimizes the p-energy.

Proof. Since 1 is symmetric, fi = fi = p. Assume ¢ minimizes the energy. Then Ef < El(v)
for all v € H. By Lemma 6.5.9 we have that E%(u(p)) < EL and equality occurs if and only
if ¢ is p-harmonic (since there are no nonzero fixed points). Hence minimizing the energy
implies ¢ is harmonic.

Now assume that ¢ is harmonic. By Lemma 6.5.8, harmonicity implies that D,EL = 0
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for all v € H. Now by Lemma 6.5.4, for any v,

Eo(v) - E, = /G I(g)o — ol + DB, = /G Ir(g)v — o|]? dulg) > 0

and therefore ¢ minimizes the energy. O]

6.7 EXISTENCE OF UNIQUE MINIMA

Theorem 6.10. Let m be a unitary representation of a group G on a Hilbert space H and
€ P(G) a symmetric probability measure on G with support generating G.

Assume that either u is compactly supported or that G is finitely or compactly generated
and p has finite second moment relative to the word length.

Let [B] be a reduced cohomology class containing an L*(u) representative. There exists a
unique cocycle ¢ € [] such that ¢ minimizes the p-energy.

Proof. First we establish uniqueness. Suppose ¢ and ¢ are both cocycles in the same reduced
cohomology class so that both minimize the energy. Since they are in the same reduced co-
homology class there exists a sequence v,, such that ¢(g) = lim,, ¢(g)+7(g)v, — v, (strongly)
uniformly over compact sets in G.

Since ¢ minimizes the energy we have D,Ef = 0 for all v by Lemma 6.5.8. By Lemma
6.5.2, for any v,

Ei(v) — BY = /G I(g)o — ol dulg) + DoEY = /G l(g)o — o> du(g)

By the continuity of energy (Lemma 6.5.3) we have that
0=FE) - E = lign El(v,) — Ef) = lirrln/G 17(g)vn — va||* die(g)

and therefore, since ¢ — ¢ is a cocycle and ¢(g) — ¢(g) = lim,, 7(g)v, — v, (uniformly over
compact sets in G, strongly in ), again by the continuity of energy (Lemma 6.5.3)

Ej = lim Eg(v,) =0

n

and so

/G 16(9) — 0(@)I du(g) = 0

meaning that ¢(g) = ¢(g) for p-almost every g which by continuity (and that the support
of p generates GG) gives for all g and so ¢ = ¢ meaning there is at most one cocycle in each
class that minimizes the energy.

We now show that a minimizer in fact exists. Fix a cocycle ¢ and take a sequence of
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vectors v,, € H such that
(0, | inf B4(0)
Define
Pn(g) = #(g) +7(g)vn — vn

so that the 3, are cocycles cohomologous to . By the Parallelogram Law (that ||a + b||* +
la —b]* = 2[|al|* + 2/[b]|*),

5 186 = Bula)IP dute) = 5 [ 218,(0)17 + 218(0)I = 15.(6) + B )| du)

= E¥(v,) + E%(vm) — Q/G II%(ﬁn(g) + B(9) II? dpu(g)

Up + Um
= B (vn) + Ej(vm) — 2B5(———)

< Bi(v) + B(vn) — 2 inf BL(0)

and therefore

lim /G 160(9) — (@) d(g) = 0

n,Mm—00

meaning that for almost every g we have that (again by Lemma 6.5.3 we have continuity)

||5n(g) _ﬁm(g)H — 0 as n,m — o0

Since this a Cauchy sequence of vectors (for each g¢) it has a strong limit point, call it 5(g):

Blg) = lim B,(g) = lim o(g) +7(g)vn = vn

n—oo

So [ is evidently a cocycle almost cohomologous to ¢. We remark at this point that were
the infimum attained by some vector v then  will simply be ¢(g) + 7(g)v — v.

The proof will be complete if we show that § minimizes the energy, so it is enough (by
Lemma 6.5.8) to show that DE} = 0. Suppose that D, Ej # 0 for some w. Then, by the
continuity of the derivative of the energy function (Lemma 6.5.7),

li7rln DwEgn # 0
so there exists 0 > 0 and a subsequence of n so that
DwEgn < =0

(we may replace w by —w to force the derivative to be negative using Lemma 6.5.6).
By Lemma 6.5.6 this means that for any ¢ > 0,

DcwEgn < —cd
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and then by Lemma 6.5.2
B (cw) — B = /G Im(g)ew — cw|®? dulg) + DewEl. < Ac|Juo]? — cb

Now Ej = El(v,) | inf,eqy Ef(v) so for any € > 0 and large n,

Ep (cw) — B > 1}273 Eb(v) — (5273 Ef(v) +€) = —¢

and therefore for any € > 0, by taking ¢ = 9/s|jw|2, we have

J >__§ e
2 16||lw?

e < 2_ 5N =2 _—
e < c(4el|w|® = 9) c<2 )

and therefore 62 < 16||w||?¢ which contradicts that 6 > 0 (since § is fixed and we can take
¢ = 0). So in fact D, E} = 0 which completes the proof. O

Theorem 6.3 now follows from Theorem 6.9 and Theorem 6.10.
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CHAPTER 7

INJECTIVITY OF REDUCED COHOMOLOGY

Let G be a locally compact group and I' a countable subgroup of G. Let 7 be a representation
of G. Then 7|r is a representation of I' (restrict the domain to I'). Likewise, if 5 is a (G, 7)-
cocycle then S|r is a (I', 7|r)-cocycle (all that has to be verified is the cocycle identity which
is immediate). Moreover, if £ is a (G, ) (almost) coboundary then §|r is a (I', 7|r) (almost)
coboundary using the same (sequence of ) vectors. There is therefore a natural map, called
the restriction map, from the (G, ) (reduced) cohomology to that of (I, 7|r).

The purpose of this chapter is to use the result from the previous chapter on existence
and uniqueness of harmonic representatives to show that in certain cases this restriction
map for reduced cohomology is injective. Consequences of this appear in Chapter 12: The
Margulis-Zimmer Conjecture.

7.1 SIMULTANEOUSLY HARMONIC MEASURES

The main consequence of the existence and uniqueness of harmonic representatives of reduced
cohomology is:

Theorem 7.1. Let I" be a dense finitely generated subgroup of a locally compact group G
and let m be a unitary representation of G on a Hilbert space H. Assume that there exist
probability measures pr on G and v on I' such that the restriction of a pu-harmonic map on
G is a v-harmonic map on I' and such that p is symmetric and compactly supported on a
generating set for G and that v is symmetric and finitely supported on a generating set for
I'. Then the natural map HY(G,7) — HY(T, n|p) is injective.

Proof. Take [8] € HY(G,n) and ¢ € [f] the unique p-harmonic representative (Theorem
6.2). Then ¢|r is a cocycle for (I', 7|r) and by hypothesis ¢|r is v-harmonic. It is therefore
the unique v-harmonic representative of the image of [|p] in HY(T, n|r). Now take [3] €
HY(G,7) to be another reduced cohomology class and let ¢’ be the unique p-harmonic
representative for it. Suppose that [5] and [f'] map to the same reduced cohomology class
for (I, w|r). Then ¢|r and ¢'|r are both r-harmonic and in the same reduced cohomology
class so by uniqueness, ¢(7v) = ¢'(7) for all v € T'. Therefore ¢ = ¢’ on the closure of I which
by density is all of G. But then, by uniqueness of ¢ as a y-harmonic cocycle, [f] = [§']. O

7.2 TOTALLY DISCONNECTED (GROUPS

The aim of this section is to prove that when the ambient group is totally disconnected the
restriction map for reduced cohomology to a dense subgroup is injective (that is, there exist
probability measures as required above).
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7.2.1 MEASURES ON DENSE SUBGROUPS

Let G be a totally disconnected second countable locally compact compactly generated group
and I' a dense finitely generated subgroup of G. Let K be a compact open subgroup of G
(which exists since G is totally disconnected). Let Sy be a symmetric finite generating set for
I'. Take an arbitrary symmetric, compactly supported probability measure p on G such that
Sp is contained in the support of p. Let mg be the Haar measure of G restricted to K and
normalized to be a probability measure (possible since K is compact). Let p = my * pxmyg
be the convolution of p by mg on both sides. Then p is a bi- K-invariant probability measure

on (.

Let C be the support of p which is compact (since the supports of p and my are compact)
and contains Sy. Consider the compact open subgroup

Ko=()9Kg™"

geC

which is open and nontrivial since each conjugate of K contains an open subgroup (as G is
totally disconnected) and since C' is compact.

Let S; be a symmetric system of representatives for G/Kj. There are only finitely many
elements of S in C since C' is compact. Let S = SoU(S1NC). Then Sy is a finite symmetric
set which generates I' and is contained in C' and contains at least one representative of every
coset of Ky in C.

Observe that for v € S, it holds that v 'Kyy C K since v € C. Define the measure v
on I' as follows: for v € S set

1

- (VK

v(7)

which is well-defined since S is finite (by |[S N ~yKy| we mean cardinality). Then v is finitely
supported on a symmetric generating set for I' (though v may not itself be symmetric).

7.2.2 HARMONICITY

Let ¢ be a p-harmonic map. Then for any £ € K and g € G we have

o(gk) = /G o(gkh) du(h) = /

Gs&(gh) dkp(h) = / ©(gh) du(h) = ¢(g)

a
since ku = p by the left- K-invariance of u. So ¢ is right- K-invariant.

Also, for any k € Ky and any g € C, we have that kg € Kog C gK so kg = gk’ for some
k' € K and so p(kg) = ¢(gk') = ¢(g) by the right- K-invariance of ¢.
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Then for g € YK, we have ¢(g) = ¢(v) and so

/F Z,SMKO >/GLKO<g>du<g> ‘SMKM/ 11,(9) du(g)

ISFWKo\/ Lyra(9) diulg / Z|Ser| Lyko(9) dp(g)
I/G]lsuppu(g)q)(g) dﬂ(g):/Ggo(g) du(g) = ¢(e) = 0

so @|r is v-harmonic at the identity. Recall that a cocycle is harmonic if and only if it is
harmonic at the identity (Lemma 6.1.1) so ¢|r is v-harmonic.

Let 7 be the symmetric opposite of v: ©(y) = v(y~!) for v in the support of v. For
g € YKy with v € S, we have that, writing g = vk for some k € K,

plg™!) =) = (™)

by the left- Ky-invariance of ¢ (on C'). Then

|SerOy/ Lyxo(9) dp(g)

—Z|Ser0|/ Lk (9) dinlg)

/ ) Z‘vaK, Lyxo(9) du(g)
= [ ota™) duto) = [ el duts) = ¢te) =0

where the last line follows by the symmetry of .

So ¢ is both v- and p-harmonic. Let v* = 1/2(v 4 ) be the symmetrization of v. Then
@ is v*-harmonic and obviously v* is a symmetric finitely supported measure on I'.
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7.2.3 RESTRICTION IS INJECTIVE

Theorem 7.1 (applied to p and *) then gives injectivity of the map H1(G, ) — HY(T',7|p)
for the case when G is totally disconnected:

Theorem 7.2. Let G be a totally disconnected locally compact compactly generated group
and I' a dense finitely generated subgroup of G. Let m be a unitary representation of G on a
Hilbert space. Then the natural restriction map HY(G,m) — HY(I',w|r) is injective.
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CHAPTER 8

COMMENSURATION

A natural idea when studying infinite groups is to take into account the fact that finite
groups have essentially been completely classified. Many structural results about countable
groups can be obtained by understanding them “up to finite index” in the sense that if one
can identify a finite index subgroup that has certain properties then one has in some sense
understood the group. This is referred to as a “geometric” approach to studying groups and
is one of many ideas in the field of geometric group theory.

This chapter discusses commensuration, the analogue of normalization in this geometric
context. Normal subgroups are characterized by all conjugates of the subgroup being the
subgroup—a normal subgroup is invariant under conjugation; commensurated subgroups are
those whose conjugates agree with the original subgroup up to finite index—commensurated
subgroups are invariant under conjugation up to finite index.

The classification of finite groups proceeds by reducing the general case to the simple
case by observing that any finite group is either simple already or has a nontrivial normal
subgroup. The quotient by the normal subgroup is then a smaller finite group and the normal
subgroup is also a finite group. This process must eventually terminate with a collection of
finite simple groups. The classification of finite simple groups then forms the bulk of the
work in classifying the finite groups.

We would like a similar method for infinite groups that also takes into account the
geometric idea of identifying groups up to finite index. This geometric approach to under-
standing group structure leads naturally to the study of the commensurator of a subgroup:
the “geometric normalizer”.

8.1 GEOMETRIC APPROACH

Recall that a subgroup is of finite index when there are only finitely many cosets in the
quotient space. If G is a countable group and H is a finite index subgroup then all of the
“Infinite” structure of G' can be seen in H (since G is a union of finitely many copies of H).

We will in principle identify groups that agree on a finite index subgroup (sometimes up
to an isomorphism or conjugation). Formalizing this idea will occupy the rest of the chapter.

8.1.1 Just INFINITE GROUPS

Rather than attempt to classify countable groups by always quotienting out by normal
subgroups, we take into account that finite groups are classified. The terminating case of
the algorithm is then not just simple groups but in fact just infinite groups:

Definition 8.1. A countable group G is just infinite when every normal subgroup N <« G
is either finite |[N| < oo or has finite index [G : N| < oo.
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A just infinite group is the smallest object we need to classify since the finite groups N and
G/N are already classified.

8.2 COMMENSURABLE SUBGROUPS

We now formalize the notion of agreement up to finite index in the form of commensuration.

8.2.1 COMMENSURATE SUBGROUPS

Two groups which are commensurate will be thought of as “the same”:

Definition 8.2. Let G be a group and A < G and B < G be subgroups. Then A and B are
commensurate or commensurable when A N B has finite index in both A and B.

Often the group G is not specified and this is intended to mean that there exists some
group G and isomorphic copies of A and B in G such that the isomorphic copies are com-
mensurate in the above sense. Commensurable is sometimes reserved to refer to subgroups
which are conjugate to commensurate subgroups. A useful relationship between lattices and
commensuration is that:

Proposition 8.2.1. Let I' be a lattice in a locally compact group G and I be a subgroup of
G commensurate to I'. Then I is a lattice in G.

8.2.2 COMMENSURATED SUBGROUPS

Accounting for the idea that two commensurate subgroups are the same, we can broaden
the definition of normal subgroup to commensurated subgroup by requiring only that the
conjugates be commensurate.

Definition 8.3. Let A be a group and B < A be a subgroup. Then A commensurates B
when for every a € A the subgroup B NaBa~! has finite index in both B and aBa™:

B <eomm A when Va€ A [B:BnaBa '] <oo,[aBa*: BNaBa'] < oo

and B is then a commensurated subgroup of A.

8.3 THE COMMENSURATOR

The normalizer of a subgroup is the largest group that normalizes the subgroup. The com-
mensurator is defined analogously in the context of commensurate groups being treated as
the same.

8.3.1 FORMAL DEFINITION

Mimicking the definition of the normalizer we define:
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Definition 8.4. The commensurator of B in A is the group
Commy(B) ={a€ A:[B: BnNaBa'] < oo and [aBa™': BNaBa™ '] < o}

that is, the largest subgroup of A which commensurates B. If the ambient group is clear
from context we will write simply Comm(B).

8.3.2 AN EXAMPLE
Let G = SL,(R) be the ambient group and I' = SL,,(Z) the lattice. The commensurator is

COHlHlSLn(R) (SLn (Z)) - SLn(Q)

the matrices with rational entries.

This can be seen as follows. Let ¢ € SL,(Q). Then for any g € SL,(Z) the matrix ggq~*
will have rational entries with denominators bounded (in terms of the largest denominator
in ¢). The integer matrices will then have finite index in this group (the index in fact will
depend on the denominators in ¢). So for each ¢ € SL,,(Q) the group SL,,(Z) N ¢SL,(Z)q™*
will have finite index in both SL,(Z) and ¢SL,(Z)g'. Clearly taking a matrix with an
irrational entry and conjugating will lead to infinite index and so the largest subgroup of
SL,(R) which can commensurate SL,(Z) is SL,(Q).

8.3.3 FINITE ORBITS

There is a well-known characterization of commensuration in terms of the orbits of the action
on the coset space.

Proposition 8.3.1. Let A < B be a subgroup of a group. Then A is commensurated by B
if and only if the orbits of the A action on B/A are finite.

This is an easy consequence of the definition but nevertheless can be quite useful.

8.3.4 BOUNDED INDEX

The example of SL,,(Z) shows that it can happen that while each conjugate has finite index
in the subgroup there need be no uniform bound on the indices.

