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Chapter 1
Introduction

Ergodic theory is the field of mathematical dynamics concerned with the asymptotic
behavior of systems represented by measure spaces and measurable transformations
on them. Given a system, we consider the space X of all possible states of the
system, with the measure yu defined on it, and consider the evolution over time of
the system as a measurable transformation 7' : X — X. We investigate only finite
measure-preserving transformations and so assume that X is a finite measure space
and that u(X) = 1; we assume (X, i) is a probability space. Then, given an initial
state x € X, the behavior of the system over time is given by the sequence of states
{z,T(x), T*(x), T(x),...}. The possible measurements of the system correspond to
the measurable functions defined on the measure space (X, i) representing the system.
For any particular measurable function f, corresponding to some measurement of the
system, the sequence of measurable functions {f, foT, foT?, foT?,...} corresponds
to the same measurement made at successive times.

The origins of the field lie in the ergodic hypothesis, formulated in statistical
mechanics, which is equivalent to the statement that for an arbitrary measurement
of an ergodic system, the time mean equals the space mean. Specifically, given an
integrable function f, the time mean of f is given by % Z;:Ol foT % asn— oo, the
Cesaro averages for f, while the space mean is simply [ fdu. The foundations of the
field are the ergodic theorems of Birkhoff and von Neumann, which state, respectively,
that the ergodic hypothesis holds for all integrable functions almost everywhere if

and only if the transformation is ergodic and that the ergodic hypothesis holds for
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all integrable functions in the mean if and only if the transformation is ergodic. A
transformation is said to be ergodic when the only T-invariant sets are null or conull:
for any measurable set A if u(AAT(A)) =0 (A denotes symmetric difference), then
u(A) = 0 or u(A°) = 0 (A® denotes the complement of A). From von Neumann’s
ergodic theorem, it follows that for any L? functions f and g (we use L? functions
since the L? space has an inner product denoted < -, - >), the inner product averages
(L Sl fo T, g) — [ fdu [ gdp as n — co. Thus, every pair of measurements on
the system is asymptotically independent on the average when time is described by
an ergodic transformation.

The ergodic theorems imply that for any ergodic transformation 7" and any A and
B measurable sets, £ 3" P (T AYNB) — p(A)u(B) as n — co. This is interpreted
as mixing on average of the two sets A and B under 7 since the “amount” of A that is
in B after repeated application of T" is proportional to the size of B. The property of
(strong) mixing results from removing the on average from the above expression; an
ergodic transformation 7' is (strongly) mixing when for all A and B measurable sets,
w(T"(A)NB) — p(A)u(B) as n — oo. When time is described by a mixing transfor-
mation, for any L? functions f and g, the inner products <f o™, g> — [ fdp [ gdu
as n — 00; mixing means that every pair of measurements is asymptotically indepen-
dent. A major open question in the field, posed by Rohlin in 1949, is whether mixing
implies twofold mixing. Twofold mixing on a transformation 7" means that for all A,
B and C' measurable sets, u(T"(T™(A) N B) N C) — u(A)u(B)u(C) as n,m — oo.
Thus, Rohlin’s multiple mixing problem is asking whether asymptotic independence
for all pairs of measurements (events) implies asymptotic independence for all triples
of measurements.

The ergodic theorems suggest the notion of a (strictly increasing) sequence of
positive integers {a, } being ergodic with respect to a transformation 7" when the time
mean over that sequence of times equals the space mean; specifically, for a measurable
function f, if £ 3" foT % — [ fdp as n — oo, then {a,} is ergodic with respect
to T'. The expressions in the limit are termed the Cesaro averages of the function f
under the transformation T over the sequence {a,}. The main contribution of this
work is the concept of dynamical Cesaro averaging which generalizes these expressions

to a type of moving average and the application of dynamical Cesaro averaging to
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showing mixing on rank one transformations. The material presented in chapter 4 and
chapter 6 (except for the initial well-known result and the uniform Cesaro property)
as well as that presented in section 7.4 is original to our exposition.

The term dynamical sequence of nonnegative integers will refer to a doubly in-
dexed collection of nonnegative integers {sn,i}{rn}, forn > 0and 0 < ¢ < 1,
where {r,} is some sequence of positive integers. Given a measurable function
f and a transformation 7', we say that {s,;},) is ergodic with respect to T' if
% Z:ial oT i — [ fdu as n — oo. The expressions in this limit are termed
the dynamical Cesaro averages of the function f under the transformation 7" over
the dynamical sequence {s,;},}. This generalization of ergodicity from sequences
to dynamical sequences allows a generalization of the fundamental characterization
of mixing given by the Blum-Hanson theorem which states that a transformation is
mixing if and only if every strictly increasing sequence of positive integers is ergodic
with respect to it [BH60]. Specifically, a transformation is mixing if and only if every
weakly increasing dynamical sequence of nonnegative integers is ergodic with respect
to it (Theorem 4.1).

The general class of recurrence properties defined by each particular dynamical
sequence being ergodic with respect to the transformation in question allows us to
consider the behavior of moving averages which have a direct application to mixing
on rank one transformations. Rank one transformations are a class of ergodic trans-
formations on the unit interval in R constructed by cutting and stacking. The cut
and stack method originates with von Neumann and Kakutani, and cut and stack
transformations were first used by Chacon, although the class of rank one transfor-
mations was first defined by Ornstein in his construction of a mixing transformation
with no square root [Orn72]. In that work, it is shown that almost surely there exists
a rank one transformation that is mixing. However, Ornstein’s proof does not have
an explicit spacer sequence for the mixing transformations. Smorodinsky conjectured
that the classical staircase transformation is mixing and Adams showed that this is
indeed the case [Ada98].

In particular, a rank one transformation is defined by a sequence of positive in-
tegers {r,}, the sequence of cuts, and a dynamical sequence of nonnegative integers

{Sn,i}{ra}» the sequence of spacers, that are used to repeatedly cut and stack a sin-
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gle column. Our main result is that rank one transformations satisfying a condition
called restricted growth and such that the spacer sequence is uniformly ergodic with
respect to the transformation are mixing transformations (Theorem 6.5). This result
and the related results presented in this exposition are to be presented in [CS01]|. The
restricted growth condition limits the total variation in the spacer sequence and is a
generalization of a condition, equivalent to restricted growth for staircase transforma-
tions, given by Adams, that is sufficient for staircase transformations to be mixing,
while the uniform ergodicity of the spacer sequence is a generalization of the no-
tion of uniform Cesaro transformations used by Adams to show mixing on staircases.
The application of our concepts and results to a class of rank one transformations, a
class we call generalized staircase transformations, yields a variety of rank one mix-
ing transformations with explicit constructions. Our exposition collects the results
on rank one mixing constructions and presents them in a unified format as well as
introducing several generalizations, most importantly the notion of dynamical Cesaro
averaging, that facilitate the beginnings of a characterization of mixing on rank one
transformations in terms of the distribution and growth of the spacer sequence used
in the cut and stack procedure. With the additional restriction that the spacer se-
quence is strictly increasing (a dynamical sequence {sy;}(,} is strictly increasing
when for all n > 0 and 0 < ¢ < 7, — 1, the term s,,; < 85, ,41), we characterize mixing
by showing that a restricted growth rank one transformation with strictly increasing
spacer sequence is mixing if and only if the spacer sequence for the transformation is

uniformly ergodic.



Chapter 2

Preliminaries

We wish to investigate the asymptotic properties of dynamical systems. Taken
together, a finite nonatomic Lebesgue measure space (X, pu) and a transformation
T :X — X form a dynamical system (X, u, 7). The Isomorphism Theorem tells
us that any dynamical system of this type is isomorphic to a dynamical system com-
posed of the unit interval in R under some measure on the Lebesgue measurable sets
and a transformation on it. From here on, let (X, ) be the unit interval in R under
canonical Lebesgue measure. We are concerned exclusively with maps 7" : X — X
that are measurable, measure-preserving and invertible and will use the term trans-
formation to refer to such maps. Recall that a map 7": X — X is measurable and
measure-preserving when for all measurable sets A, the set T71(A) is measurable
and p(T71(A)) = u(A). The map T is invertible when its inverse 7! satisfies these
criteria as well. We remark that all of the properties we investigate, such as ergodicity
and mixing, hold for a transformation 7T if and only if they hold for 7.

We refer to the g-algebra of subsets of X that u is defined on as the collection of
measurable sets. Similarly, we have the class of measurable functions which have
well-defined integrals with respect to u. We will approximate measurable functions by
simple functions. A simple function is a function that takes on only finitely many
distinct values over its domain. In particular, a simple function that has the value
one on a given measurable set and zero on the set’s complement is a characteristic
function; given a measurable set B, we denote the characteristic function of B by

xp Where yg(x) = 1 when = € B and yg(z) = 0 when x ¢ B. For any positive
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integer p, we define the L? norm, denoted by || - ||, for a measurable function f
1

by | fll, = [ i } f }pdu} " The class of measurable functions f, identified modulo null

sets, such that || f||, < oo forms the function space LP.

2.1 Convergence Notions

To investigate the asymptotic behavior of dynamical systems, we will need a notion
of convergence for a sequence of functions. We present the definitions of the standard
convergence notions and some basic results we will rely on in the sequel. In particular,
we define three types of convergence: almost everywhere, in measure and in LP. Note
that in the sequel we will be concerned only with convergence in measure, in L' and

in L2

2.1.1 Almost Everywhere Convergence

The strongest notion of convergence available to us is almost everywhere (a.e. from

here on) convergence.

Definition 2.1. A sequence of measurable functions {f,} converges a.e. to a

function f when

lim f,(x) — f(x) =0  for almost all z € X.

n—oo

Specifically, the set of points x such that the above limit is not zero is contained in a

null set (a set of measure zero). We write f,, — f a.e. to denote a.e. convergence.

A sequence of functions converges a.e. to zero when the set of points where the
individual limit of the functions on each point is nonzero has measure zero. Unfortu-
nately, this notion of convergence is too strong for our purposes, so we will need the

weaker notion of convergence in measure.

2.1.2 Convergence in Measure

Definition 2.2. A sequence of measurable functions {f,} converges in measure

to a measurable function f when for any ¢ > 0 there exists an N > 0 such that for
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any n > N,
p{r € X o |fo(z) — f(z)| > €} <e

We write f,, — f in measure to denote convergence in measure.

Convergence in measure is similar to a.e. convergence except that the set of points
where the functions are larger than an arbitrary number has measure smaller than
that number rather than measure zero. Convergence in measure is the standard

notion for probability theory.

2.1.3 L? Convergence

Our final convergence notion, LP convergence, is, in general, stronger than convergence
in measure, although for our purposes they will be equivalent since we will restrict

our attention to uniformly bounded sequences of measurable functions.

Definition 2.3. Let p be a positive integer. Then a sequence of L” functions {f,}
converges in LP to an L? function f when

lim [/\fn—f|pdu]’l’ —0.

n—0o0

We write || f, — fll, = 0 or f,, = f in LP to denote L” convergence.

In the sequel, we always use p = 1 or p = 2 and refer exclusively to L' and
L? convergence. Note also that since we are only interested in whether the above
expressions converge to zero, we may ignore the Il? exponent when calculating the

limits.