Proposition 8.3.2. Let A < B be a commensurated subgroup such that [A : ANbAL '] < K
and [bAb™ : ANDAb™Y] < K for some fivzed K uniformly over b € B. Then A< B.

The proof of this well-known fact is omitted since we will not need it here.

8.4 RELATIVE PROFINITE COMPLETIONS

The main issue arising when passing from normal subgroups to commensurated subgroups
is that the quotient space is no longer a group. For example, if one wishes to show a group
G is just infinite this can be accomplished by letting N be an infinite normal subgroup and
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showing that G/N is a finite group (there are a wealth of techniques for proving groups are
finite). This is in fact the approach taken by Margulis in the Normal Subgroup Theorem
[Mar91]. However, if one wishes to show that all commensurated subgroups are trivial (up
to finite index), as will be the case in the Margulis-Zimmer Conjecture (see Chapter 12: The
Margulis-Zimmer Conjecture), then this approach fails since the quotient is not a group.

8.4.1 MOTIVATION

The relative profinite completion will be the replacement for the quotient group. It is a locally
compact group constructed from a group and a commensurated subgroup that reflects the
structure of the pair that has been studied in the context of group actions and representations
([Sch80], [Tza00], [Tza03]). In particular, a normal subgroup will lead to a discrete relative
profinite completion that agrees with the quotient group.

We will be most interested in proving that certain commensurated subgroups have finite
index in the group commensurating them. The relative profinite completion will be compact
precisely when the commensurated subgroup is finite index.

In general, the relative profinite completion can be thought of as the “totally discon-
nected” version of the quotient space obtained by trying to “impose” a group structure onto
it that behaves like that of a quotient group when the subgroup is normal. The reader is
referred to Shalom and Willis [SW09] for further details and proofs.

8.4.2 FORMAL DEFINITION

Definition 8.5. Let A be a countable group and B < A such that A commensurates B.
Consider the group of symmetries of A/B which we denote by Symm(A/B) and observe
that the left action of A on A/B gives a homomorphism 7 : A — Symm(A/B). Endow
Symm(A/B) with the topology of pointwise convergence and define the relative profinite
completion of B w.r.t A, denoted A//B, to be the closure of 7(A) in Symm(A/B) with
this topology.

The phrase completion is slightly misleading since the kernel of 7 vanishes but when the
kernel of 7 is trivial this is a true completion. In the special case that B is normal then the
kernel is all of B and the relative profinite completion A//B is discrete and isomorphic to

A/B.

8.4.3 THE CoMPACT OPEN SUBGROUP

The closure of 7(B) in the topology of pointwise convergence of symmetries will be compact
since the orbits of the B action on A/B are finite (this is precisely where we need that B
is commensurated by A). It will be open since aB N B = § for each a ¢ B. Hence 7(B)
is a compact totally disconnected group. In fact {r(aBa™') : a € A} will be subbase of
neighborhoods of the identity.

Now 7(B) is a subgroup of countable index in A//B since B is of countable index in A
(as A is countable). Hence A//B is locally compact and totally disconnected:
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Proposition 8.4.1. Let A be a countable group and B < A be commensurated by A. Then
the relative profinite completion A//B is a totally disconnected locally compact group and
the image of A is dense in A//B and the image of B is precompact in A//B.

8.4.4 THE UNIVERSAL PROPERTY

The relative profinite completion has a certain universal property among totally disconnected
groups related to A and B. Specifically, for any H a totally disconnected locally compact
group and K a compact open subgroup of H, define 7y j : H — Symm(H/K) as before (K
is necessarily commensurated by H, see e.g. [SW09]).

Lemma 8.4.2 ([SWO09]). Let H be a totally disconnected locally compact group and K a
compact open subgroup of H, define Ty : H — Symm(H/K) as before (K is necessarily
commensurated by H). Then Ty i is a continuous open map with closed range.

Moreover, H/ /K is isomorphic to H/ker(Ty k) and in fact ker(7y i) is the largest normal
subgroup of H that is contained in K.

A consequence of this is:

Lemma 8.4.3 ([SW09]). Let B < A be any subgroup of a countable group, H a totally
disconnected locally compact group and K a compact open subgroup of H. Let ¢ : A — H be
a homomorphism such that (i) ¢(A) is dense in H; and (i1) o~ (K) = B.

Then B is commensurated by A and A//B is isomorphic to H//K. In particular, if H
is simple then A//B is isomorphic to H.

From this we can deduce the following universal property:

Theorem 8.6 (Shalom-Willis [SW09]). Let B be a commensurated subgroup of a group
A and let H be a totally disconnected group with a compact open subgroup K < H. Let
0 : A— H a homomorphism such that (i) o(A) is dense in H; and (i) ¢ ' (K) = B.

Then there ezists a continuous surjective homomorphism 1 : H — A//B such that
oyp: A— H — A//B is the natural homomorphism.

We also remark that:

Lemma 8.4.4. Let B be a commensurated subgroup of a group A and let 7: A — A//B be
the canonical map. Then 7(A) N 7(B) = 7(B).

Proof. Let K = 7(B) be a compact open subgroup of H = A//B. Observe that 77!(K) = B
by the definition of A//B (see the previous facts). Let L = 7(A) N K. Then

THL) =7 (r(ANK)=7'(r(A)NTH{K)=ANB =08

hence 7(B) = 7(77Y(L)) = L as claimed. O
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8.4.5 AN EXAMPLE

We present an example of the relative profinite completion to aid the reader’s intuition.
Consider the groups
SL,(Z) < SL,(Z[Y/»])

where p is some prime.

Clearly SL,,(Z) is commensurated by SL,,(Z[!/p]) since for any fixed v € SL,,(Z['/»]) there
is some m € N such that for every entry ;; of v we have that p™v,; € Z. Therefore
ySL,(Z)y~*NSL,(Z) has finite index in SL,(Z) and in vSL,(Z)y~! since p and m are fixed.
Of course m — oo as y ranges over SL,(Z[1/p]) and this is not a normal subgroup.

Observe that the natural homomorphism

¢ : SLu(Z['/+]) — SLa(Qy)

has the properties that ¢(SL,(Z[Y/s])) is dense and that p~!(SL,(Z,)) = SL,(Z) where Z, is
the p-adic integers. Hence the above Lemmas apply and we observe that

SLn(Z[/p])/ /Stn(Z) =~ SLn(Qp)/ /Skin(Zp)

by the second Lemma above. Now

SLin(Qp)//Shn(Zp) == PSL,(Qp)

by the first Lemma since the largest normal subgroup of SL,(Q,) is its center. Therefore,
we have derived that

SL,.(Z[Y/»])//SLn(Z) ~ PSL,(Q,)

and so the relative profinite completion is what one would expect (in that the completion of
Z[/p] over Z in any reasonable sense is the p-adic numbers).

8.4.6 CORRESPONDENCE OF PROPERTIES

Lemma 8.4.5. Let A be a countable group and B < A a commensurated subgroup. Then
[B: A] < oo if and only if A//B is compact.

Proof. Assume that [A : B] < co. Then the image of B in A//B has finite index in A//B.
But the image of B is precompact hence A//B is the finite union of compact sets hence is
compact.

Now assume that A//B is compact. Let K be the closure of the image of B which is
compact. Now the images of B and aB are disjoint for a ¢ B so K NaK = () for a ¢ B
(since K is open). Since A//B is compact there can be only finitely many disjoint cosets of
K meaning there are only finitely many disjoint cosets in A/B. O

Lemma 8.4.6. Let A be a countable group and B < A a commensurated subgroup. If A is
finitely generated then A//B is compactly generated.
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Proof. Since B is compact in A//B if we take a finite generating set S for A then the set
U,eg 5B is a compact set which generates A//B. O
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CHAPTER 9

NORMAL SUBGROUPS OF COMMENSURATORS OF
LATTICES

Let G be a topological group that is locally compact, second countable and compactly
generated. We shall refer to such groups as lecsc c.g. from here on. Let I' be a lattice in G
and let A be a subgroup of the commensurator of I such that A is dense in G. That is:

' <A< Commg(I') < G

where G is lcsc c.g., I is discrete and G/I" has finite volume (Haar measure), and A is dense
in G and A commensurates I" (see below).

Our aim is to study the normal subgroups of A in this context. The celebrated Normal
Subgroup Theorem of Margulis [Mar79],[Mar91] establishes the virtual triviality of normal
subgroups of the lattice I' when G is a higher-rank Lie group:

Theorem 9.1 (Margulis). Let I' be an irreducible lattice in a higher-rank semisimple Lie
group. Then T' is just infinite: every normal subgroup of I' is finite or of infinite index.

This has been extended [BS05] to (most) lattices in products of locally compact groups.

9.1 NORMAL SUBGROUPS CONTAIN THE LATTICE

The first result we present is that infinite normal subgroups of the commensurator of a lattice
necessarily contain (up to finite index) the lattice:

Theorem 9.2. Let G be a lcsc c.g. group and let I' < G be a finitely generated integrable
lattice in G. Let A < Comm(T") be a subgroup of the commensurator of I' in G such that A
1s dense in G and I' < A. Assume that

(i) G is not a compact extension of an abelian group

(ii) for every closed normal subgroup M of G which is not cocompact the intersection
M N A is finite.

Then for any infinite normal subgroup N of A the intersection N NI has finite index in T.

Corollary 9.3. Let G be a lcsc c.g. group that is topologically simple and not a compact
extension of an abelian group. Let I' < G be a finitely generated integrable lattice in G. Let
A < Comm(I") be a subgroup of the commensurator such that A is dense in G and contains
I'. Then any infinite normal subgroup of A contains a finite index subgroup of T'.
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9.1.1 THE REDUCTION STEP

The theorem is a consequence of the following:

Theorem 9.4. Let G be a lcsc c.g. group and let I' < G be a finitely generated integrable
lattice in G. Let A < Comm(I") be a subgroup of the commensurator of I' in G such that A
is dense in G and I' < A.

Let N be a normal subgroup of A such that

(i) T' maps onto A/N wvia the coset map A — A/N

(ii) N is cocompact in G

(iii) [N, N] is cocompact in G.

Then A/N is finite.

Proof. (of Theorem 9.2 from Theorem 9.4). To see how the second implies the first, realize
that since N < A this means that N « A = G. From the hypothesis of the first theorem
this means that either N is cocompact in G or else N N A is finite. If N N A is finite then
obviously N is as well (since N < A so N = NNA C NnNA is finite) but the Theorem
requires that N be infinite. So we have that N is cocompact in G.

Since [N, N] is a characteristic normal subgroup of N (the commutator subgroup is always
characteristic) [N, N] < A and so [N, N] <A = G. Then by hypothesis either [N, N] N A is
finite or [N, N] is cocompact in G.

Suppose that [N, N] N A is finite. Then [N, N] C A so [N, N] C [N, N]NA is finite. Let

hy,hy € [N, N]. Then hy = limn, ,, and hy = limna,, for ny,,na., € N and so

131 _ ; -1, -1
hihahy " hy ™ = limny ;uno mny ,Na

1

o € [N, N] which is finite there is a subsequence along which

Since N1 mN2,mMNy,
gl = N,N
N1mN2mMly Mo gy = T € [ ) ]

is constant. Then hyhohy'hy' =n € [N, N] and we conclude that [N, N] = [N, N] is finite.

Now N is cocompact and N is compactly generated since G is compactly generated (and
it is cocompact) so by Lemma 9.1.1 the center Z(N) is finite index in N. Since Z(N) is
a characteristic normal subgroup of N we have Z(N) < G. But Z(N) has finite index in a
cocompact group so is itself cocompact. Hence G is a compact extension of an abelian group
(as the center is abelian) contradicting our hypothesis. So we instead have that [N, N] is
cocompact in G.

Let A" =T-N. Then A’ is a subgroup of (and possibly equal to) A and A’ commensurates
I'. By definition of A’ we have that I maps onto A’/N via the coset map v +— yN. Of course
A is dense in A’
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We apply the second theorem to the groups I' < A’ < N and N = NNA’is normal in A".
This is valid since N and [N, N| are cocompact in G and so N and [N, N| are cocompact in
A

The second theorem implies that A’/N is finite. Then I' - N/N is finite and so I'/T' N N
is finite (group isomorphism theorem). O

We made use of the following general fact about topological groups in the above proof:

Lemma 9.1.1. Let H be a locally compact compactly generated group such that [H, H| is
finite. Then the center Z(H) has finite index in H.

Proof. Let K C H be a compact generating set. For x € K consider the orbit of x under
conjugation by H: h — hxh™!. Since [H, H] is finite we know that hzh~'z~! only takes on
finitely many values and so for each x the orbit {hah™! : h € H} is finite. Therefore there
exists a finite index subgroup H, of H that fixes x: H, = {h € H : hxth™' = z} has finite
index. Note that H, commutes with z.

Now H, is compactly generated since H is (and H, has finite index) so let Q, C H, be
a compact generating set for H,. For ¢ € @, observe that grqg~'x~! = e by construction.
By the continuity of the action of H on itself there is then an open neighborhood U, of x
such that qyg~'y~! = e for all ¢ € Q, and all y € U,. This can be seen as follows: if no such
neighborhood exists then there exists x, — x and ¢, € @ such that q,z,q, 'z # e. Since
GnTnq, 'zt € [H, H| is a finite set there is a subsequence on which ¢,x,q, ', = 2z # e is
constantly equal to z € [H, H|. Take a further subsequence along which ¢, — ¢ € @, since
Q. is compact. Then ¢,z,q; 'z;* — qvq 'x~" and ¢,z,q; 'z, = 2 hence qrqg 'zl =2 # ¢
contradicting that ¢ € H,. Hence there is such a neighborhood Us,.

Therefore for all x € K there is an open neighborhood U, of x such that for all ¢ € @), and
all y € U, we have qyq~—'y~! = e. Since Q, generates H, this means that U, commutes with
H,. Now K C U$€ Uz 1s an open cover of a compact set hence there is a finite subcover:

K C Ui:l U,, for some zy,..., 7, € K. Let

Hy = () H,,
j=1
Then Hy commutes with U,,, ..., U,, hence it commutes with K and therefore H, commutes

with all of H. Now Hj, has finite index in H since it is a finite intersection of finite index
subgroups of H and since it commutes with H we know that Hy C Z(H) which therefore
has finite index. ]

We now turn to proving the second theorem.

Proof. (of Theorem 9.4) By Theorem 9.5 (see below) A/N has property (7). By Theorem
9.10 (below) A/N is amenable. Together these imply that A/N is finite (Proposition B.3.1).
0
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9.1.2 PROPERTY (7))

Theorem 9.5. Let G be a lcsc c.g. group and let I' < G be a finitely generated integrable
lattice in G. Let A < Comm(I") be a subgroup of the commensurator of I' in G such that A
is dense in G and I' < A.

Let N be a normal subgroup of A such that

(i) ' maps onto A/N via the coset map

(ii) N is cocompact in G

(iii) [N, N] is cocompact in G.
Then A/N has property (T).

As with many other proofs of property (T), we make essential use of (first) cohomology
and cocycles. Specifically, the proof follows the pattern of supposing the existence of a
noncoboundary cocycle and deriving a contradiction from there.

Proof. To show that A/N has property (T') we will show that every irreducible representation
of A/N on a Hilbert space has no nontrivial reduced cohomology, that is: H(A/N,7) = 0.
Note that while A may not be finitely generated, since I' maps onto A/N and T is finitely
generated we know that A/N is finitely generated. By Theorem 4.2 of [Sha06] (reproduced as
Theorem 5.17) the vanishing of all reduced cohomology for irreducible representations implies
property (T') (for lesc c.g. and finitely generated groups hence for A/N). Let 7 : A/N — H
be an irreducible representation and suppose that HL(A/N, ) # 0.

The series of Lemmas below complete the proof in stages: first Lemma 9.1.2 shows that
such a representation must be finite-dimensional; second Lemma 9.1.3 shows that such a
finite-dimensional representation must have finite image; and third Lemma 9.1.4 shows that
such a finite-dimensional representation with finite image must in fact be trivial.

We then obtain a contradiction and therefore will have shown that A/N in fact has
property (T') since m was an arbitrary irreducible unitary representation. O

Lemma 9.1.2. Let 7 : A/N — H be an irreducible representation and suppose that there is
nontrivial reduced cohomology: H' (A/N,m) # 0. Then 7 is finite-dimensional.

Proof. Treat 7 as a representation of A with 7(/N) being trivial. By Theorem 10.3 of [Sha00a]
(reproduced as Theorem 9.9) 7 extends continuously to a unitary representation of G since
HY(A,7) # 0 and 7 is irreducible (so there can be no nontrivial invariant subspaces). That
Theorem applies since I' maps onto A/N and so for a A-cocycle b if b|r is almost a coboundary
then so is b.