2.1.4 Convergence Theorems

We now examine the relationship between these convergence notions. First we state
the Holder Inequality, a fundamental result on integration of LP functions, which we
will need for our study. Then a basic theorem concerning these notions is presented.
The reader is referred to [Coh80] for a comprehensive treatment of convergence; we

apply without proof results shown there.
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Theorem 2.1 (Hoélder Inequality). Let p and q be positive real numbers such that

}_17+é:1andletf€Lp and g € L9. Then

/ Faldu < 1 1llgll

We will use a specific version of the above theorem in the sequel.
Corollary 2.2. Let f € L*. Then ||f|x < || fll2

Proof. Applying the theorem with p = ¢ = 2, an arbitrary L? function f and the

characteristic function of the entire space g, given by g(x) =1 for all z, so ||g|ls = 1,

vields that | flls = [[f|du = [|fg|dp < | fll2llgllz = [ fl2- U

The basic relationship among the convergence notions that we employ is presented
in the theorem below. The proof is standard and the reader is referred to [Coh80] for

proofs of our assertions and details of the argument.

Theorem 2.3. Let {f,} be a sequence of measurable functions and f and g L' func-
tions such that ‘f‘ < g a.e. and for all n, ’fn‘ < g a.e. Then the following are
equivalent: f, — f — 0 in measure; || fn, — fll2 = 0; and || f — f|l1 = 0. In addition,

if f, — f a.e., then f, — f in measure, hence in L' and L*.

Proof. Let f, g and {f,} be as above. By our specific version of the Holder Inequality,
if f, — fin L? then f, — f in L'. By Proposition 3.1.4 in [Coh80], if f,, — f in L,
then f, — f in measure. Then by Proposition 3.1.2 in [Coh80], if f, — f in measure,
then along some (strictly increasing) sequence {t,}, fi, — f a.e. Since our measure
space is finite, if f, — f a.e. then f, — f in L? by the Dominated Convergence
Theorem since ‘fn — f} < |fn‘ + |f| < 2g a.e. and ‘fn —f| — 0 a.e. when f,, — f
a.e. Thus, if f, — f in measure, then along every strictly increasing sequence {a,},
fa, — [ in measure. Hence, for each {a,} there exists a strictly increasing sequence
{t,} such that f,, — f a.e. and so f,, — f in L?. Therefore, f, — f in L?
since if not then along some {a,}, there exists ¢ > 0 such that [ ‘ fan — f‘zd,u >0

contradicting that for some {t,}, we have f,, — f a.e. ]

This theorem allows us to use the term converges without qualification, when

the sequence of functions in question is uniformly bounded, to mean convergence in
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measure and in LP; equivalently. We will use this form of convergence exclusively
in the sequel. We also remark that the space L? is a Hilbert space while L! is only
a Banach space. The corresponding lack of an inner product for L' makes L? the
appropriate choice for definitions, as will be seen in the proofs of the Blum-Hanson

theorem [BH60] in the next chapter and our generalization in chapter 4.

2.2 Approximation by Characteristic Functions

We will be interested in the asymptotic behavior of the sequence of functions { fo 7™}
where f is a measurable function and 7" a transformation. More specifically, we will
study the limiting behavior (n — o0) of the Cesaro averages of these functions,
%Z’;:_Ol foT~% and generalizations of Cesaro averages that will be introduced in
chapter 4. The aim of this section is to prove a general theorem asserting that if a
given property holds for the Cesaro averages of all characteristic functions then it

must hold for the Cesaro averages of all measurable functions.

Theorem 2.4. Let T be a transformation and o a given map. If for all measurable
sets B the sequence of functions * Z;:Ol x o T — 1(B) converges to zero in

n

measure then for any measurable function f, the sequence of functions %Z?:_ol fo

T | fdu converges to zero in measure.

Proof. Let T and a be as above and assume the condition given holds for all char-
acteristic functions ypg. It is clear that the condition then holds for simple functions
because they are linear combinations of characteristic functions. For any measur-
able function f, there exists a sequence of simple functions f, such that for all z,
lim, o0 fu(z) = f(z) and f,(z) < fni1(x) for all n. The reader is referred to [ABT97]
(p. 189) for a proof of this assertion.

Since for all n and all z, f,(z) < f,+1(x), we then have that f,(x) < f(z) for all
x and n. Being simple functions, for each n, the sequence of functions % Z?:Ol 0 O
Temai) [ fadp converge to zero in measure. Then, applying Fatou’s Lemma [ABT97]
(p. 211) and using that f,(z) — f(x) for all z, the sequence of functions % Z?igl fo

79 — [ fdu converge to zero in measure. O

This theorem will be used for the most part implicitly in the definitions of various
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ergodic-like properties characterized by mixing on average. In particular, we will
formulate our definitions in terms of convergence for characteristic functions but the
above theorem guarantees the equivalence of that formulation to convergence of the

Cesaro-like averages for all measurable functions.

2.3 Sufficient Class Approximation

Having established that convergence of the Cesaro-like averages of characteristic func-
tions is equivalent to their convergence for measurable functions, we turn our attention
to approximating measurable sets using a class of sets. We will apply this notion of a
sufficient class to show that the levels constructed building a rank one transformation
(see chapter 5) form a sufficient class. We present the basis of the argument detailed

in [Sil01] and refer the reader to that work for further information.

Definition 2.4. Let C be a class of measurable sets. Then C is a sufficient class

when the following conditions are satisfied:
i) for any A, B € C, the set AN B €
ii) for any A, B € C,if ANB # () then AU B € C; and
iii) for any measurable set A, pu(A) = inf{>_; u(I;) : {I;} cover A and I; € C'}.

The following concept we will use in the sequel to restrict our attention from all
measurable sets to sets in a sufficient class. While the theorem of the previous section
was used to characterize the behavior of integrals of Cesaro-like averages, this notion
is used when we consider the behavior of Cesaro-like averages over fixed sets. We now
present a Lemma that allows numerous applications of this concept. We restate the

following from [Sil01]; providing a proof for completeness.

Lemma 2.1. Let C be a sufficient class and A a measurable set. Then there exists a
set H of the form H = ﬂzozo H,, where H, .1 C H, and each H, is a countable union
of elements in C' such that A C H and u(H \ A) = 0.