Note that 7 is irreducible as a A representation (since it is as a A/N representation so as
a A representation where N acts trivially it also must be) and therefore by the density of A,
the extension to G is also irreducible. Since m(N) is trivial, 7(N) will be trivial (the closure
being taken in G). Then since N is cocompact in G the representation 7 on G is in fact an

irreducible representation on G/N which is compact, meaning 7 is finite-dimensional. ]

- 118 —



CHAPTER 9. NORMAL SUBGROUPS OF COMMENSURATORS OF LATTICES

Lemma 9.1.3. Let 7 : A/N — H be a finite-dimensional irreducible representation and
suppose that H' (A/N,m) # 0. Then w(I") is finite.

Proof. Suppose that 7(I") is infinite. Treat 7 as an irreducible A-representation. Since I'
maps onto A/N then 7 is an irreducible I'-representation. Let gy be a finite index subgroup
of I' and suppose that I'gg has almost invariant vectors for w. Take I'y < I'gg to be a finite
index subgroup that is normal in I" (which always exists since I'gy has finite index in I').
Then Iy is a finite index normal subgroup of I' with almost invariant vectors for 7.

As 7 is finite-dimensional there is then an invariant vector for I'y since there is a sequence
of unit vectors u,, such that ||7(yo)u, — u,| — 0 for all 7y in a finite generating set of I'y
and the unit ball is (strongly) compact by finite-dimensionality hence there is a limit point
u of some sequence of the u, which must be an invariant unit vector. Now for v € I' we
can write v = a7, for some a in a finite set A of representatives and some 9 € I'y. Then
m(v)u = w(a)7(y)u = m(a)u. Now since 'y is normal, for all 7y € 'y and a € A we have
that ypa = a7 for some 7, € 'y and therefore 7(yo)m(a)u = 7(a)7w(7))u = w(a)u for all
a € Aand v € I'g so m(a)u is also 'y-invariant.

Let V' be the space of T'g-invariant vectors (which is nontrivial). For v € V and v € T
we see that 7(y)v = 7(a)m(y0)v = 7(a)v for some a € A and we have already shown that
m(a)V C V. Hence V is a ['-invariant subspace. Since 7 is irreducible (for I') then V is the
entire space. But then m(I") = w(A) is finite as claimed.

So instead assume that every I'g of finite index does not have almost invariant vectors
for . Let 8 be a nontrivial m-cocycle that is not a coboundary and consider the associated
affine action of A. By Corollary 9.7, an application of the work of Gelander, Karlsson and
Margulis, the affine action of A extends to a continuous isometric action of G. Now N
is in the kernel of the representation hence N is in the kernel of the G-action. But N is
cocompact so the G-action is the action of a compact group and hence has a fixed point.
Then the A-action has a fixed point v. So w(A)v + B(A\) = v for all A € A. But this means
that § is a coboundary, a contradiction. O

Corollary 9.7 is the key to the above proof and is a direct consequence of the work of
Gelander, Karlsson and Margulis. We stress that we need to already know that 7 is finite-
dimensional to apply their result and that in general (when 7 is infinite-dimensional) one
cannot transition from almost invariant vectors to invariant vectors as we did above. The
following appears as Theorem 8.1 in [GKMO8]:

Theorem 9.6 (Gelander, Karlsson, Margulis). Let G be a locally compact, second countable,
compactly generated group and I' a cocompact lattice in G. Let A < Commg(I") containing
I' and which is dense in G. Let X be a completely uniform convex BNPC metric space.
Assume that A acts by isometries on X such that any subgroup 'y < A commensurable to T’
satisfies that the displacement (see below) dx, — oo where ¥ is a finite generating set of Ty,
and has no parallel orbits. Assume further that the action is C-minimal. Then the A-action
extends uniquely to a continuous isometric G-action.
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In Remark 8.9 of the paper, following the proof of the above Theorem, it is discussed how
to remove the requirement that I' be cocompact and in this case it is only necessary that I'
be p-integrable for some 1 < p < oo (and our theorem will require that I" be 2-integrable).

The displacement mentioned above is defined as dx(x) = max,ex d(oz, z) and the con-
dition required is that ds(z) — oo as * — oo (that is, leaves compact sets).

Corollary 9.7. Let G be a locally compact, second countable, compactly generated group and
[' an integrable lattice in G. Let A < Commg(I") such that I' < A and A is dense in G. Let
m: A — H be an irreducible unitary representation of A on a Hilbert space. Assume that
every finite index subgroup of I' does not admit almost invariant vectors for w. Then any
affine action of A coming from a m-cocycle extends to a continuous isometric G-action.

Proof. If A acts on a Hilbert space via an affine action associated to a unitary representation
then the Hilbert space is a completely uniform convex BNPC metric space where A acts by
isometries. The representation being irreducible will guarantee that the action is C-minimal.
Hilbert space is geodesically complete hence there can be no parallel orbits (as remarked in
[GKMO8]).

Let A - x denote an affine action on H coming from a m-cocycle § : A — H. Then
Az =m(N)x + B(N). Observe that ||[r(N)x —z|| < ||X-z — x| + [|[BN)]]-

Let 'y be commensurable with I". Let >y be a finite generating set for I'y. Suppose that
dy, is uniformly bounded on some unbounded set (d(a,b) = ||a — b|| here). Then there exists
v, € H with |lv,|| = oo such that ||o - v, — v,]| < C for all o € Xy. Write u,, = [|v,|| " v,.
Then u,, are unit vectors and

I7()ttn = tnll = floall~Hl7(@)on = vall < Jloall " C + Jval IB(0)]

Since ¥ is finite there is a finite maximum for ||5(o)||. Hence ||7(0)u, — uy,|| — 0 for all o

in a generating set for I'y. Hence u,, would be a sequence of almost invariant vectors for the
finite index subgroup I' N ['y of I" contradicting our assumption.

Then by the Theorem the A-action extends to a continuous isometric G-action as claimed.

O

Lemma 9.1.4. Let 7 : A/N — H be a finite-dimensional irreducible representation and
suppose that H'(A/N,m) # 0. Supposing w(I") is finite leads to a contradiction.

Proof. Since m(I') is finite, there is some I'y < I' of finite index such that 7(I'y) is trivial
(m(I") being finite means some operator in the range is the image of a finite index subgroup
and therefore the trivial operator is also). Set Ag < A by Ag = I'¢ V. Still we must have that
H'(Ag, ) # 0 since otherwise every cocycle from A would have Ay in its kernel and therefore
be a cocycle from the finite group A/ker and as such would necessarily be a coboundary
(Lemma 5.2.1).

There is therefore a nontrivial cocycle ¢ : Ay — R which is of course a homomorphism
(i.e. a character). Since I'y is a finitely generated integrable lattice in G, by Theorem 9.8
(which is Theorem 0.8 in [Sha00a] combined with the discussion in section 10 of that paper on
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nonuniform lattices which are integrable), ¢|r, extends to a nontrivial character on Gy = Ag
(note that it need not be the case that this extension agrees with ¢ on Ag, just on I'g). Call
this extension ¢ : Gy — R.

Now ¢ vanishes on [N, N] hence it vanishes on [N, N] (the closure being taken in Gy).
But [V, N] is cocompact in Gy (since its closure in G is cocompact in G) hence 1 is a

character on the compact group Go/[Go, Go]. Now any character on a compact group is
trivial (Lemma 5.2.2) but this contradicts that v is a nontrivial character. O]

EXTENDING AFFINE ACTIONS AND CHARACTERS

The following result from Shalom’s work [Sha0Oa] (discussed in more detail in [ShaOOb])
appears as Theorem 0.8 in [Sha0Oa] with a discussion in section 10.4 of that paper indicating
how integrability is in fact enough (and cocompactness is not strictly necessary):

Theorem 9.8 (Shalom). Let I' < A < Commg(I') < G where G is locally compact, second
countable, compactly generated and T" is a finitely generated integrable lattice and A is dense
in G. Let ¢ : A — C be an additive homomorphism. Then p|r extends continuously to G.

The following appears as Theorem 10.3 in [Sha0Oa] (combined with the remarks in section
10.4 on nonuniform lattices):

Theorem 9.9 (Shalom). Let I' < A < Commg(A) < G such that A is dense in G (and
G s locally compact, second countable, compactly generated) and T is a finitely generated
integrable lattice in G. Let (m,H) be a unitary A-representation and b € Z'(A, ) a cocycle.
If blr is not almost a coboundary then there exists a nonzero A-invariant subspace on which
the linear A-action extends continuously to a unitary representation of G.

9.1.3 AMENABILITY

Theorem 9.10. Let G be a locally compact, second countable group and let ' < G be a
lattice in G. Let A < Comm(I") be a subgroup of the commensurator of I' in G such that A
is dense in G and I' < A.

Let N be a normal subgroup of A such that N is cocompact in G and such that T maps
onto A/N wvia the coset map. Then A/N is amenable.

The main ingredient in the amenability proof is the SAT Factor Theorem (Theorem 3.9)
along the lines of Margulis’ original Factor Theorem used in the amenability half of the
Normal Subgroup Theorem and along the lines of the Factor Theorem in [BS05] used for the
Normal Subgroup Theorem for lattices in products.

Proof. (of Theorem 9.10 from Theorem 3.9) To show that A/N is amenable it is enough
to show that for any compact metric space where A/N acts continuously that there is a
A/N invariant probability measure. Let Z be a compact metric space that A/N acts on
continuously. Then A acts on Z with the action of N being trivial.
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Let o be an admissible probability measure on G (admissible meaning the support is
a generating set and some convolution power is nonsingular w.r.t. Haar measure) and let
(X, v) be the Poisson Boundary of (G, ). By Lemma 3.5.1 the action of I' on (X, v) is SAT.

The action of G on (X, v) is amenable (see Zimmer [Zim84] for the definition of amenable
action and a proof of this fact) and therefore the action of I" on (X, v) is also amenable (I'
being closed in G). There is then a I'-equivariant map ¢ : X — P(Z). Let Y = P(Z) and
n =@ € P(Y)sothat ¢ : (X,v) — (Y,n) is a -map.

By hypothesis I' maps onto A/N via the coset map v +— N so for any A € A there is
some vy € I' such that YN = AN. This means that for any A € A there exists v € I' and
ni,ng € N such that yn; = Any. Now

A = Angn = ymn =y

since 7 is N-invariant (as IV acts trivially on Z). Therefore the A-action on (Y, 7) is quasi-
invariant so (Y,n) is in fact a A-space.

Then by the Factor Theorem ¢ extends to being a G-map to a measurably A-isomorphic
G-space (Y, 7). Since N acts trivially on Z the same is true on Y = P(Z) and therefore N
acts trivially on Y. Moreover 7 is invariant under N and therefore 1’ is N-invariant.

Let Q = G/N. Then Q is a compact group by hypothesis. Since 1’ is quasi-invariant
under G it also is under Q. Let " = | 0 gqn'dq be the average of the translates of 7’ under
the normalized Haar measure on ). Then 7" is Q-invariant hence G-invariant and in the
same measure class as 1. Let 1’ be the isomorphic image of ” on Y. So " is a A-invariant
probability measure on Y = P(Z). Take p to be the barycenter of n: for f € C(Z)

o(f) = /P L Do

Then p € P(Z) is A-invariant since

)\ — )\ d 12 — d)\ /1! —
) /P(Z) ¢ dn"(C) /P(Z)c 1"(C) = p

since """ is A-invariant. Hence p is a A /N-invariant probability measure on Z which completes
the proof.
0

9.1.4 THE CONDITIONS ARE NECESSARY

Our main theorem imposes two conditions on the group G. We present examples of groups
where the conclusion does not hold showing that these conditions are in fact necessary for
such a statement.

Obviously if A is not assumed dense in G then our requirements on G must instead be
applied to the closure of A so that condition is necessary for the statement of the Theorem
to make sense.
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9.1.5 CoMmpPACT EXTENSIONS OF ABELIAN GROUPS

First let us look at the case when G =R and I' = Z. Let A = Z[x/ﬁ] Since 1,v/2 generate
the reals, A is dense in R. For a + bv/2 € A we have that

(a+bV2)+Z+ (—a—bV2)=2Z

so A commensurates I' (already we can see how abelian groups pose a problem). Let N =
v/2Z. Then N is an infinite normal subgroup of A (since it is a subgroup and the ambient
group is abelian) but N NT = /2Z N Z = 0 does not have finite index in T,

One can see that the above generalizes to any abelian group G and lattice I" (since the
commensurator Commeg(I') = G). Specifically, to see that it is not enough to merely assume
(G is nonabelian, consider the groups

I'=2Z"<A=S0(nQ) x (QVv2)" <G =S0(nR)xR"

Since SO(n) is an algebraic group, A is dense in G (the Q-points of an algebraic group are
always dense in the R-points). Moreover, Qv/2 commensurates Z" as does SO(n,Q) (both
since Q commensurates Z) and G/I" is compact (since SO(n,R) is compact and R"/Z" is
compact) and I" is obviously discrete in G hence T is a lattice. Therefore the groups satisfy
the basic setup of our Theorem.

However, the group N = 1/2 Q" is an infinite normal subgroup of A (since it sits in the
abelian part and for g € SO(n, Q) we see that gv2(q1, -+ ,¢n) = V2 9(q1, - ,qn) € V2 Q"
since SO(n, Q) acts on Q") but N NT is the trivial group so the conclusion of our Theorem
does not hold. Since SO(n,R) is compact, G is a compact extension of an abelian group.
It is easy to see that the only nontrivial normal subgroup of G is R" (since SO(n,R) acts
transitively on R™ and is simple) and therefore the only closed normal subgroup of G which
is not cocompact is the trivial group which obviously has finite intersection with A so the
second condition of our Theorem is satisfied. This shows that the requirement that G not
be a compact extension of an abelian group is in fact necessary.

9.1.6 NONCOCOMPACT NORMAL SUBGROUPS

Let G be a lesc c.g. group, I' a lattice in G and A < Comm(I") a subgroup of the commensu-
rator of I" which is dense in G. Suppose there exists M < G not cocompact such that M N A
is infinite. Then N = M N A is an infinite normal subgroup of A but M N T cannot have
finite index in I" since M is not cocompact.

Concretely, let G = SL,(R) x R® and I"' = SL,(Z) x Z*. Then the commensurator
A = SL,(Q) x Q™ is obviously dense and there is a normal subgroup M = R™ of G which
is not cocompact. Then N = Q" is a normal subgroup of A and N NI' = Z" is a normal
subgroup of I' of infinite index.

Clearly G is not a compact extension of an abelian group since SL,,(R) has no cocompact
abelian subgroup. Therefore the requirement on non-cocompact closed normal subgroups is
also necessary.
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9.1.7 ON THE INTEGRABILITY CONDITION

As one can see, the requirement that the lattice be integrable is only necessary to make use
of auxiliary results as part of the property (T") half of the proof. In the papers those results
appear in, it is shown that in fact one can replace the need for integrability by the so-called
weak cocompactmess of I in G. We say that a lattice I is weakly cocompact in G when the
trivial representation is not weakly contained in L3(G/T) (i.e. does not almost have invariant
vectors). The interested reader should consult [GKMO08] and [Sha00b| for more information
about this notion that was originally due to Margulis [Mar91].

9.2 THE NORMAL SUBGROUP THEOREM

We now develop a true normal subgroup theorem for (dense) commensurating groups.

Corollary 9.11. Let G be a lcsc c.g. group and let I' < G be a finitely generated integrable
lattice in G. Let A < Comm(I") be a subgroup of the commensurator of I' in G such that A
15 dense in G and I' < A.

Assume that G is not a compact extension of an abelian group. Assume that for every
closed normal subgroup M of G which is not cocompact the intersection M N A is finite.

Then there is a one-to-one, onto correspondence between commensurability classes of
infinite normal subgroups of A and commensurability classes of open normal subgroups of
the relative profinite completion A//T.

By commensurability class we mean that two normal subgroups are in the same class when
their intersection has finite index in both (they are commensurate directly, no need for
conjugation). Note that in particular the finite index normal subgroups of A correspond to
the finite index open normal subgroups of A//T.

Proof. Let H = A//T'. For this proof, the topology involved in closures is the topology of H
and not G. Let 7 : A — H be the canonical map (7 = 7o r) and let A’ = 7(A) and I' = 7(I")
be the images of A and I' in H, respectively.

Let N < A be an infinite normal subgroup. By Theorem 9.2, 'y = N NI has finite index
in I". Therefore 7(Ty) has finite index in I” (the closures are taken in H).

Since I is a compact open subgroup so is 7(I'y) (since it has finite index). Hence 7(N)
contains an open subgroup and so is itself open (H being totally disconnected).

Since N < A we have 7(N) « A’ = H. Therefore 7(N) is an open normal subgroup of
H. This shows that for any infinite normal subgroup N of A there is a corresponding open
normal subgroup 7(N) of H.

We now show that this mapping is injective up to finite index. Let N < A and write
A =7(A)and N' = 7(N) and I = 7(T). Set Ag = A'N N".

Since N’ is dense in N’ and I" is open, N’ C I"N'.

Let A € Ag. Then A\ = zn for some # € I" and some n € N’. So An~' € A’ (since
N’ C A') but also A\n~! =z € T".

— 124 —



CHAPTER 9. NORMAL SUBGROUPS OF COMMENSURATORS OF LATTICES

Now A’ N T’ = I (from the definition of relative profinite completion, Lemma 8.4.4).
Hence An~!' € IV and therefore A € IVN’. So Ay C I"N’. Therefore

Ag: N]<[I'N'":N=[T":T"NnN]<T:TNN] <

Now let N7 and Ns both be infinite normal subgroups of A such that 7(Ny) = 7(NV2) (i.e. that
map to the same open normal subgroup of H). Then 7(N;) has finite index in Ag = 7(A) N

7(N7) and 7(N3) also has finite index in Ay. Therefore
[AO : T(Nl N Ng)] = [AO : T(Nl) N T(NQ)] S [AO : T(Nl)][AO : T(NQ)] < 00

and also
[AO : T(Nl N NQ)] == [AO : T(Nl)][T(Nl) . T(Nl N NQ)]

and so 7(N1 N Ny) has finite index in 7(Vy).
Now write N = N; N Ny and L = ker(7) N N and L; = ker(r) N N;. Then 7(N) is
isomorphic to N/L and [7(Ny) : 7(N)] < co. We also see that

T(N1) = Ni/Ly = (N1/L)/(L1/L)
by the Isomorphism Theorems. Now
[Ly : L] = [ker(7) N Ny : ker(7) N Ny NNy < [I': TN Ny
since ker(7) C I'. By the Third Isomorphism Theorem
[N1 : N] = [Ny/L:N/L] < [t(Ny) : 7(N)][T": TN Ny) < o0

since [I' : T' N N3] < oo by the Theorem. Hence the correspondence is injective up to finite
index in the sense that two normal subgroups which map to the same open normal subgroup
are the same up to finite index.

Finally, for any open normal subgroup M of H set N = 7 }(M N 7(A)). Then N =
77 Y(M). Now for A € A

TANAY) = 7N 7(N) TN =7\ (M N 7(A)7(N) ' = M N7(A)

since M is normal. Hence ANA™') C 771(M) = N. Thus N < A. Moreover

T(NY=r(r (M) =Mnr(A) = M

since A is dense and M is closed, hence the mapping M +~ 771(M) inverts the previous
mapping. Thus the correspondence is surjective. [
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CHAPTER 10

NORMAL SUBGROUP THEOREM EXAMPLES

We present several corollaries of our Normal Subgroup Theorem by considering certain classes
of locally compact groups. In effect we develop Normal Subgroup Theorems for commensura-
tors of lattices in (topologically) simple groups; a strengthening of the the work of Bader and
Shalom [BS05]; and some additional examples of classes of groups where our result applies.

10.1 Just INFINITE GROUPS

Our results in this chapter will be phrased in terms of just infinite and just noncompact
groups. Recall the following definitions:

Definition 10.1. A discrete group A is just infinite when every normal subgroup N < A
is either finite or has finite index in A (in symbols: |[N| < co or [A : N] < 00).

Definition 10.2. A locally compact group G is just noncompact when every nontrivial
closed normal subgroup N < G is cocompact or compact.

10.2 COMMENSURATORS IN SIMPLE GROUPS

The first class of locally compact groups we specialize to are the topologically simple groups
(those with no nontrivial closed normal subgroups).

Corollary 10.3. Let G be a lcsc c.g. group that is not a compact extension of an abelian
group and that is simple as a topological group. Let I' < G be a finitely generated integrable
lattice and A < Comm(I") be a subgroup of the commensurator of ' such that A is dense
in G and T' < A. Suppose further that A//T has no infinite index noncompact open normal
subgroups. Then A is just infinite.

A key example is the group A = PSLy(Z[/p]) for some prime p. Take I' = PSLy(Z) and
G = PSL3(R) so that I is a lattice in G and A commensurates I" and is dense in G. Since G
is a simple topological group (and clearly not a compact extension of an abelian group) the
hypotheses of the Theorem are satisfied.

We saw previously that A//I' = PSLy(Q,) which is also simple and therefore the hy-
potheses of the Corollary are satisfied. We then conclude that PSLy(Z[!/p]) is just infinite.

10.3 IRREDUCIBLE LATTICES IN PRODUCTS

We now prove a version of the Normal Subgroup Theorem for lattices in products due to
Bader and Shalom [BS05]. This is the most straightforward example of the fact that often
lattices are themselves commensurators of other lattices. The first statement we prove is
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a restricted form of Bader-Shalom’s result (that applies only in the case when one of the
groups is totally disconnected):

Corollary 10.4 (Bader-Shalom). Let A < G x H be a finitely generated irreducible integrable
lattice in a product of lcsc c.qg. groups such that H s totally disconnected. If G is nondiscrete
and not a compact extension of an abelian group and G is just noncompact and H has no
infinite index noncompact open normal subgroups then A is just infinite.

Proof. Set I' = AN G x K where K is a compact open subgroup of H. Then proj, I' is
dense in K (the projection of A to H is dense since the lattice is irreducible).

In general, if L is a lattice in a locally compact second countable group M and U is an
open subgroup of M then L NU is a lattice in U. Applying this to A we find that I" is a
lattice in G x K since K is open.

Since A is integrable we see that I' is also (take the fundamental domain for A and
generating set and intersect them accordingly). Likewise the finite generation of A implies
that of T'.

Since K is compact the projection of I' to GG is a lattice in G: that I" has finite covolume
in G x K implies that it does projected to Gj if the projection were not discrete then there
would exist 7,7 € I' such that proj -, — proj v and if we let W be a compact neighborhood
of proj v then {proj v, : n € N} CW so {7, : n € N} CW x K which is compact hence =,
has a convergent subsequence contradicting the discreteness in G x K.

Since K is commensurated by H, being a compact open subgroup, we have that I is
commensurated by A. Of course the projection of A to G is dense and therefore proj, I' <
proj. A < G satisfy the setup of our main theorem.

Since G is just noncompact there are no noncocompact closed normal subgroups. Also
H has no infinite index noncompact open normal subgroups.

Now A//T" = H/ ker(ty k) since proj : A — H is a homomorphism such that proj(A) = H
and proj ' (K) = ANG x K =T hence Theorem 8.6 implies A//T" is isomorphic to H//K
which in turn is isomorphic to H/ ker(7y ). But ker(ry k) < H is compact (since kery g is
contained in K which is compact) hence A//T is isomorphic to H modulo a compact normal
subgroup. Since H has no infinite index noncompact open normal subgroups neither does
this quotient. Then proj, A is just infinite since there are no infinite index open normal
subgroups of this quotient.

Let N < A be infinite. Consider the map p : A — projs A given by p(\) = proj; A. Then
ker(p) = AN {e} x H and ker(p) < A. Since A is discrete in G x H we know that ker(p) is
discrete in G x H. Hence ker(p) is discrete in H. As H is just noncompact and ker(p) is
closed, either ker(p) is finite or cocompact.

If ker(p) is cocompact then A/ker(p) is an irreducible lattice in G x (H/ker(p)) and
projects discretely to G since H/ ker(p) is compact but also projects densely since the lattice
is irreducible meaning that G itself is discrete contradicting our hypothesis.

On the other hand, if ker(p) is finite then [A : N] < [proj; A : projs N]|ker(p)|. Now
[projz A : proj; N] = oo would imply that proj, N is finite since proj, N < projs A and
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proj A is just infinite. But proj, N being finite and ker(p) being finite together imply that
N is finite. So we conclude that [A : N] < oco.

Therefore we conclude that A is just infinite since every infinite normal subgroup is of
finite index. O

While the above statement does not apply to all products of groups, our methods allow us
to strengthen the restricted form of their Theorem to include the converse statement:

Corollary 10.5. Let A < G x H be a finitely generated irreducible integrable lattice where G
and H are lcsc c.g. groups, G is nondiscrete and not a compact extension of an abelian group
and H s totally disconnected. Then A is just infinite if and only if G is just noncompact
and H has no infinite index noncompact open normal subgroups.

Proof. By Corollary 10.4 we know that A is just infinite when G is just noncompact and H
has no nontrivial noncompact open normal subgroups.

Suppose G has a noncompact closed normal subgroup M. Then M x H is a closed normal
subgroup of G x H which is not cocompact. Set N = AN M x H. Then N is an infinite
normal subgroup of A (if it were finite then M would be compact since A projects densely
to G) but cannot have finite index since M x H is not cocompact. Hence if G is not just
noncompact then A cannot be just infinite.

Now suppose that H has an infinite index noncompact open normal subgroup M. Let
" be the lattice in constructed in the previous Corollary (10.4) which has the property that
A//T = H/ker(ty k). Now ker(7y k) € K (Lemma 8.4.2) so ker(7y k) is compact. Let M’
be the image of M in H/ker(7y k), a closed normal subgroup. If M’ were finite index then
(H/ker(th x))/(M/M Nker(ry i)) is finite and so H/M would be finite and then M is finite
index. If M’ were compact then M would be compact since ker(ry x) is compact. Then
by the one-to-one correspondence of open normal subgroups of H/ker(7y i) with infinite
normal subgroups of A (Corollary 9.11) M’ must correspond to an infinite normal subgroup
N of A which is of infinite index. ]

10.4 FURTHER EXAMPLES

We now state various results on lattices in specific lcsc c.g. groups showing that they are
integrable and have dense commensurators. Our purpose here is to demonstrate that our
Theorem applies to a wide variety of known examples and implies new facts about (most of)
them.

The class of groups where all lattices are known to be integrable includes all simple and
semisimple Lie groups [Lub95], [Sha00b] and Kac-Moody groups [Sha0OOb]. Of course, co-
compact lattices (and in fact weakly cocompact lattices, see below) are integrable regardless
of ambient group.

Groups where lattices are known to have dense commensurators include simple and
semisimple (higher-rank) Lie (and p-adic Lie) groups [Mar91], automorphism groups of trees
[Liu94], [Lub95], [BL0O1], and Kac-Moody groups and buildings lattices [CR09].
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These mean our Theorem applies to cocompact (and sometimes nonuniform) lattices in
the above groups. When a group of one of the types listed above is known to be simple and
not a compact extension of an abelian group (easy conditions to verify) then we immediately
obtain the one-to-one correspondence describing normal subgroups of the commensurator
(and every dense subgroup of it).
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COMMENSURATORS OF TREE LATTICES

As we have indicated, the theory of lattices in Lie groups is fairly complete. More recently,
the study of lattices in automorphism groups of trees, being the natural totally disconnected
counterpart of Lie groups, has focused on extending the results for Lie groups to tree au-
tomorphisms. The reader is referred to the works of Bass, Burger, Farb, Lubotzky, Mozes,
Zimmer and many others; we refer in particular [BLO1], [BM00] and [Mo0z98] for more infor-
mation.

We outline the basic theory of tree lattices and use our Normal Subgroup Theorem
to make some progress on a question about commensurators of tree lattices: namely for
a uniform lattice in the automorphism group of regular tree the commensurator is just
infinite if and only if the corresponding relative profinite completion is has no infinite index
noncompact open normal subgroups.

11.1 TREE AUTOMORPHISMS

Let T be a locally finite tree: that is, T is a graph containing no cycles and such that each
vertex has only finitely many edges connected to it. The automorphism group of the tree
is denoted by Aut(7") and is the collection of all maps T" — T taking vertices to vertices
preserving the edges: if v; and vy share an edge then so do their images. The requirement
that 7" be locally finite is necessary to ensure that Aut(7) is a locally compact group.

11.2 TREE LATTICES

The term tree lattice is used to refer to a lattice in the automorphism group of a tree.
The reader is referred to Bass and Lubotzky [BLO01] for a thorough study and survey of tree
lattices.

Definition 11.1. For a closed subgroup H < Aut(7') define the vertex stabilizer sub-
group in H of a vertex x € T' by

H,={he€H:hx=uz}

Proposition 11.2.1. A subgroup H < Aut(T) is discrete precisely when H, is finite for
some verter x € T' (equivalently for every vertex in T ).

Proposition 11.2.2. A discrete subgroup I' < Aut(T") will have a finite volume fundamental
domain, that is be a lattice, if and only if

d T <o

zel'\T
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The reader is referred to [FMTO07] for details and a proof of this fact.

Proposition 11.2.3. A lattice will be uniform (cocompact) when I'\T is a finite graph.

11.3 A QUESTION ABOUT COMMENSURATORS

Our theorem makes progress in particular on a question of Lubotzky, Mozes and Zimmer
regarding simplicity of commensurators of lattices in tree automorphism groups [LMZ94]
(see also [FMTO07] and [FHTO8]).

Question 11.2 (Lubotzky-Mozes-Zimmer). When is the commensurator of a uniform lattice
in a tree automorphism group simple?

11.4 COMMENSURATORS OF TREE LATTICES

Let Comm(I") be the commensurator of I' in G = Aut(7"). Provided G is simple, our main
theorem implies that the infinite normal subgroups of Comm(T") are in one-one correspon-
dence with the noncompact closed normal subgroups of Comm(I")//T":

Theorem 11.3. Let T" be a lattice in Aut(T') where T is a locally finite tree. Assume that
Aut(T) is simple and Comm(I') is dense. Then Comm(I") is just infinite if and only if
Comm(T")//T" has no infinite index noncompact open normal subgroups.

11.5 UNIFORM REGULAR TREE LATTICES

The tree T is called regular (or k-regular) when every vertex has the same number of edges
k. There is of course only one such tree for each k. Tits [Tit70] has shown that the
automorphism group of a regular tree is virtually simple (there is a finite index simple closed
subgroup). Liu has shown that commensurators of uniform lattices in tree automorphism
groups are dense [Liu94] and therefore we have the following contribution to the question of
Lubotzky, Mozes and Zimmer:

Theorem 11.4. Let I be a uniform lattice in the automorphism group of a reqular tree.
Then Comm(T) is just infinite if and only if Comm(I")//T" has no infinite index noncompact
open normal subgroups. Moreover, any infinite normal subgroup of Comm(I") contains (up
to finite index) T'.
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CHAPTER 12

THE MARGULIS-ZIMMER CONJECTURE

We conclude the dissertation with the statement of a conjecture of Margulis and Zimmer
dating to the late 1970s and our progress on this conjecture (half of the conjecture is proven
here—to be precise: the property (7T') half). This conjecture is the natural extension of the
Margulis Normal Subgroup Theorem for lattices to the true “up to finite index” point of
view the theory is based on.

12.1 THE FRAMEWORK FOR THE CONJECTURE

Before we can state the conjecture we need to establish the exact nature of the objects being
studied. Specifically, the arithmeticity and normal subgroup theorems for lattices in Lie
groups are necessary to even formulate the statement. The reader unfamiliar with algebraic
groups, arithmetic lattices or Margulis’ Arithmeticity Theorem should consult Appendix
C: Algebraic Groups for definitions and statements.

12.1.1 OBJECTS OF STUDY

Let Gq,...,G; be connected simple algebraic groups which are defined over local fields
ki,..., ke all of characteristic zero. Write G = Gy (k1) X - -+ x Gy(ky). We shall require that
the rank of G be at least two, meaning that either the k;-rank of G; is at least two for some
j or that £ > 2 (the definition of the rank can be found in Appendix C: Algebraic Groups,
Definition C.14) and that G be compactly generated.

Let I" < G be a finitely generated strongly irreducible lattice in G (that is, the projection
of I to any proper subproduct of the G;(k;) is dense). Let A < I' be a commensurated
subgroup of T'.