Proof. Let C' and A be as above. Using property iii), for any € > 0, there exists a set
H(e) = U, I; where the I; are in C' and such that A C H(e) and u(H(e) \ 4) < e.
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Define the sets Hy = H(1); H, = H(1)N H(3); ...; H, = H(1)N...N H(%+). By
property i), the H,, are countable unions of elements in C. By construction, the H,
are decreasing and contain A. Thus, H has the required form and p(H,\ A) <+ — 0

as n — 00. ]

We will apply the concept of a sufficient class in the sequel when showing the
convergence of expressions of the form (7™ (A)NB)—u(A)u(B) (or Cesaro averages
of these expressions) to zero by showing the convergence for A and B unions of
elements in a sufficient class, specifically the levels contructed in cut and stack. The
argument is summarized by the following theorem; note that in the sequel we will
always use f, = %Z?;()l xgoT=em) — (B) or f, = xpoT ™ — u(B) with some

given map .

Theorem 2.5. Let {f,} be a sequence of measurable functions and C a sufficient

class such that for all I € C', lim,,_ fI fndp = 0. Then for any measurable set A,
limy, o0 [y fndp = 0.

Proof. Let {f,} and C be as above. Let A be any measurable set. Apply Lemma
2.1 to obtain H = (), H, such that H, is a countable union of elements of C', A C
H,.1 C H, and u(H \ A) = 0. Since the H,, are countable unions of elements of C,
by hypothesis, |, H, fandp — 0 as n — oo for each m. Since the H,, are a decreasing
sequence of sets, we have that [, f,du — 0 as n — co. But then, since u(H \ A) =0
and AC H, [, fudp — 0 as n — co. O



Chapter 3

Ergodic Theory and Mixing

3.1 Introduction

Ergodic theory is the mathematical field of study concerned with the asymptotic be-
havior of dynamical systems in the case when the system in question is a measure
space and a measurable transformation on it. The study of the behavior of the time
averages of measurable functions leads to the study of more general recurrence prop-
erties of dynamical systems. We will focus on a much stronger notion of recurrence
than ergodicity, that of (strong) mixing. Specifically, a transformation 7" is said to be
(strongly) mixing when for any measurable sets A and B, u(7"(A)NB) — p(A)u(B),
that is to say that as n grows large, T" mixes the set A proportionately into the set
B. Using techniques like those in the previous chapter, this is equivalent to asking
that the sequence of measurements for a measurable function f over a measurable set
Agiven by [, fdu, [, foTdpu, [, foT?du,... converge to [ fdu [, du as time passes.
The questions surrounding mixing transformations, most importantly Rohlin’s mul-
tiple mixing problem, are largely unanswered.

We present the basic ergodic theorems, which form the foundations of our study.
The ergodic theorem of von Neumann (Theorem 3.2) motivates a definition of er-
godicity over a sequence of times which we will generalize in the next chapter. The
definition of mixing is then presented as well as theorems charaterizing mixing trans-
formations, most importantly the theorem of Blum and Hanson [BH60]. We conclude

the discussion of the elementary concepts of ergodic theory with the notion of rigidity,

12
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which is, in a sense, the opposite of mixing. The reader is referred to [Sil01] for a

treatment of the basic topics presented below.

3.2 Ergodicity on Transformations and Sequences

The class of ergodic transformations, characterized by the fact that these transfor-
mations have no nonnull and nonconull invariant sets (a measurable set A is null
when p(A) = 0 and conull when its complement A® is null), has been the focus of
study in the field since its beginnings. We present the standard ergodic theorems,
those of Birkhoff and von Neumann, which are the prime motivation for the types of

expressions that we will investigate in the sequel.

Definition 3.1. A transformation 7T is ergodic when every T-invariant measurable
set is either null or conull: for every measurable set A, if y(AAT(A)) = 0 then
w(A) = 0 or u(A) = 1 (from here on, A will denote symmetric difference: given
ABC X, AAB={x € AUB:z ¢ AN B}).

Definition 3.2. An ergodic transformation 7' is totally ergodic when for every

nonzero integer k, the transformation T is ergodic.

3.2.1 The Ergodic Theorems

The basic characterizations of ergodicity, due to Birkhoff and von Neumann, respec-

tively, are the following theorems.

Theorem 3.1 (Birkhoff). Let T' be an ergodic transformation. Then, for any inte-

grable function f, the Cesaro averages of fo T~ — [ fdu converge a.e. to zero;

n—1

1 )

lim — E foT(x)— /fdu =0 for almost every x € X.
=0

n—00 1, 4=
The von Neumann ergodic theorem below is formulated for characteristic functions

but note that it holds, equivalently, for all L? functions f (Theorem 2.4).

Theorem 3.2 (von Neumann). Let T' be an ergodic transformation. Then, for any

measurable set B, the Cesaro averages of xp o T~ — u(B) converge in L?* to zero;

n—oo

n—1
lim / ’%ZXB oT™" — ,u(B)|2d,u =0.
i=0
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The following application of von Neumann’s theorem to the powers T* of a trans-

formation 7' indicates the general direction of investigation we will take.

Corollary 3.3. Let T be a totally ergodic transformation. Then, for any measurable

set B and for each fixed positive integer k,

n—k—1

1 .
hm/|n—k Z XBOT?zk—/L(B)‘Qd,u:O.
i=0

n—oo

3.2.2 Ergodic Sequences

The characterization of ergodicity as mixing on average over the sequence of times
given by the natural numbers leads us to the following definition of ergodic sequences.
For the purposes of our exposition, we will henceforth use the term sequence unqual-
ified to mean sequence of positive integers. Recall that a sequence {a,} is strictly
increasing when for all n, a, < a,11; {a,} is nondecreasing when for all n,
an, < ani1; {a,} is unbounded when limsup,,_, . a, = oo; and {a,} is bounded

when limsup,,_, . a, < 00.