12.1.2 ARITHMETICITY

By Margulis” Arithmeticity Theorem (Theorem C.21), since G is higher-rank I is necessarily
S-arithmetic and so we may work entirely in the framework of S-arithmetic groups. To
this end, let K be a global field and let V' be the set of inequivalent valuations on K. Let
Vo C V denote the archimedean valuations. Let V,, € S C V and denote by Og the ring
of S-integers in K (and let O be the ring of integers in K). According to the Arithmeticity
Theorem I' is commensurable with the image of G(Og) under an isogeny from [[, ¢ G(K,)
to G (here K, denotes the completion of K under the valuation v) where G is an absolutely
simple, simply connected algebraic group defined over K.
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12.2 STANDARD COMMENSURATED SUBGROUPS

The Normal Subgroup Theorem for lattices tells us that lattices in higher-rank Lie groups
have no nontrivial normal subgroups. When interested in studying the commensurated
subgroups of a lattice in a Lie group, however, there are obvious examples of nontrivial
commensurated subgroups:

Definition 12.1. Let ' be an S-arithmetic group for some set of valuations V,, C S CV
as above (I' is commensurable with G(Og)). Let Voo € 5" C S. Any subgroup A < I' which
is commensurable with G(Og/) is called a standard commensurated subgroup of I

The fact that standard commensurated subgroups are in fact commensurated is obvious.
For example, SLy(Z[1/p]) commensurates SLy(Z) and sits as a lattice in SLy(R) x SL2(Q,)
and it is clear that SLy(Z) corresponds to S" = {0} € S = {p,00}. More generally,
G(Og) < G(Og) is commensurated for the same reason: Og adds only a finite number of
additional valuations to Og:.

12.3 THE CONJECTURE

Margulis and Zimmer formulated the following conjecture, the extension of the arithmeticity
theorem to the commensurated setting which is the natural setting (up to finite index) for
this type of result:

Conjecture. Let I' be a strongly irreducible lattice in a higher-rank simple algebraic group.
Then any infinite commensurated subgroup of I' is a standard commensurated subgroup.

By the Margulis Arithmeticity Theorem this statement is equivalent to:

Conjecture. Let K be a global field, O the ring of integers, and G an absolutely simple,
simply connected algebraic group defined over K. Let V be the set of inequivalent valuations
on K and Voo C V' the archimedean valuations. For Vo, C S C V let Og be the ring of
S-integers and let T be a finite index subgroup of G(QOg). Assume that the S-rank of G is
at least two. Let A < T' be an infinite commensurated subgroup of I'. Then A is a standard
commensurated subgroup of I
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CHAPTER 13

THE PROPERTY (7') “HALF”

The Margulis-Zimmer conjecture extends the Normal Subgroup Theorem to commensurated
subgroups. We make some progress on this conjecture here, specifically we prove “half” of
the conjecture in the sense that we formulate the correct target group that “ought” to be
finite and show that it does indeed have property (7'). The amenability “half”, still unsolved,
would then complete the conjecture.

13.1 STATEMENT OF THE THEOREM

Our main goal for the rest of this chapter is to prove:

Theorem 13.1. Let K be a global field, O the ring of integers, and G an absolutely simple,
simply connected algebraic group defined over K. Let'V be the set of inequivalent valuations
on K and Vo, C V the archimedean valuations. Let Voo C S C V and Og be the ring of
S-integers.

Let T be a finite index subgroup of G(Os) and assume that the S-rank of G is at least
two. Let A < T be a commensurated subgroup of I'.

Define Vo, € S" C S to be the smallest subset of S such that a finite index subgroup of A
sits inside G(Og). Let Ao be this finite index subgroup and let 'y = I'NG(Og ) (a standard
commensurated subgroup).

Then exactly one of the following holds:

e I'y//Ao has property (T')
e the S’-rank of G is one
A concrete example may be useful at this point:

Corollary 13.2. Let G = SLy(R) x SLy(Q,) (for some prime p) and consider SLa(Z[/p])
(which is a lattice in G when embedded diagonally). Let A < SLo(Z[Y/p]) be an infinite
commensurated subgroup of SLa(Z[/p]). Then one of the following happens:

e SLo(Z[Y/p])//A has property (T)

o A is (up to finite index) a subgroup of SLa(Z).

13.2 PROOF OF THE THEOREM

Let G be an algebraic group defined over a global field K and let V' be the set of inequivalent
valuations on K with V., the archimedean valuations. Let O be the ring of integers in K.
Let Vo, €S CV and write Og for the ring of S-integers in K.
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Let I' = G(Og) which, as remarked above, is, up to finite index, the most general form
of an irreducible lattice in [] ¢ G(kK,).

Let A < T be an infinite commensurated subgroup of I'. Note that since I' is finitely
generated, the relative profinite completions formed below are all compactly generated.

13.2.1 THE REDUCTION STEP

We begin with a reduction step. The reason for this is that it can happen that the projection
of A to some G; is bounded. In such a situation, A will have a finite index subgroup which
is still commensurated by I' but projects trivially to that G, which is to say that this finite
index subgroup lies entirely in the product of the other G’s. Specifically, we choose the
minimal subset S’ C S such that A is commensurate with a subgroup of [], .o G(K,).

Now consider G’ = [], .o G(K,) and I = G(Og ). Write A’ for the finite index subgroup
of A which is contained in I'. Clearly A’ is commensurated by I'" (a consequence of how S’
was chosen).

If S’ is empty then A is finite but our hypothesis is that A is infinite. In the case that
S’ contains only one element v there are two possibilities. Either the sole factor G(K,) has
property (T) or it does not. In case it has property (7') we have that I' = G(Oy,}) also has
property (T') (Kazhdan’s Theorem). For the moment, assume the following is true:

Proposition 13.2.1. Let T be a finitely generated group and A < T' a commensurated
subgroup. If T has property (T) then T'//A has property (T).

So we are left with the case that G(Oy,) does not have (T'). This in turn means that A’
is a commensurated subgroup of the rank one group G(Oy,) which was referred to as the
second possibility in the statement of the Theorem.

The remaining case is when S’ contains at least two valuations. In this case A’ < TV < G’
satisfy the conditions of our theorem in their own right (the rank of G’ is at least two since S’
has at least two elements). In addition, A’ is not commensurate with a subgroup of G(Og)
for any S” C 5.

Assume for the moment that the following holds:

Proposition 13.2.2. Let A < ' be a commensurated subgroup of a strongly irreducible
lattice T in a product of simple algebraic groups. Assume that there are at least two factors
in the product and A\ is not commensurate with the ring of S'-integers for any S" C S. Then
L'//A has property (T).

Applying this to A’ < I we obtain that I'//A’ has property (7). Now I is a standard
commensurated subgroup of I' and A’ has finite index in A so we have shown that we are in
the second case of the Theorem.

13.2.2 THE REDUCED COHOMOLOGY ARGUMENT

Proof. (of Propositions 13.2.1 and 13.2.2) Write H = I'//A for the relative profinite com-
pletion of A with respect to I'. Suppose that H does not have property (1) (if it does then
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we are done since I'//A then has (7). Then, by Shalom’s Theorem (Theorem 5.17), there
is an irreducible unitary representation m of H on a Hilbert space such that the reduced
cohomology of  is nontrivial: HY(H, ) # 0.

Since H is a totally disconnected group and I' is dense in H, by Theorem 7.2, the
restriction map H(H,7) — HL(T, n|p) is injective. Therefore H(T, 7|p) # 0.

Proposition 13.2.1 follows immediately as this would contradict that I has (7).

Continuing now in the context of Proposition 13.2.2, I sits as an irreducible lattice in a
product of at least two groups and 7| is an irreducible representation of I' (since I' is dense
in H, if 7|pr had a proper invariant subspace then so would 7).

By Corollary 5.19 there is then a unitary representation o of one of the factors G; such
that H\(T, 7|r) = H'(G;, o) and such that o|r = 7r.

Since |p is irreducible so is o (since the projection of I' is dense in G;). Suppose there
is a fixed point for G; under o. Then o is trivial since it is irreducible and so any o-cocycle
is a homomorphism from G; to H and therefore its inner product with a fixed vector is a
character (homomorphism into R or C). But G} is a simple algebraic group and any character
must vanish on [G}, G| < G; hence either G, is abelian or there are no characters. Of course
simple abelian groups are finite (every element generates the group so for an element z
we can write = n(2x) for some n and then x has finite order so the whole group does)
so that possibility is ruled out and we conclude that in fact every o-cocycle is zero. But
HY(G;,0) # 0 contradicts this. Hence there are no fixed points for G;.

Since A is precompact in H there is a fixed point for A under w. Hence there is a fixed
point for the projection of A to G;. Then by the Howe-Moore Theorem (Theorem 5.4) it
must be the case that the projection of A is bounded (the matrix coefficients tend to zero
as g leaves compact sets since there are no G fixed points but there is a fixed point for A
which obviously has constant matrix coefficient).

By Proposition 13.2.3 (below) the projection of A to any archimedean valuation compo-
nent cannot be bounded. Therefore the factor it projects boundedly to is totally disconnected
(corresponds to a non-archimedean valuation v € 5).

Now a bounded subgroup of a totally disconnected group is necessarily contained in a
compact open subgroup of the totally disconnected group. Since the compact open subgroups
all have finite index in one another this means that A has a finite index subgroup contained
in the closure of G(Og\(y}). But this means that A is commensurate with a subgroup of
G(Ogs\{v}) which contradicts the hypothesis of the theorem (which amounts to the fact that
we have already performed the reduction step).

This contradiction allows us to conclude that I'//A has (T). O

Proposition 13.2.3. Let A < I' = G(Os) be a commensurated subgroup of a lattice in
[I,cs G(K,). The projection of A to G(K,) is unbounded for every archimedean v (that is,
forve Vy).

Proof. Suppose the projection of A to G(K,) is bounded. Then K = proj A is a compact
subgroup of G(K,). By Proposition 13.2.4, the projection of A to G(K,) is Zariski dense
hence K is Zariski dense in G(K,). But since v is archimedean this means that K = G(K,)
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(see e.g. Milne [Mill1l] Proposition IV.3.4) and so G(K,) is compact contradicting that we
have already performed the reduction step. O

Proposition 13.2.4. Let A < I' = G(Og) be a commensurated subgroup of a lattice in
[I,cs G(KS). The projection of A to G(K,) is Zariski dense.

Proof. Write Ag = projgk,) A and I'o = projgg,) I'. Since A is commensurated by I' we
have that Ag is commensurated by T'g. Since K, is archimedean, G(K,) is Zariski connected.
Now Ag (the closure being taken in the Zariski topology of G(kK,)) is commensurated by Iy
(Lemma 13.2.5). All closures below are in the Zariski topology.

Since Ag is Zariski closed, it is Zariski connected (since G(K,) is Zariski connected
because it is algebraically simple and the connected component is normal in it) and for each
a € I'y we have that Ag N aAga~! has finite index in Ay, by Lemma 13.2.6 it must be that
aloa™ = A,.

Hence A is normalized by I'y and hence by the Zariski closure of I'\y. But I' is an
irreducible lattice so Ty = G(K,) (in fact the projection is dense even in the usual topology).
So the Zariski closed subgroup Ag is normal in the algebraically simple group G(K,,). Being
nontrivial this means that Ay = G(K,) and therefore A is Zariski dense. O

Lemma 13.2.5. Let A < B < G where G is an algebraic group and A is commensurated by
B. Then the Zariski closure of A is commensurated by B.

Proof. All closures in this proof are Zariski. Let b € B. Then [A : ANbAV!] < o
and [pAb~' 1 AN bAb™Y] < oco. Therefore, [A : ANbAb~!] < oo since finite index passes
to closures (Lemma A.4.2). Then [A : ANbAb™!] < oo (since ANbAb1 C AN bAbY).
Likewise, [bAb~' : ANbAb~!] < co. Hence A is commensurated by B. O

Lemma 13.2.6. Let H be an algebraic (Zariski closed) subgroup of an algebraic group. Then
H is connected if and only if the only Zariski closed subgroup L of H with [H : L] < oo is
L=H.

Proof. First assume H is connected and let L be a Zariski closed subgroup of finite index.
Write n = [H : L] and let hy,...,h, be a system of representatives for H/L. Then H =
Uj—; hiL. Now the sets h; L are separated from one another since h;LNhy L = hi LNhj L = ()
for j # j'. But this means that if n > 1 then H is not connected.

Now assume that H is not connected. Then the connected component of H is a finite
index closed algebraic subgroup which is not equal to H. O]
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APPENDIX A

GROUP THEORY

Groups play a central role in modern mathematics, being an abstract generalization of the
ideas of addition and multiplication, and arise in virtually every field.

Fundamental in the study of groups is the understanding of group actions. Our work
centers on group actions on analytic spaces, namely metric and measure spaces, and on
group actions on Hilbert spaces. The main results in this dissertation on the structure of
certain classes of groups follow directly from results about their actions.

A.1 GROuUPS

Definition A.1. A group is a set GG together with a binary operation - : G x G — G and
a distinguished element e € G such that

e g-e=gforall g €G;
e for all g € G there exists g7! € G such that g-g7' = g7 - g = e; and
e g-(h-k)=(g-h)-kforall g hkeG

The binary operation is usually written as multiplication, omitting the -. The group is
abelian when g-h = h - g for all g,h € G in which case we often write + for the operation.
The map ¢ — ¢! maps G onto itself and is called the inverse map.

Much of our work involves studying the structure and classification of certain classes
of infinite groups. Examples of groups include the integers Z, the real numbers R and the
rational numbers Q, and also such objects as the two-by-two matrices with determinant one
SLs(R).

A.1.1 HOMOMORPHISMS

Definition A.2. Let G and H be groups. A map ¢ : G — H is called a homomorphism
when ¢ preserves the group operations:
-1

plea) =en  olgh) =p(g)e(h)  »lg™") = ¢(g)

Definition A.3. A homomorphism that is one-one and onto is called an isomorphism.

Definition A.4. Let G be a group and g € G. The map ¢, : G — G by p,(h) = ghg™"' is
a homomorphism called the conjugation by g.
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A.1.2 SUBGROUPS

Subsets of groups inherit the operations of the group; those that are closed under these
operations are groups in their own right, called subgroups. Much of our focus will be on
understanding specific types of subgroups in larger groups.

Definition A.5. Let G be a group. A subset H C G is called a subgroup when e € H and
the group operations of G restricted to H are closed, that is if h,k € H then hk € H and
h=' € H. This will be written as H < G.

A.1.3 NORMAL SUBGROUPS

The most important class of subgroups are the normal subgroups: those which remain fixed
under conjugation. Briefly this is because they are the only subgroups on which morphisms
can vanish and therefore groups can be decomposed over their normal subgroups.

Many of the major results in this dissertation and in the background leading up to our
work focus on showing the existence or nonexistence of normal subgroups.

Definition A.6. Let G be a group. A subgroup N < G is called normal when the con-
jugation of N by any element of G is N, that is for all ¢ € G and n € N we have that
gng~! € N, also written gNg~! = N. Normality will be written as N < G.

Definition A.7. A group G is simple when it has no nontrivial normal subgroups (the
trivial ones being G and {e}).

Definition A.8. The kernel of a homomorphism ¢ is the set {g € G : p(g) = e}. The
kernel is written ker(¢p).

The kernel of any homomorphism is a normal subgroup: ker(y¢) < G.

A.1.4 QUOTIENTS AND COSETS

Given a group and a subgroup it is natural to ask to what extent we can write each group
element in terms of the subgroup. This process is referred to as quotienting, i.e. dividing out
by a subgroup.

Definition A.9. Let G be a group and H a subgroup. The quotient of G modulo H,
written G/ H, is the set of equivalence classes of elements of g under right multiplication by
H. That is

G/H ={gH : g € G} where gH = {gh : h € H}

Definition A.10. Let G be a group and H < G a subgroup. The elements of G/H are
called cosets of H in (G, that is gH is a coset for each g € G.

Definition A.11. Let G be a group and H < G a subgroup. The normalizer of H in G is
No(H) ={g9€ G:gHg ' = H}

The normalizer of a subgroup is the largest subgroup in which the group is normal.

— 144 —



APPENDIX A. GROUP THEORY

A.1.5 ABELIAN GROUPS

Definition A.12. A group G is abelian when gh = hg for all g, h € G, that is the group
operation is commutative.

Obviously any subgroup of an abelian group is normal.

Definition A.13. Let G be a group. The center of G is the subgroup
Z(G)={g9€G:gh=hgforall he G}

That is, the center is the elements which commute with the rest of the group. A group is
abelian if and only if Z(G) = G.

A.1.6 FINITE INDEX SUBGROUPS

Subgroups of finite index have a special role in the geometric study of groups. Geometrically
speaking, groups that share a finite index subgroup are “the same” in that they exhibit the
same geometric and dynamical properties. Our work, following in a long tradition, will adopt
the point of view that groups that are equal up to finite index are in fact equivalent.