Definition 3.3. Given an ergodic transformation 7', a sequence {a,} is ergodic
with respect to T when for any measurable set B,

1 n—1
hm/’EZXBOT_M_M(B)PCZM:O'
=0

n—oo

3.3 (Strong) Mixing

The notion of strong mixing strengthens the characterization of ergodicity as mixing
on average for all sets A and B to mixing directly for all sets A and B. We do
not concern ourselves in this exposition with any of the weaker and stronger mixing
properties, including weak mixing, mild mixing, light mixing and mixing of higher

orders. Formally, mixing is defined as follows.

Definition 3.4. An ergodic transformation 7' is mixing when for any measurable
sets A and B,
lim (T"(A) N B) — p(A)u(B) = 0,

n—o0
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Definition 3.5. Given an ergodic transformation 7', a sequence {a, } is mixing with
respect to T when for any measurable sets A and B,

lim (T (A) N B) = p(A)u(B) = 0.

n—oo

The following proposition is an immediate consequence of the fact that if a se-
quence converges to a number « then all its subsequences converge to a; we state it

for completeness.

Proposition 3.1. An ergodic transformation T is mizing if and only if every strictly

increasing sequence is mixing with respect to T'.

3.3.1 Rényi Mixing

The notion of Rényi mixing will be needed in the sequel and is a fundamental rechar-
acterization of mixing. We provide a proof of the fact that Rényi mixing and mixing

are equivalent for completeness.

Definition 3.6. Given an ergodic transformation 7', we say T is Rényi mixing
when for all measurable sets B,

lim u(T"(B) N B) — u(B)u(B) = 0.

n—o0

Theorem 3.4 (Rényi). An ergodic transformation T is mixing if and only if T is

Rényi mizing.

Proof. Let T be a transformation. Clearly, if 7" is mixing then 7" is Rényi mixing.
Suppose that 7" is not mixing. Then there exists measurable sets A and B, ad > 0 and
a strictly increasing sequence {t,} such that u(7T"(A) N B) — u(A)u(B) > §. Hence,
%Z?;(} pu(Th(A) N B) — u(A)u(B) > 6§ for all n. So, using the triangle inequality,

1 n—1 1 n—1
/\5Z><B o T — pu(B)|dp = /A =3 xm o T = u(B)|dp
i=0 1=0

1 n—1 .
> }/Aﬁ;mw — u(B)dy|
n—1
= |

LS W(TA) A B) - w(A)u(B)| 2 6

1=0
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By our specific form of the Holder Inequality applied to the function %Z?;Ol XB ©
T~% — pu(B), this implies that [ |2 Sy xpo Tt — M(B)|2dﬂ > 0.
Note that

1 n—1
/bZXBoT‘“ — 1(B)[d
=0

N /% i (xpoT™ — u(B))(xpoT™" — u(B))dp

4,j=0

n—1
= /XB o T tixgoT ™ — u(B)(xpoT " +xpoT ") + u(B)u(B)du
4,7=0

= LS (T (B) N T(B) - w(B)((B) + p(B)) + w(Bu(B))

i,j=0
1 n—1
— = > (T (B) 0 B) — u(B)u(B),
i,j=0
We will use this technique, originally due to Blum and Hanson [BH60], again when
proving the Blum-Hanson theorem and our generalization of it.

Returning to our main argument, this then implies that

LN u(@ N (B) 1 B) — w(BYu(B)] 2 b

1,5=0

Then there exists a 6 > 0 such that

N

#{(i,§) € Zn X Ly : |u(T"5(B) N B) — u(B)u(B)| > 5} > on’

for all sufficiently large n. This follows since if not then for any ¢ > 0 there exists

N > 0 such that for all n > N, the sets

}

N

My, = {(4,5) € Ly X L : |p(T""%(B) N B) — u(B)u(B)| >

are such that #(M,,) < en? which then yields that

% S |u(T(B) 1 B) — u(B)u(B)|

= S [WT BN B) — p(B)u(B)

(4,4)EMn

+ % > (T (B)N B) — w(B)u(B)]
(i) €M
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< % [€n2u(B) + Z g} <eu(B)+(1-— e)g
(1,9) ¢ Mn
contradicting the above statement that =5 ‘u (T"%(B)NDB) —,u(B)u(B)‘ > 4.
Since {t,} is strictly increasing, }ti — tj‘ > }@ — ]‘ and so for any fixed integer
K >0 and all n, #{(i,5) € Zy, x Zy : |t; — t;| < K} < en®. Then the fact that

#06,9) € Zu x T+ [u(T(B) 11 B) — p(BYu(B)| = 3} > bn?

2]0

implies the existence of a strictly increasing sequence {¢,} such that | (T (B)NB) —
1(B)p(B)| > £ for all n. Hence, T is not Rényi mixing. O

3.3.2 The Blum-Hanson Theorem

We present a theorem relating ergodic sequences to mixing due to Blum and Hanson
[BH60]. The techniques used in our proof, which is a condensed version of the original,

will appear repeatedly in the sequel.

Theorem 3.5 (Blum-Hanson). Given an ergodic transformation T, T is mizing if

and only if every strictly increasing sequence {a,} is ergodic with respect to T'.

Proof. Let T be a mixing transformation and {a, } a strictly increasing sequence. For
any measurable set B and any € > 0 there exists M > 0 such that for all m > M,
|u(T™(B) N B) — u(B)u(B)| < e. Since {a,} is strictly increasing, there exists
N > 0 such that for all n > N, #{(i,J) € Zn X Zy : |a; — a;| < M} < en® becase

}ai - aj} > }@ - j| since {a,} is strictly increasing. Then,

1 n—1
/‘E ZXB o™ — N(B)Fdﬂ

- i (i 0 T~ — w(B)) (x o T — u(B))

,J
-1

I
\ﬁ

- ni u(T%~(B) 1 B) — u(B)u(B)

< ni W (B) N\ B) — u(B)u(B) | + —gen’u(B)
la;—a;|>M

<5 Y evauB) <l +u(B)

la;—aj|>M
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which approaches zero by letting € — 0. Hence, {a,} is ergodic with respect to T.

Since mixing is equivalent to Rényi mixing (Theorem 3.4), if T is not mixing then
there exists a measurable set B, a § > 0 and a strictly increasing sequence of positive
integers {a,,} such that for all m, u(7%(B)NB) — pu(B)u(B) > 6. Then, first using
the Holder Inequality and then the triangle inequality twice,

1"_1 ln—l
S xme T u(B)dnz [ 123 xwo T — u(B)]du

- L
Z/B‘E;XBOT = p(B)|du

> |23 W (B) 0 B) (BB 2 6.

Thus, {a,} is not ergodic with respect to T. O

3.3.3 Cesaro Uniform Mixing

The notion of Cesaro uniform mixing (strictly increasing) sequences of positive inte-
gers and the fundamental result on them, due to Friedman [Fri83], provides a nice
bridge between the techniques used in the Blum-Hanson theorem and the notion
of Rényi mixing. We will generalize this notion and the result below to dynamical

sequences in the next chapter.

Definition 3.7. Given an ergodic transformation 7" and a strictly increasing sequence
{a,}, the sequence {a,} is Cesaro uniform mixing when for all measurable sets A

and B,
n—1

: 1 a;—a; _
lim — ;)u(T (A) N B) — p(A)(B) = 0.
i,j=
Theorem 3.6 (Friedman [Fri83]). Let T' be an ergodic transformation and {a,} be
a strictly increasing sequence. Then {a,} is ergodic with respect to T if and only if

{an} is Cesaro uniform mizing with respect to T

Proof. Let T be an ergodic transformation and {a,} a strictly increasing sequence.
If {a,} is Cesaro uniform mixing with respect to 7', then, in particular, for any

measurable set B,
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Thus, using techniques from the proof of the Blum-Hanson theorem,
1 n—1
—a, 2
/|EZXB o T™% — u(B)|
i=0

- /% i (xpoT™ — u(B))(xp o T~ — u(B))dp

= 5 (WIS (B) 0 B) — BT (B)) — BT (B)) + p(B)u( )
= L WIS B N B) - w(B(B).

Hence,

n—1
: 1 —a 2,
nlggof ‘EZOXBOT — u(B)|"dp = 0.
Thus, {a,} is ergodic with respect to 7.

Conversely, if {a,} is ergodic with respect to T" then for all measurable sets A and

n—1

ST (4) 0 B) — ju(A)u(B)

n? &
4,j=0

=53 [ T s — A (B)d + W A(B) ~ plA)n(E)

1,j=0

= % i / (xaoT™ — u(A)) (xp o T~ — u(B))dp

i,j=0
1 n—1 1 n—1

= / (E ZXA o™% — ILL(A)) (E ZXB oT™% — ,U(B))d:u
i=0 Jj=0

n—1 n—1
1 o 1 .
SHEZXAOT Z—M(A)H2HEZXBOT 7= u(B)]2
i=0 =0

which approaches zero as n — oo since {a,} is ergodic with respect to 7. The last
inequality follows from the Holder Inequality applied to the L? functions defined by

the Cesaro averages over the characteristic functions of A and B. m

3.3.4 Total Ergodicity and Mixing Sequences

We conclude the discussion of mixing with a proposition we will use in the final

chapter to show mixing on staircase transformations. We do not wish to spend too
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much time on this topic since this is the only point in our argument where we need
a fact concerning weak mixing. It is a well known fact about weak mixing that we

prove for completeness.

Proposition 3.2. Let T' be an ergodic transformation and {t,} a strictly increasing

sequence that is mizing with respect to T'. Then T s totally ergodic.

Proof. Let T and {t,} be as above. Suppose that T is not totally ergodic. Then, there
exists a positive integer k such that T is not an ergodic transformation. Assume k is
chosen to be the infimum of all the possible choices. Then there exists a measurable
set A with 0 < p(A4) < 1 and u(AAT*(A)) = 0. Note that u(AAT(A)) > 0 for
0 < i < k by our choice of k. Define the sets Ay = A\ Uf:_ll T'(A) and A; = T*(Ap)

for 0 < 7 < k. For any integer i such that 0 < ¢ < k, using only elementary set theory,
AN Ay =T(Ag) N Ag

— rian | 77 n AN | 75(4))
— (i | 7o) n 4\ | T (4)

— (i | 77 n 4\ | T (4)
=

> (TH(A)\ A) N (A\T'(4)) = 0.

For each t,, define ¢,, = ¢, mod k. If £, = 0, then (7" (Ag) N Ag) = u(As, N Ag) =
w(Ap) and if £, # 0, then p(T™(Ag) N Ag) = u(As, N Ag) = p(0) = 0, contradicting
the fact that {¢,} is mixing with respect to T O

3.4 Rigidity

We conclude the discussion with a brief discussion of the notion of rigidity. Rigid-
ity is, in some sense, the opposite of mixing in that we require that sets return to
themselves with positive measure infinitely often; rigidity was originally defined by
Furstenberg and Weiss. Rigidity has been used recently in the study of weakly but

not strongly mixing transformations, we refer the reader to [Sil01] for details. We
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present definitions of rigidity and partial rigidity and prove a basic result we will

need to show mixing on rank one transformations in the sequel.

Definition 3.8. An ergodic transformation 7' is rigid when there exists a strictly
increasing sequence {a,} such that for any measurable set A,

lim p(7T"(A)NA) = u(A).

n—oo
Definition 3.9. An ergodic transformation 7" is at least a-partially rigid for some
fixed 0 < a < 1 when there exists a strictly increasing sequence {a,} such that for
any measurable set A,

liminf (7T (A) N A) > au(A).

n—o0

In the sequel, we will be concerned with showing mixing or the lack thereof on a
class of transformations known as rank one. The main method of proving the absence
of the mixing property on a transformation is proving partial rigidity, as justified by

the following proposition; the proof is standard, we include it for completeness.
Proposition 3.3. Let T be a partially rigid transformation. Then T is not mixing.