Definition A.14. Let G be a group and H a subgroup. The index of H in G is
[G:H]=|G/H|
where | - | is the cardinality.

Definition A.15. A subgroup H of a group G has finite index when [G : H] < co.

Note the simple fact that if [G : H] = 2 then G = H UkH for some k € G and therefore for
h € H we have hk € kH (since hk € H would imply k € H) which means that k~'hk € H
so k"'Hk = H meaning H < G.

A.1.7 QUOTIENT GROUPS

For a group G and a subgroup H < G the coset space G/H is not a group in general.
However, in the special case when N < G the quotient becomes a group itself:

Definition A.16. Let N < G be a normal subgroup in a group. Then G/N is called the
quotient group of G by N.

For gN,hN € G/N observe that
gN - hN = {gnihny : ny,ny € N}
and since nyh = hn' for some n’ € N (because h "' Nh = N so Nh = hN) we have that

gnihng = ghn'ng € ghIN
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and therefore

gN - hN = ghN
defines a group operation (likewise g7'!N = g7 'gNg™' = Ng=! = (gN)™').

A.1.8 SYSTEMS OF REPRESENTATIVES

When writing a group element in terms of cosets, it is common to fix a system of represen-
tatives for the quotient operation.

Definition A.17. Let G be a group and H a subgroup. A system of representatives for
G/ H is a (finite or infinite) collection g1, go, . . . in G such that no two g; are in the same coset
(g;H N goeH = 0 for j # ¢) and such that the union of the cosets is all of G: Uj giH =G.

Definition A.18. A system S is said to be symmetric when g € S implies g~! € S. This
is written S = S~

Observe that if g, ¢! are in the same coset then ¢=! € gH so g~' = gh for some h € H

meaning that ¢g> = h™' € H. Then g € H or \/g € H so either g € H or gHg™' = H.
Therefore one can always take a system of representatives that is symmetric except for
representatives in the normalizer which must be taken one or the other only.

A.2 GROUP ACTIONS

A major theme in the study of groups is to understand the structure of a group in terms of
its actions. An action of a group on a set is when each element of the group moves around
the elements of the set in a manner compatible with the group operations.

Definition A.19. Let G be a group and S a set. A map - : G x S — S such that
ec-s=sforallseS
e g-(h-s)=(gh)-sforall ggh € Gand s €S

is called an action of the group GG on the set S and will be written G ~ S.

Definition A.20. Let G ~ S. The kernel of the group action is
ker(GS)={geG:g-s=sforallse S}

and is always a normal subgroup: ker(G ~ §) < G.

Definition A.21. Let G ~ S. The stabilizer of an element in the set is
stabg(s) ={g € G:g-s5=s}
and the orbit is

orbg(s) =Gs={s'€S:39eG g-s=5}={g-s:9g€ G}
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The main result about orbits and stabilizers is the orbit-stabilizer theorem: |Gs| = [G :
stab(s)]. That is, the size of the orbit of s equals the index of the stabilizer (when everything
is finite).

A.3 CoOUNTABLE GROUPS

The theory of infinite groups is simplest in the case of countable groups without a topology
(more correctly, with the discrete topology).

Definition A.22. A group G is called countable when the underlying set has countable
(finite or infinite) cardinality.

A.3.1 FINITELY GENERATED GROUPS

Finitely generated groups are the easiest countably infinite groups to work with. Being
finitely generated means that while the group is infinite, there is a finite set of elements in
terms of which every element can be written as a product.

Definition A.23. Let G be a group and A C G. The group generated by A, written (A), is
the smallest subset of G containing A that is closed under the group operations multiplication
and inversion. This is a subgroup of G.

Definition A.24. A group G is finitely generated when there is a finite set S C G such
that the group generated by S is all of G: (S) = G. Such S is called a generating set.

Definition A.25. Let GG be a finitely generated group and S a generating set. The word
length on G relative to S is defined by

\g\s:min{ne N:ds,...,s, €8 9:3152...3n}
When S is clear from context we will write | - | with no subscript.

Definition A.26. Let G be a finitely generated group. A generating set S is called sym-
metric, written S = S7! when s € S implies s € S.

A.4 ToPOLOGICAL GROUPS

When the underlying set GG is not countable it is often the case that there is a natural
topology on it. For example, the set of real numbers R with addition is a group and the real
numbers have a nondiscrete topology on them. It is easy to see that the group operations are
continuous with respect to this topology. Likewise, the n-by-n matrices with real entries (and
determinant one) SL,(R) have a topology under which the group operations are continuous.

Definition A.27. A topological group is a set GG together with a topology on G and a
group structure such that the group operations of multiplication and inversion are continuous
with respect to the topology.
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Countable discrete groups are special cases of topological groups (in fact any group can be
made a topological group by imposing the discrete topology but when the underlying set is
uncountable this is not generally helpful).

Definition A.28. A homomorphism of topological groups is an ordinary homomorphism
of the underlying groups that is continuous with respect to their topologies.

Definition A.29. A subgroup of a topological group is an ordinary subgroup that is
also closed in the topology of the group. Likewise, normal subgroup means closed normal
subgroup.

Definition A.30. A topological group is simple or topologically simple when there are
no nontrivial closed normal subgroups.

This extends generally to all aspects of group structure. When the group is topological, all

group operation related mappings are required to be continuous.

A.4.1 LocaALrLy ComMpPAcT GROUPS

A subclass of topological groups that has been particularly well-studied are the groups which
are locally compact topologically. Recall that a topological space is locally compact when
every point has a compact neighborhood.

Definition A.31. A topological group is called locally compact when the underlying
topology is locally compact. We will refer to such groups as locally compact groups with
the implicit indication that they are topological.

This applies in general to topological properties: a topological group is said to have a
topological property (such as compactness, second countability, etc.) when the topology
the group is endowed with has that property.

A.4.2 PoLrisH GROUPS

A generalization of locally compact groups still well enough behaved to study analytically
are the Polish groups:

Definition A.32. A topological group is called Polish when the underlying topology is
Polish: it is separable and completely metrizable.

A.4.3 CoMPACT GENERATION

Compactly generated groups are the topological analogue of finitely generated groups: when
the group is discrete-meaning we can treat it as a topological group with the discrete
topology—compact generation is the same as finite generation.

Definition A.33. A locally compact group G is compactly generated when there is a
compact set K C G such that (K) = G.

Compactly generated groups are the analogue of finitely generated groups, and in fact com-
pactly generated countable groups are simply finitely generated groups.
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A.4.4 DISCRETE SUBGROUPS

Any countable group can be endowed with the discrete topology in which case the group
operations multiplication and inversion are automatically continuous.

Definition A.34. A group G is called discrete when there is no additional topological
structure placed on G.

Definition A.35. A subgroup I' of a topological group G is called a discrete subgroup
when I" is discrete in the topology of G.

Examples of countable discrete groups include the integers Z and the two by two matrices
with integer entries and determinant one: SLo(Z). Both are discrete groups and also are
discrete subgroups of R and SLy(R) respectively. However Q is a discrete group but as a
subgroup of R it is not discrete (in fact it is dense).

A.4.5 FINITE INDEX, NORMALITY AND CLOSURE

We also mention that basic properties of subgroups carry to closures, in particular normality
and finite index:

Lemma A.4.1. Let A < B < G where G is a Polish topological group and A and B are
arbitrary subgroups. If A< B then A< B.

Proof. Let b € B and a € A. Then b = limb, for some b, € B and ¢ = lima, for some
a, € A. Since A< B for each n we know that b,a,b,! = a, for some a/, € A. Now by (joint)
continuity of group multiplication

bab~' = limb,a,b,* = lima/, € A

hence bAb—! C A for all b € B. O

Lemma A.4.2. Let A < B < G where G is a Polish topological group and A and B are
arbitrary subgroups. If [B : A] < oo then [B : A] < [B: A] < oo (the topology being any of
those of G).

Proof. Write B = Ujvzl bjA where by, ...,by is a system of representatives for B/A (we are

writing N = [B : A] < o0). Let x € B. Then there exists z,, € Ujvzl b;jA such that z,, — z.
Since the union is finite there is some j such that an infinite subsequence of the z,, are in
b;A. Therefore z € b;A = b;A. Hence

and therefore [B : A] < N < oc. O
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A.5 MEASURES ON GROUPS

The next natural step after introducing topology to groups is to introduce measures and
therefore be able to reason analytically. Most readers will have been familiar with all material
presented thus far, but the introduction of measures onto groups is our first departure from
the usual theory of groups.

A.5.1 BOREL MEASURES

Let GG be a locally compact topological group. The o-algebra generated by the compact sets
of GG is called the Borel sets of G.

Definition A.36. A regular Borel measure on a locally compact group is a countably
additive measure on the Borel sets of the group such that the measure of any compact set is
finite and the Borel sets are all (inner and outer) regular.

A.5.2 HAAR MEASURE

A key fact about locally compact groups is the existence of a translation invariant o-finite
measure on them.

Theorem A.37 (Haar). Let G be a locally compact group. There exists a reqular Borel mea-
sure Haar on G that is unique up to a multiplicative constant which is translation invariant:

Haar(gB) = Haar(B) for all Borel sets B in G and all g € G. This measure is called a
Haar measure on G.

We remark that integration against Haar measure can be defined exactly as integration
against the Lebesgue measure is defined.

A.5.3 PROBABILITY MEASURES ON GROUPS

Definition A.38. The space of probability measures on G, written P((G), consists of
all regular Borel measures on GG that assign GG a total measure of one.

When G is countable and discrete the probability measures on G are just the ¢!(G) functions
2 G —[0,1] such that 3 u(g) = 1.

Definition A.39. For a measure p on a locally compact group G the integral is defined as

/ £(9) dpu(g)
G

for any Borel function f on G analogously to integration for Lebesgue measure.

Definition A.40. Let G be a locally compact group and pq, s € P(G) be probability
measures on G. The convolution of p; and ps, written gy * o, is defined as

/Gf dul*ﬂzzfc/af(gh) dpsa(h) dpa(g)
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and py * us € P(G) when py, po|inP(G) so * : P(G) x P(G) — P(G) is a binary operation.
Proposition A.5.1. Let G be a countable discrete group and py, pus € P(G). Then

px pia(g) = > pa(hg)pa (h)

Proposition A.5.2. The space of probability measures P(G) on a locally compact group is
a convex space with a binary operation (convolution).

Definition A.41. A probability measure p € P(G) on a locally compact group G is ad-
missible when the support of 1 generates GG algebraically and some convolution power of
is nonsingular with respect to Haar measure.

A.5.4 SYMMETRIC MEASURES

Probability measures on groups generally cannot be invariant under translation. In fact, a
translation invariant measure on a group is a Haar measure and as such a translation invariant
probability measure on a group can only exist when the group is finite (or compact).

That said, even though we cannot ask for a measure that is invariant under group multi-
plication (i.e. translation), we can still ask for measures which are invariant under the inverse
map of the group.

Definition A.42. Let G be a group and p € P(G) a probability measure on it. The
symmetric opposite of u is written g and defined by

f(B)=p{g' 19 € B}
for all measurable B C G. When G is discrete this simply means that
ulg™) = ulg)

for all g € G.

Definition A.43. Let G be a group. A (probability) measure u € P(G) on G is symmetric
when i = pu.

Note that if p is a symmetric measure on G then for any function f : G — R we have that

/ f(g) dulg) = / f(g7) dulg)
G G

which is most commonly how we will make use of the symmetry of a measure.

A.5.5 MOMENTS

The moments of a measure are a way of quantifying how much of the measure is concentrated
on the elements with small word length. Moments of probability measures on Euclidean space
play a key role in probability theory and we will make use of them in a similar fashion.
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Definition A.44. Let I" be a countable discrete finitely generated group and S a generating
set. Let € P(I") be a probability measure on I'. The first moment of p relative to word
length from S is

My(S, 1) = Ilsn(y)

vyel

The second moment (higher order moments being defined similarly) is

My(S, 1) = [yEn(y)

vyel
Let S; and S; be finite generating sets for the same finitely generated group I'. Write
Cio =
1,2 i?eagf |81|52
to be the maximum word length of the elements of S; relative to S;. Observe that

Vs, < Cialvls,
and by symmetry
7ls, < Caalrls,

and therefore
My(Sy, i) < CF gMy(S2, 1) < (C12Co1)* M (S1, 1)

which means that either they are both finite or both infinite.
Definition A.45. Let I" be a finitely generated group and p € P(I"). Then p has finite first
moment relative to word length when for some (equivalently for any) finite generating

set S we have M;(S, ) < oo. Likewise p has finite second moment relative to word
length when the same holds for M.

A.6 LATTICES

Of particular interest are the countable subgroups of locally compact groups that “contain”
information about the topological group. Rigidity theory focuses on when information about
locally compact groups and their actions can be transferred to countable subgroups and when
information about countable subgroups can be transferred back.

Definition A.46. Let G be a locally compact group. A subgroup I is a lattice in G when it
is discrete in the topology of G and has finite covolume: there exists a fundamental domain
F for G/T" (a Borel set, which one may taken to be open or closed, such that FI' = G) that

has finite Haar measure, Haar(F') < oc.

Examples of lattices include Z < R and SL,,(Z) < SL,(R).
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A.6.1 IRREDUCIBILITY

Definition A.47. A lattice I in a locally compact group G is (strongly) irreducible when
the projection of I' to any GG/ H is dense for any closed normal subgroup H.

A lattice I' in a product of simple locally compact groups is irreducible when its pro-
jection to each factor is dense (and strongly so when its projection to any subproduct is
dense).

A.6.2 COCOMPACTNESS

The first example of a lattice that we mentioned was Z < R and it is easy to see that R/Z
is of finite Haar measure (on the reals of course Haar measure is simply the usual Lebesgue
measure) and in fact that it has a compact fundamental domain: Z - [0,1] = R.

Definition A.48. Let ' be a lattice in a locally compact group G. Then I' is cocompact
or uniform when there is a compact fundamental domain for G/T.

On the other hand, SL, (Z) < SL,(R) is also a lattice (a theorem of Borel and Harish-
Chandra) but it is not cocompact. This is easy to see in the case of SLy using the standard
picture on the plane (there are “cusps” in the fundamental domain that cannot be compact-
ified away).

A.6.3 INTEGRABILITY

A more relaxed condition than cocompactness that is often enough to perform analysis in a
similar fashion is integrability:

Definition A.49. Let GG be a locally compact, second countable topological group and I' a
finitely generated lattice in G. Then I' is integrable (this is more precisely 2-integrable but
we will refer to it simply as integrable) when there exists a fundamental domain X for G/T
such that

/X la(g,2)? dm(z) < oo

where o : G x X — I' is given by a(g,z) = v if and only if gzy € X and where | - | denotes
the word length in I" (the choice of generating set will not affect the finiteness of the integral)
and m is the Haar measure on G.

Our result on normal subgroups of commensurators of lattices will require this property on
the lattices in order to utilize results of [GKMO8] and [Sha00b]. We remark that this condition
is only necessary for the property (7') half of the proof, the amenability half carries through
even in its absence.

Clearly if I" is cocompact (i.e. uniform) then it is integrable. As mentioned in [Sha00b]
lattices in simple Lie groups and Kac-Moody groups are known to always have this property.
See Section 10.4 for further discussion.
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A.7 LIE GROUPS

The original motivation for the study of topological groups was the work of Lie on manifolds
admitting group structure. Lie groups are topological groups with the topology coming from
a differentiable manifold, that is:

Definition A.50. A Lie group is a differentiable manifold equipped with group operations
compatible with the smooth structure on the manifold.

Definition A.51. Let G be a Lie group. A subgroup H < G is called a Lie subgroup
when H is topologically a subgroup of GG (a closed subgroup) and H inherits the differentiable
structure from G in such a way that H is a submanifold.

The reader is referred to [Milll] and [Var74] and [Che46] for more information on Lie groups.
A key example of a Lie group is SL, (R), the special liner group consisting of n by n matrices
with real entries and determinant one. Other examples are R, the real numbers, and T", the
n-torus.

A.7.1 SeEMISIMPLE LIE GROUPS

The representation theory of Lie groups, and most of rigidity theory for lattices in Lie groups,
is most complete in the context of semisimple Lie groups. Though we will not make use of
the semisimple property directly in our work, we should mention what it means.

Definition A.52. Let G be a Lie group and G4, ..., G} be Lie subgroups of G. If the map
(91,5 9K) ¥ g1+ gg from Gy X -+ - X G, — G is surjective and has a finite kernel then we
say that G is the almost direct product of G4, ..., G.

Definition A.53. Let G be a connected Lie group. We say G is almost simple when
the center of G, written Z(G), is finite and G/Z(G) is simple (no nontrivial normal Lie
subgroups).