Proof. Let T be a transformation that is a-partially rigid for some 0 < a < 1 along

the sequence {a,}. Choose A to be any set with 0 < p(A) < a. Then,

liminf p(T"(A) N A) — p(A)pu(A) = ap(Ad) — p(A)u(A) = (o — u(A))u(A) > 0.

n—00 -

Hence, {a,} is not mixing with respect to 7" so 1" cannot be mixing. O



Chapter 4

Dynamical Cesaro Averaging

4.1 Introduction

Cesaro averaging plays a central role in the formulation of the ergodic theorems and
the definition of ergodic sequences. The study of finite measure-preserving systems
and recurrence leads naturally to generalizing the notion of Cesaro averaging in var-
ious ways, for instance, Furstenberg [Fur81] takes advantage of Cesaro averages to
prove that weak mixing implies weak mixing of all orders (along multiples). Dy-
namical Cesaro averaging allows us to consider moving averages rather than fixed
averages and to consider notions of ergodicity on the spacer sequences for rank one
transformations, which is the heart of our main result. The notion of dynamical Ce-
saro averaging and the results presented in this chapter are introduced for the first
time in this exposition although various specific forms of moving averages appear in
the literature, for instance the concept of block sequences, that have been studied in
connection with a.e. convergence of ergodic averages, are a simple form of dynamical
Cesaro averaging.

Just as a dynamical system is a system that changes over time, we term a sequence
that changes over time a dynamical sequence. A dynamical sequence is a collection
indexed by two parameters, n and ¢, both nonnegative integers. The index of the
sequence, i, is analogous to the index ¢ for a sequence {a;} of integers. The n pa-
rameter represents the time that the average we will take is to be made. Specifically,

we define a type of moving average of the ergodic expressions where the time, n, is

22
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analogous to the time n in the mixing expressions.

The extension of Cesaro averaging to dynamical sequences then yields a moving
average of the sequence. We first establish the basic concepts of dynamical sequences,
including definitions of our two notions of increasing as well as some special cases of
dynamical sequences. Then we explore the three concepts of ergodicity for dynam-
ical sequences that we will use in the sequel to demonstrate mixing on rank one
transformations. Specifically, the notions of ergodicity, total ergodicity and uniform
ergodicity are developed as generalizations of ergodicity on sequences and of the no-
tion of uniform Cesaro property for transformations. Two applications of dynamical
sequences, generalizations of the Blum-Hanson theorem and Friedman’s theorem on
Cesaro uniform mixing sequences, are then presented. These theorems illustrate how
dynamical sequences and dynamical Cesaro averaging will be used.

We do not need to explore the details in this exposition, but notions similar to the
three ergodic notions for weak mixing exist; specifically, dynamical sequences may
be said to be weakly mixing, totally weakly mixing and uniformly weakly mixing by
strengthening the requirement from with respect to T' to with respect to T' x T'. The
basic characterizations of weakly mixing sequences then carry over to the dynamical
case, although the generalization of the fundamental Lemma of Koopman and von
Neumann ([Pet83] p. 65) 0 Oinvolving expressions of the form %Z?;()l ||, must
account, for the possibility of multiple limit points in the dynamical averages. We
conclude the chapter with a discussion of density notions, and although we do not

use them in the sequel, we provide definitions for completeness.

4.2 Dynamical Sequences

Definition 4.1. A dynamical sequence of nonnegative integers {s,;}..} is an
indexed collection of nonnegative integers s,; for n > 0 and 0 < i < r,, where {r,}
is some (possibly bounded) nondecreasing sequence of positive integers. A particular
state of the dynamical sequence is denoted by {sy;},, for some fixed N > 0. We
will refer to the nondecreasing sequence of positive integers {r,} as the lengths of

the dynamical sequence.

Definition 4.2. Given a sequence of real numbers {«,} and a dynamical sequence
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{Sni}{rn}, the dynamical Cesaro averages of {a,} over {s,;}{..} are the sequence

of real numbers {i St s, )

Thus, the Cesaro averages of a sequence of real numbers are the dynamical Cesaro
averages of that sequence over the dynamical sequence {s,;}{.} given by r,, = n and

Sni = 1.

4.2.1 Families of Dynamical Sequences

To explore the ergodicity of dynamical sequences, we will need the concept of fam-
ilies of dynamical sequences. In particular, we need the notion of the partial sum

dynamical sequences for a given dynamical sequence.

Definition 4.3. A family of dynamical sequences of nonnegative integers is a

collection, indexed by positive integers k, of dynamical sequences {sfff} By

Definition 4.4. Given a dynamical sequence {s,;}, }, we define the family of
partial sum dynamical sequences of {s,;}(.,} to be the family of dynamical

sequences {sg}{rm} given by ") = r,, — k and sflkz = Z’;(l] Snitz-

4.2.2 Increasing Dynamical Sequences

The notion of strictly increasing sequences of positive integers plays a central role in
ergodic theoretic analysis. The straightforward generalization of strictly increasing
sequences of positive integers, requiring that the sequence states are strictly increas-
ing over 1, is called strong increasing. Our notion of weakly increasing for dynamical
sequences arises when generalizing the Blum-Hanson theorem. Both notions of in-
creasing play a role in the converse statements of our theorems. We also state a simple

fact about strictly increasing dynamical sequences that will be useful in the sequel.

Definition 4.5. A dynamical sequence {s,}{,} is strictly increasing when for all

positive integers n and all integers ¢ such that 0 <7 <, — 1, the term s,,; < 55, ;41.