Definition A.54. A connected Lie group G is semisimple when it is the almost direct
product of almost simple connected Lie groups.

A broader description of semisimplicity and related notions in a more general setting is
presented in Appendix C but given the nature of the results we will be discussing later it
seems appropriate to mention it and define it here along with Lie groups.

A.7.2 LATTICES IN LIE GROUPS

Lattices in Lie groups have been well-studied and generally behave “similarly” to SL,(Z) <
SL,(R). In particular, rigidity theory is best-developed in the context of lattices in semisimple
Lie groups, which are known to have a variety of properties including integrability.
Furstenberg’s boundary theory, discussed in Chapter 2: Stationary Dynamical Systems,
was originally developed for semisimple Lie groups and their lattices and Margulis’ work
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on arithmeticity and normal subgroups, discussed in Appendix C: Algebraic Groups and
Chapter 9: Normal Subgroups of Commensurators of Lattices, likewise takes place in the
setting of semisimple Lie groups.

Lattices in the more general setting of algebraic groups is discussed in Appendix C in
further detail. Our normal subgroup theorem in Chapter 9 applies to lattices in the most
general setting possible, that of locally compact groups, but our commensurated subgroups
theorem applies only to Lie groups and algebraic groups.

A.7.3 THE RANK OF A LIE GROUP

The rank of a Lie group, and more generally for algebraic groups, which are discussed in
Appendix C, is effectively the maximal dimension of a diagonal subgroup. Precisely:

Definition A.55. Let G be a connected Lie group. The Cartan subgroup of G is the
centralizer of a maximal torus in G.

A Cartan subgroup of a connected Lie group will be connected and nilpotent, and all possible
maximal tori lead to conjugate subgroups so we often speak of “the” Cartan subgroup.

Definition A.56. The rank or real rank of a connected Lie group G is the dimension of
a maximal torus in G.

For example, SLy(R) is a rank-one Lie group and more generally SL, (R) has rank n—1. Also
note that the rank of GGy x G5 equals the rank of GG; plus that of Gs.

A.8 FURTHER EXAMPLES

We present now some other examples of locally compact groups. These examples are the
most commonly arising topological groups and our results apply to them in particular.

A.8.1 p-Apic LIE GROUPS

Lie groups are manifolds with smooth structure, meaning they are groups over the real or
complex numbers. This can be generalized to the p-adic numbers giving rise to the p-adic
Lie groups. A key example of a p-adic Lie group is SL,,(Q,) where Q, are the p-adic numbers
(the completion of the rationals under the p-adic valuation).

p-adic Lie groups will be totally disconnected (see below) since the underlying field is
totally disconnected. Lattices in p-adic Lie groups can be obtained using the p-adic integers
Z, in place of the integers as in the Lie group case.

One can also form products of groups, for example G = SLo(Z) x SLy(Q,), and form
lattices by diagonal embedding: SLy(Z[Y/p]) is a lattice in G.

A.8.2 AUuTOMORPHISM GROUPS OF TREES

Another area where topological groups arise is in the study of automorphism groups of
structures. An automorphism is a map from a structure X to itself preserving the algebraic
(and possibly analytic) structure on X.
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Let X be a graph (a collection of vertices and edges). The automorphisms of X are the
maps sending vertices to vertices such that two vertices are connected by an edge if and only
if their images under the map are connected by an edge. The set of automorphisms of a
structure forms a group under composition and inversion and is written Aut(X).

Let T be a tree (graph with no cycles). Then Aut(7T) will be a locally compact group
which is totally disconnected. Lattices in Aut(T') can be thought of as follows: cocompact
lattices correspond to quotient actions on finite graphs and noncocompact lattices to “profi-
nite” graphs. This idea can be extended to automorphism groups of simplicial complexes in
the obvious way.

A.9 TotTtALLY DISCONNECTED GROUPS

Definition A.57. A totally disconnected group is a locally compact group that is totally
disconnected in its topology.

As remarked above, p-adic Lie groups and automorphism groups of trees are totally discon-
nected groups. The structure of totally disconnected groups is not as well-understood as
that of Lie groups though recently progress has been made by Willis, see [SW09].

Proposition A.9.1. A totally disconnected group admits a compact open subgroup and in
fact there is a neighborhood base of compact open sets.
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AMENABILITY AND PROPERTY (7

Two properties of infinite groups have achieved a special level of importance. Amenability is
when a group has a type of averaging property in the sense that it is possible to take averages
over the group in connection with its actions on objects such as functions or measures in
such a way that the average is invariant under translation. Property (T) is quite opposite
to this: it means that whenever the group acts unitarily on a Hilbert space with almost
invariant vectors (a sequence of vectors such that the group moves each vector less and less
far apart) then in fact there is an invariant vector.

B.1 AMENABILITY

Amenability was originally defined by von Neumann as a resolution to the Banach-Tarski
paradox (specifically, a sufficient condition for a group to not lead to the “paradox” is that
it be amenable). The concept is easier to define and work with in the case of countable
discrete groups, so we will start there, and then discuss the locally compact definition. The
reader is referred to [Run02] for more information.

B.1.1 DiISCRETE GROUP DEFINITION
In the case of discrete groups, amenability is the defined as having an invariant mean:
Definition B.1. A discrete group I' is amenable when there exists a finitely additive
invariant mean (finitely additive measure) on I'. That is, there exists a function m defined
on all subsets of I' such that
e m(I)=1
. m(U;?:1 By) = Zle m(By) for any finite collection of disjoint subsets By, ..., By C T
e m(gB)=m(B) forallge Gand BCT
The mean essentially gives a reasonable answer to the question, what is the probability that

a random element of I' belongs to a given subset.
For example, let m be defined on subsets of Z by, for B C Z,

m(B) = limsup ! |IBN{-N,...,N}|

the upper density of the subset. Then m(Z) = 1 and for any fixed ¢, writing B+t = {b+1:

- 157 —



APPENDIX B. AMENABILITY AND PROPERTY (7))

b€ B},
B —N,...,N
2N+1‘ FEO{=N N

= BN{-N—-t,...,N—t
2N+1‘ { Y H
2(N+1)+1 1 2t

= BN{-N—t,...,.N+t} £
2N +1 2(N+t)+1‘ { oo N 2N +1

and so m is invariant:

B+t) =1
) = g

|IB+tNn{-N,...,N}| =m(B)

and finally we see that if By, ..., By are disjoint that

’UBjm{_Nw'wNH:Z‘Bjm{—N,...,N}‘

and so m(|J B;j) = >_m(B;) for finite disjoint unions. However we remark that this fails
for infinite unions (m({n}) = 0 for each n but m(|J,{n}) = m(Z) = 1). So m is in fact an
invariant mean on Z proving Z is amenable.

B.1.2 LocALrLy COMPACT DEFINITION
When the group is locally compact the definition becomes more intricate:

Definition B.2. Let G be a locally compact group and Haar some Haar measure on G. A
linear functional m : L*°(G,Haar) — R is a mean when m(1) = 1 (here 1 is the identity
function which is constantly one) and when m(f) > 0 for all f > 0 (meaning f(x) > 0
almost everywhere).

Definition B.3. A mean m on a group G is left-invariant when the left action of G on
L>(G,Haar) preserves m: for g € G let L, : L>(G,Haar) — L*(G,Haar) by L,f(x) =
f(gz) and then m is left-invariant when m(L,f) = m(f) for all f. Right-invariance is
defined similarly.

Definition B.4. A locally compact group G is amenable when there is a left-invariant
(equivalently, right-invariant) mean on G.

The discrete definition is actually a special case of the locally compact definition so there is
no problem in defining amenability this way.

B.1.3 EQUIVALENCES FOR DISCRETE GROUPS

There are large number of well-known equivalent conditions in the discrete case, an indication
of why amenability plays such a key role in infinite group theory. For completeness we will
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list many of them here, though we will not need most of them in what follows.
Theorem B.5. Let I' be a discrete group. The following are equivalent:
o [' is amenable

e there exists finite subsets, called Folner sets, F,, C T' such that |“/FnAFn\/|Fn\ — 0 for
each v € I and such that U, F,, =T (Folner)

e there exists a sequence of probability measures p, € P(T) such that ||y, — pnl — 0
for each v € I' (Day)

e there exists a sequence of unit vectors x, € (*(T') such that ||y, — z,|| — 0 for each
v €T (Dizmier)

e if u € P(T') is symmetric then convolution by u is a norm one operator (Kesten)

e if I' acts isometrically on a separable Banach space with a weakly closed convex invari-
ant subset of the unit ball then I' has a fixed point in that set

B.1.4 EQUIVALENCES FOR LocALLy CoMPACT (GROUPS

Many of the above conditions carry over to the locally compact case when modified appro-
priately. We mention the ones we will make use of:

Theorem B.6. Let G be a locally compact group. The following are equivalent:
e (G is amenable

e there exists compact subsets, Folner sets, K, C G such that Haar(gK"AKn)/Haar(Kn) — 0
and such that U, K, = G

o if G acts isometrically and continuously on a separable Banach space with a weakly
closed convex invariant subset of the unit ball then G has a fized point in that set

In the following chapters we will see additional equivalent conditions.

B.1.5 EXAMPLES

Some examples of amenable groups are
e the integers Z (use Fglner sets F,, = {—n,...,n})
e finite groups (use the counting measure normalized to total mass one)
e compact groups

e solvable groups
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e direct products of amenable groups

e subgroups of amenable groups

e finitely generated groups of subexponential growth
Some examples of nonamenable groups are

e nonabelian free groups with two or more generators

any group containing a free subgroup on two or more generators
e SL,(Z) forn > 2
e SL,(R) forn > 2

e more generally, any finitely generated linear group is either solvable or nonamenable
(Tits alternative)

B.2 PROPERTY (7))

Property (7)) is a strong anti-amenability property that was introduced by Kazhdan in
connection with studying lattices in Lie groups. The intuition for property (7') is that if a
group acts on a Hilbert space unitarily with nontrivial almost invariant vectors then there
is actually a nontrivial invariant vector. The name arises from an equivalent condition that
the trivial representation is an isolated point in the unitary dual.

Property (T') plays a key role in the study of rigidity for Lie groups and lattices and
in the study of lattices in general locally compact groups. It is also a crucial aspect of
group representation theory and appears in many forms in the areas of operator algebras
and geometric group theory.

A very complete introduction to Property (7') along with an overview of many of its
applications and some results it plays a key role in can be found in the book of Bekka, de la
Harpe and Valette [BDVO0S].

B.2.1 DEFINITION

The most commonly used definition of property (7"), and the one we will adopt, is in terms
of almost invariant vectors for unitary representations. The reader is referred to Chapter
5: Unitary Representations for a description of (the aspects that we will use of) the theory
of unitary representations.

Definition B.7. Let G be a locally compact or countable discrete group and 7 a unitary
representation of G on a Hilbert space H. A vector x € H is (K, €)-invariant for a compact
set K C G and an € > 0 when ||gz, — z,|| < e for all g € K.
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Definition B.8. Let G be a locally compact or countable discrete group and 7 a unitary
representation of G on a Hilbert space H. A sequence of vectors z, € H is K-almost-
invariant for a compact set K C G when ||gz — z|| — 0 for all g € K.

Definition B.9. Let G be a group and 7 a unitary representation of G on a Hilbert space.
A vector z is invariant when 7(g)x = z for all g € G. When z # 0 is invariant we say that
(G, ) admits a nontrivial invariant vector.

Definition B.10. Let GG be a group and 7 a unitary representation on a Hilbert space. Let
K C @ be a compact set and z,, a sequence of unit vectors such that ||7(k)x, — x,|| — 0
for all k € K. Then {xz,} is a sequence of K-almost-invariant unit vectors. When for
every compact K there is such a sequence we say that (G,7) admits almost invariant
(unit) vectors.

Definition B.11. Let G be a locally compact or countable discrete group. Then G has
property (7') when any unitary representation 7 of G on a Hilbert space that admits
almost invariant (unit) vectors also admits a nonzero invariant vector.

This can be sharpened quantitatively in that it is equivalent to say that there exists a fixed
e > 0 and compact K C G, both depending only on (G, such that any unitary representation
that has a (K €)-invariant vector in fact has an invariant vector. The € is referred to as the
Kazhdan constant for G.

B.2.2 EQUIVALENT CONDITIONS

As with amenability, part of the power of property (T') is that it has a variety of equivalent
conditions:

Theorem B.12. Let G be a locally compact or countable discrete group. The following are
equivalent:

e G has property (T') (almost invariant vectors implies invariant vectors)

o the trivial unitary representation is an isolated point in the space of representations of
G (the unitary dual) under the Fell topology

o if F, are positive definite functions on G converging on compact sets to 1 then F,
converge to 1 uniformly

e cvery continuous affine isometric action of G on a real Hilbert space admits a fixed
point

We remark that the trivial representation being isolated in the unitary dual (the second
condition above) is the motivation for the name property (7) which is meant to indicate the
trivial representation is isolated.
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B.2.3 CONSEQUENCES

We list now some general facts about property (T), all well-known and generally easy:
e quotients of groups with property (7) also have property (T)

e if G has property (T') then the abelianization of G is compact (the abelianization of G
is G/|G, G] where |-, -] is the commutator: [A, B] = {aba~'b"! :a € A,b € B})

e a countable group I' that has property (7') is finitely generated (and likewise a locally
compact group with property (7') is compactly generated)

e a lattice in a Lie group has property (7) if and only if the Lie group does (Kazhdan)

We remark also that while not every property (7°) group is finitely presented (as was conjec-
tured by Kazhdan), every property (1) group is the quotient of a finitely presented group
(as shown by Shalom).

B.2.4 EXAMPLES

The main examples of property (7') groups are simple real Lie groups of rank two or higher,
lattices in those groups, compact groups, finite groups, and a variety of hyperbolic groups.

Some groups that do not have property (T') are the integers, nonabelian free groups,
noncompact solvable groups and SLy(R) and SLy(Z).

B.3 MuTuAL EXCLUSION

Amenability and Property (T) are “mutually exclusive” in that the intersection of these
two classes of groups is trivial in the geometric sense-having both properties characterizes a
group being finite (compact):

Proposition B.3.1. Let G be a countable discrete group that both has property (T) and is
amenable. Then G is finite.

Proof. Consider the action of G on L?(G) (with the counting measure). Since G is amenable
there are nontrivial almost invariant vectors f, € L*(G), ||fs]| = 1 (Dixmier) such that
lg - fn— full = 0 for all g € G. Since G has property 7" and this is an action of G on a
Hilbert space, the presence of almost invariant vectors implies the existence of a nontrivial
invariant vector f € L?(G), f # 0, such that g- f = f for all g € G. Since f is G-invariant it
is constant so we have oo > || f[|* = 3° . [f(9)]* = [f(e)]?|G| and therefore |G| < oo since

F#0. 0

Proposition B.3.2. Let G be a locally compact group that both has property (T) and is
amenable. Then G is compact.

Proof. Exactly as above replacing the counting measure with Haar measure. O]

- 162 —



APPENDIX C

ALGEBRAIC GROUPS

An algebraic group over a field is essentially defined as the zeroes of a set of polynomials in
some number of variables. The easiest example is the special linear group SL,(R), the set of
n by n matrices with determinant one and real entries equipped with matrix multiplication.
The elements of this set can be thought of as the zeroes of the polynomial equation det(M)—
1 =0 in n? variables (the entries of the matrix).

The theory of algebraic groups is quite deep and old and the reader should consult
[Mil11] for detailed information on algebraic groups, we only touch on the aspects of the
theory necessary to formulate the Margulis-Zimmer conjecture and to prove our partial
result about it in a later chapter.

C.1 DEFINITION

Before we formally define algebraic groups we will attempt to briefly motivate how this
definition was arrived at. Throughout the definition process we will use SL,, as an example
to illustrate the meaning of the abstract categorical statements.

C.1.1 MOTIVATION

As mentioned above, SL,(R) is the algebraic group consisting of n by n matrices with
determinant one and real entries. Notationally it is clear that SL, (C) refers to the algebraic
group of n by n matrices with complex entries and that more generally we can write SL,, (k)
for any field k. In fact, the polynomial that defines the determinant in terms of the entries of
the matrix is the same for all these cases. The SL,, is to be defined as a functor from rings (or
fields) to groups and algebraic groups in general as functors “determined by polynomials”.

C.1.2 ZERO-SETS

Before formally defining algebraic groups we will need some preliminary definitions:

Definition C.1. Let k be a field and k[X;, ..., X,]| denote the ring adjoining n abstract
variables to k. For S C k[X},...,X,] and R a k-algebra define the zero-set of S in R" to
be

S(R)=A{(r1,...,m) € R": f(r1,...,m,) =0 for all f €S}

If R — R’ is a homomorphism of k-algebras then S(R) — S(R’) induced in the natural way
defines a morphism of zero-sets. Thus S is a functor from k-algebras to sets. Clearly the
zero-set of S coincides with the zero-set of the ideal generated by S in k[Xi,...,X,]| and
by the Hilbert basis theorem this ideal is generated by a finite set of polynomials and the
quotient of k[X7, ..., X,] by the ideal is a finitely generated k-algebra, sometimes called the
zero-ideal.
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C.1.3 FORMAL DEFINITION

Definition C.2. Given a finitely generated k-algebra A we can define the functor F4 from
k-algebras to sets by Fa(R) = Hom(A, R) and Fa(f)(g) = f o g for f a homomorphism of
k-algebras and g € Hom(A, R). A functor from k-algebras to sets is representable when is
it is isomorphic as a functor to a functor F4 for some k-algebra A.

Definition C.3. Let k be a field and G be a functor from k-algebras to groups such that
the composition of G with the functor from groups to sets that simply forgets the group
structure is representable by a finitely generated k-algebra. Then G is an (affine) algebraic
group defined over k.

We will not define carefully the more general non-affine algebraic group since we make no
use of those. We have already seen that SL, is representable as the k-algebra obtained by
quotienting the polynomials in k out by the zero-ideal of the determinant minus one so it is
clear this definition captures the motivation correctly.

C.1.4 THE ZARISKI TOPOLOGY

The natural topology on algebraic varieties is called the Zariski topology and is usually
defined by specifying the closed sets. The closed sets in k™ are defined to be the zero-sets
of polynomials in at most n variables and the closed sets of a general variety, including an
algebraic group, are the intersections of these with the variety. That is, an algebraic group
has the Zariski topology inherited as a subspace topology from k.

We will make only slight use of the Zariski topology in what follows but it is always in
the background when studying algebraic groups.

Definition C.4. An algebraic subgroup of an algebraic group is a Zariski closed subgroup.

That is, an algebraic subgroup is a closed subgroup (i.e. topological subgroup) when the group
is endowed with the Zariski topology. Likewise, algebraic homomorphism means topological
homomorphism with respect to the Zariski topology. We mention this as usually groups have
multiple topologies, only one of which is the Zariski topology.

Generally speaking, when one refers to a property of a group as an algebraic property one
means that it is a topological group property using the Zariski topology. For example, when
G is a topological group we say it is topologically simple when there are no closed nontrivial
normal subgroups. Likewise, a group is algebraically simple when there are no nontrivial
algebraic normal subgroups (meaning there are no nontrivial closed normal subgroups in the
Zariski topology).

C.1.5 GRouprs OVER FIELDS

Note that when G is defined over a field that is not algebraically closed, for example Q, then
it is also defined over every completion of that field to an algebraic closure (or in between).
Clearly SL,, is an algebraic group over Q hence it is over R and C but also over Q,, the p-adic
numbers. In general any algebraic group over Q is algebraic over the p-adics and the reals.
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We will generally be concerned with algebraic groups defined over Q but may localize them
to the reals or the p-adics.

C.1.6 LI1E GROUPS

Algebraic groups defined over R, evaluated at R, such as SL,(R) will always be Lie groups.
There are however Lie groups which are not algebraic groups, such as the simply-connected
covering of SLy(R).

C.1.7 CONNECTED ALGEBRAIC GROUPS

Definition C.5. An algebraic group is connected when it has no finite group as a quotient,
even over the algebraic closure of the underlying field.

C.1.8 NOTATIONAL LANGUAGE

Though algebraic groups are defined as functors, it is generally easier to speak of them as
groups and use the usual group theory terminology. This is always understood to mean that
at the level of the group (that is applying the functor to a specific k-algebra) the properties
are group theoretic and at the level of the functor the properties are the corresponding
functorial interpretation.

For example, we will refer to subgroups of algebraic groups and quotients of algebraic
groups in phrases such as “the center of SLs is a normal subgroup” and “the quotient by the
center is PSLy”. The reader can verify that the functorial definitions implied here coincide
with the group theoretic properties.

C.2 STRUCTURE THEORY

We now (briefly) state the well-known structure theory of algebraic groups both for com-
pleteness and to explain a bit why the focus on semisimple groups is not so restrictive.

C.2.1 BAsic CLASSES OF ALGEBRAIC GROUPS

There are five basic class of algebraic groups that together with extensions define all algebraic
groups: finite groups, abelian varieties, semisimple groups, tori and unipotent groups.

FiNnITE GROUPS

The first basic class of algebraic groups is finite groups. These can be seen to be algebraic
since all are subgroups of permutation groups which are in turn realizable as subgroups of
GL,, hence defined by polynomial conditions making them algebraic groups.

ABELIAN VARIETIES

Another basic class of algebraic groups is abelian varieties, those algebraic varieties defined
by elliptic curves hence definable by a homogenous polynomial equation. Abelian varieties
are not affine algebraic groups but they are algebraic.
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SEMISIMPLE GROUPS

The discussion of semisimple groups is postponed to the next section since it is the class we
will be most focused on.

TorI

An algebraic subgroup of GL(V') over a finite-dimensional vector space V' is of multiplicative
type when there is a basis for V' over the algebraic closure of k that diagonalizes the subgroup.
A group that is realizable as such subgroups is called a torus.

UNIPOTENT GROUPS

The final class of algebraic groups are those arising as algebraic subgroups of GL(V') where
there exists a basis of V' over k such that the subgroup is contained in the subgroup of upper
triangular matrices with ones along the diagonal.

C.2.2 EXTENSIONS

The structure theory of algebraic groups can be stated as saying that every algebraic group
has a composition series with specific types of algebraic groups at each step. Specifically:

e a general algebraic group G contains a maximal connected component G° which is
normal in G and that is a connected algebraic group such that G/G? is finite

e a connected algebraic group contains a maximal affine algebraic subgroup which is
normal in the group such that the quotient is an abelian variety

e a connected affine algebraic group contains a maximal connected solvable subgroup,
sometimes called the radical, which is normal in the group and where the quotient is
a semisimple algebraic group

e a connected affine solvable algebraic group contains a maximal normal unipotent sub-
group where the quotient is a torus

C.2.3 THE STRUCTURE OF ALGEBRAIC GROUPS

Therefore any algebraic group can be decomposed into a composition series of normal sub-
groups such that each quotient group (and the “last” group in the series) are in the basic
classes outlined above.

In particular, affine algebraic groups are precisely those that avoid abelian varieties. More
importantly, an affine algebraic group has a decomposition into a finite quotient, a semisimple
quotient and a solvable subgroup. Subsuming the finite quotient into the semisimple group
(that is, allowing for nonconnected semisimple groups) this means that affine algebraic groups
can always be written as a normal solvable subgroup with quotient semisimple. As solvable
groups are generally easy to understand, the focus put on semisimple groups in the theory
is not misplaced.

- 166 —



APPENDIX C. ALGEBRAIC GROUPS

C.3 SEMISIMPLE GROUPS

Paralleling and expanding upon the material in the previous chapter on semisimple Lie
groups, we define semisimplicity for algebraic groups.

C.3.1 ArLmoSsT SIMPLE GROUPS

Recall that a connected algebraic group is simple when it is noncommutative and has no
nontrivial normal algebraic subgroups (as in the case of topological groups, the notion of
normal for algebraic groups should mean normal algebraic subgroups).

Definition C.6. An algebraic group G is almost simple when the center of G is finite
and the quotient by the center is simple.

SL,, is almost simple since the center (consisting of matrices of the form n'* root of unity

times the identity) is finite and the quotient by the center is PSL,, which is simple.

C.3.2 ISOGENIES

Definition C.7. Let G and H be algebraic groups. A homomorphism G — H that is
surjective and has finite kernel is an isogeny.

Definition C.8. Two algebraic groups H; and Hy are isogenous when there exists an
algebraic group G such that G — H; and G — H, are both isogenies.

[sogeneity is an equivalence relation, as is easily checked, and when the underlying field is
algebraically closed there is a classification scheme for almost simple groups up to isogeny.

C.3.3 AimosT DIRECT PRODUCTS

Definition C.9. Let G be an algebraic group and Gy, ..., G, be algebraic subgroups such
that the map G; x --- x G,, = G by (g1,..-,9n) = g1 -+ gy is an isogeny. Then G is the
almost direct product of the G;.

In this case, each G; will be a normal subgroup of G and they will necessarily all commute
with one another.

C.3.4 SEMISIMPLE GROUPS
The actual definition of semisimple is then given as:

Definition C.10. An algebraic group is semisimple when it is an almost direct product
of almost simple groups.

The following result on lattices in semisimple groups is the starting off point for Margulis’
classification theory:

Theorem C.11 (Borel-Harish-Chandra). Let G be a semisimple algebraic group. Then
G(Z) is a lattice in G(R).
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C.4 Q-GRroUPS AND RANK

In terms of rigidity theory there is a fundamental difference between the groups PSL, and
PSL,, for n > 3. Since PSLy(Z) is essentially a free product of two finite groups, among
other things, it has a huge collection of normal subgroups since any finitely generated group
is a quotient of a free group and each kernel is normal. On the other hand, Margulis’ Normal
Subgroup Theorem implies that PSL, (Z) for n > 3 has no nontrivial normal subgroups (up
to finite index).

C.4.1 Ek-RANK

This phenomena can be described more generally in terms of the rank of the ambient group.
Intuitively the rank of an algebraic group such as SL,, is the dimension of the maximal
diagonal subgroup so rank(SL, ) = n — 1. We formalize this by:

Definition C.12. Let G be an algebraic group over k. The k-rank of G is the dimension
of any Cartan subgroup. A Cartan subgroup is a maximal nilpotent subgroup such that
each normal subgroup of it of finite index has finite index in the normalizer. When G is a
linear algebraic group this becomes simply the dimension of the maximal k-split torus. This
will be written rank(G).

C.4.2 REAL AND p-ADIC RANK

Definition C.13. Let G be an algebraic group over Q. The real rank of G is the dimension
of a maximal R-split torus in G(R). The real rank will be written rankg(G) or rank.(G).

The p-rank, for a prime p, is the dimension of a maximal Q,-split torus in G(Q,). This
will be written as rank,(G).

C.4.3 GENERAL RANK

Definition C.14. Let Gq,..., G, be algebraic groups defined over local fields kq,..., k,,
respectively, and let G be the almost direct product of the groups Gi(ky), ..., Gy (k,). The
rank of G is defined as

n

rank(G) = Z ranky, (G;)

j=1

For example, rank(SL,,) = n — 1 when treated as an algebraic group over R or Q,. Note
that the rank is defined in terms of the local fields (completed versions of Q for example).

Another example is that rank(SLy(R) x SL2(Q,)) = 2 since the real rank is one and the
p-rank is one and the group is an almost direct product.

Definition C.15. An algebraic group G is said to be of higher rank when the rank is at
least two.
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C.5 RINGS OF INTEGERS AND S-INTEGERS

Let G be an algebraic group over Q, or more generally over any number field K. Write k for
the algebraic closure of K. The ring of integers will be denoted O (when K = Q we have
O = Z). We can then form the algebraic group G(Q), an example of this is SL,(Z).

C.5.1 THE RING OF INTEGERS

Definition C.16. The ring of integers of an algebraic number field is the set of algebraic
integers in K equipped with the operations of addition, subtraction and multiplication.

Algebraic integers are just roots of monic polynomial equations with coefficients in Z so it is
easy to see that the algebraic integers contained in the rationals are just the usual integers.

C.5.2 S-INTEGERS

Let V' be the set of all (inequivalent) valuations of K and V,, the archimedean valuations.
When K = Q the valuations correspond to primes, including co to represent zero (which
would be the only archimedean valuation).

Definition C.17. Let S be a subset of V' of valuations on K containing V, the archimedean
valuations. The ring of S-integers in K is

Os={re K:|z|, <1foralvesS}

When K = Q and S is a set of primes the ring of S-integers means the set of x € Q such
that |z] <1 and |z|, <1 for each p € S where | - |, is the p-adic valuation.

We will be interested in algebraic groups G over Q (or more generally over a number field
K) and S as above to form G(Qg) the algebraic group of S-integer-valued G elements.

C.6 ARITHMETIC LATTICES

The notion of arithmetic lattices is fundamental to Margulis’ classification theory of lattices
in semisimple Lie groups and more general semisimple groups.

Definition C.18. Let GG be a semisimple Lie group with trivial center and no compact
factors and I' a lattice in G. Then I' is arithmetic when there exists an algebraic group
H defined over Q and a surjective homomorphism ¢ : H(R)® — G (from the connected

component of H(R) to G) such that the kernel of ¢ is compact and ¢(H(Z) N H(R)?) is a
lattice in G that is commensurate with I.

This notion is the natural notion of arithmeticity in the sense that it captures the largest

class of lattices that can be constructed from the integer points of an algebraic group (the
motivation for the terminology arithmetic).
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C.6.1 CLASSIFICATION OF LATTICES

One construction of arithmetic lattices is clear: given an algebraic group simply take the Z
points in the R group and (restricting to the connected component) you must have a lattice
in a Lie group. Up to isogeny then all “obvious” lattices are the Z points, i.e. arithmetic.

After some time of no one being able to exhibit a non-arithmetic lattices in a Lie group,
Selberg conjectured that in fact every lattice in a semisimple Lie group is arithmetic. Mar-
gulis eventually proved this, in his classification theorem: the Margulis Arithmeticity The-
orem. We will return to this in greater detail later (see Chapter 12: The Margulis-Zimmer
Conjecture).

C.6.2 S-ARITHMETIC LATTICES

The starting off point for the notion of S-arithmetic lattices is a result of Borel generalizing
that arithmetic lattices are in fact lattices: for S be a finite collection of prime numbers
write Zg to be the S-integers, the rational numbers whose denominators (in simplest form)
contain only factors in S. Then

Theorem C.19 (Borel). Let G be an algebraic group defined over Q and let S be a finite
collection of prime numbers. When G is connected and semisimple G(Zg) is a lattice in

HpES G<Qp) .

Such a lattice will be called S-arithmetic. We now generalize this as we did with arithmetic
lattices to obtain the complete definition.

Let K be a global (number) field and V' the set of (inequivalent) valuations on K and
Vo the archimedean valuations in V. Write | - |, for each v € V' to mean the valuation of an
element of K and write K, for the completion of K under v € V. Concretely, when K = Q
write Q, for the completion under the p-adic valuation | - |,.

Definition C.20. Let S C V such that Vo, C S and let G be an absolutely simple, simply
connected algebraic group defined over K. As usual write Og for the ring of S-integers in
K. Let G be an algebraic group such that [] . G(K,) — G is an isogeny. Any subgroup
of G commensurate with the image of G(Og), embedded diagonally into the product group,
is called S-arithmetic.

Note that G(Og) will be a lattice in [], .4 G(K,) and therefore so will be the image in G.
Any group commensurate with a lattice (meaning the intersection of the group with the
lattice has finite index in both) is of course also a lattice.

Arithmetic lattices usually means S-arithmetic lattices for arbitrary finite sets S but some
use the phrase S-arithmetic without specifying S and reserve the unadorned arithmetic to
mean images of the usual ring of integers (that is, the case when S = V). We will refer
to lattices arising from the usual ring of integers as pure arithmetic to avoid confusion
when necessary. The pure arithmetic lattices are then those of the form G(Z) and isogenic
images of it. In particular, SL,(Z) and all its finite index subgroups are arithmetic. A more
interesting example is that SL, (Z[/p]) is an S-arithmetic lattice where S contains the p-adic
valuation and the archimedean ones: S = {p, co}.
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C.7T THE MARGULIS ARITHMETICITY THEOREM

While the construction of lattices in rank one algebraic semisimple groups is easy and there
are a variety of them, in the higher-rank case (the rank at least two) the only lattices that
anyone could exhibit were of the arithmetic type defined above. Margulis in the 1970s proved
the celebrated Arithmeticity Theorem:

Theorem C.21 (Margulis). Let T be an irreducible lattice in a higher-rank semisimple
algebraic group G. Then I' is arithmetic.

This theorem is interpreted as saying that there is a finite index subgroup of I' that is the
isogenic image of G(Og) embedded diagonally in the almost direct product of G(K,) for
v € S where S is some set of valuations. Our final chapter makes heavy use of this fact in
stating and making progress on the Margulis-Zimmer Conjecture. In fact, the statement of
the conjecture requires the arithmeticity theorem in order to be formulated.
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