Definition 4.6. A dynamical sequence {s,;}{.,} is weakly increasing when for
every positive integer M and any e > 0, there exists a positive integer N such that

for alln > N, 7%2#{(1,3) €Ly, XLy, : ‘Sn,i — Sw‘} <M} <e.
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Definition 4.7. A dynamical sequence {s,;}{,} is uniformly weakly increasing
when, letting {sflkz)} O denote the family of partial sum dynamical sequences, along
every strictly increasing sequence {k, }, the dynamical sequence {sffz" ) } (rlny 18 weakly

increasing.

Clearly, every uniformly weakly increasing dynamical sequences must be a weakly
increasing dynamical sequence. The justification for the term strictly increasing is

the following propositions.

Proposition 4.1. Fvery strictly increasing dynamical sequence is a weakly increasing

dynamical sequence.

Proof. Let {s,;}{r.) be a strictly increasing dynamical sequence of nonnegative inte-

gers. Then for any n and any 0 < j <1 < 1y,
Spyi = Snyj > Snic1 — Snj > 1+ Spic1—8p,; > ... > (1 —7J)+ Sni—(i—j) — Snj =1 — J;
thus, {s,,} .} is weakly increasing. ]

Proposition 4.2. Every strictly increasing dynamical sequence is a uniformly weakly

increasing dynamical sequence.

Proof. Let {sni}{r,} be a strictly increasing dynamical sequence and {sﬁlkz)} 00y the
family of partial sum sequences. Let {k,} be any sequence of positive integers with
lim sup,,_, o ’:—: < 1. We will show that {sgff) } (k) is a weakly increasing dynamical
sequence. We now consider an arbitrary pair (i, j) € Z,, g, X Zy, _x,. We may assume

without loss of generality that ¢+ > j. Consider first the case when ¢ > j + k,,. Then,

kn—1 kn—1

(kn) (kn) _ E : § :
Sn;‘l - Sn; — Snjitz — Sn,j+z 2 knsn,i - knsn,j—l—kn—l Z Sni — Snj+k,—1-

z=0 z2=0

Now consider the case when j < i < j + k,. Set b=k, —i+ J and observe that

kp—1 kp—1 kn—1 Ky —k—1

(kn) (k)_§: 2: _E: }:
Sn,? - Sn,;} - Sn,iJrz - 3n,j+z - Sn,iJrz - Sn,jJrz
z=0 z2=0 ZZI;‘ 2=0

> (kn — k)(sn,z’+l% - 8n,j+knflz:fl) 2 Spjtkn, — Snji—1-

Note that since j <@ < j + k,, it follows that j + k, > — 1.
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Since {5, }{r,} s strictly increasing it is weakly increasing, so for any integer
M > 0 and any € > 0 there exists N > 0 such that for all n > N, #{(i,j) €
Ly X Ly, |Sni — snj| > M} > (1 —€)r2. Using our above facts,

1
5#{@j)ezm%nxzm4mﬂ§“)—§%wZJW}

n,t n,j

=#{(i,7) € Zy, —x, X Ly, _,where i > j : s(k;?) - sffg) > M}

n,

=#{(i,7) € Zy, —k, X Ly, _,where i > j + k,, : sq(ff) — sgf;?) > M}
+#{(i,7) € Zy, -k, X Ly, i, Wwhere ] <i < j+k,: ngf) - 57(5;) > M}

=#{(i,j) € Z,,, X Z,,where i > j > ky, : sp; — 5p; > M}

+#{(i,7) € Z,, X Ly, where j < i < j+ky :Sp; — Sp; > M}
> 2(1 — e)r?

n

Hence, {sgf;?)}{r(kn)} is weakly increasing so {s,;}{,} is uniformly weakly increasing.

]

4.2.3 Natural Dynamical Sequences

Natural dynamical sequences of nonnegative integers are the generalization to dynam-
ical sequences of the natural numbers as the most basic sequence of positive integers.
Natural dynamical sequences are the spacer sequences for staircase transformations,
which will be defined in the final chapter. We proceed with the definition of natural
dynamical sequences and a straightforward result about them that we will use in the

sequel.

Definition 4.8. Given a nondecreasing (possibly bounded) sequence {r,}, the nat-
ural dynamical sequence with lengths {r,} is the dynamical sequence {s,},.}

given by s,; =i foralln >0and 0 <¢ <r,.
Proposition 4.3. Every natural dynamical sequence is strictly increasing.

Proof. Let {Sy}{r,} be a natural dynamical sequence. Clearly, if n and i are positive

integers such that 0 <7 <7, —1, then s,,;, =1 <714+ 1 = 5,,41. ]
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4.2.4 Simple Dynamical Sequences

The notion of natural dynamical sequences can be generalized from the natural num-
bers to arbitrary sequences. A simple dynamical sequence is a dynamical sequence

that is the first r, terms of a specific fixed sequence.

Definition 4.9. Given a strictly increasing sequence {a,, } and a nondecreasing (possi-
bly bounded) sequence {r,}, a dynamical sequence {s,;},} is a simple dynamical
sequence over {a,} when it is given by s,,; = a; for 0 < i < r,. Thus, all natural

sequences of lists are simple sequences of lists over N.
Proposition 4.4. Every simple dynamical sequence is strictly increasing.

Proof. Let {s,;}{r,} be a simple dynamical sequence over a strictly increasing se-
quence {a,}. If n and i are positive integers such that 0 < ¢ < r, — 1, then

Sni = U; < Gi11 = Spiy1- O

4.3 Dynamical Sequence Ergodicity

We generalize the notion of ergodicity of a (strictly increasing) sequence of positive
integers to dynamical sequences. This takes the form of three distinct concepts of
ergodicity for dynamical sequences: standard ergodicity, total ergodicity and uniform
ergodicity. The justification and significance of these notions will become apparent

as our exposition progresses.

4.3.1 Standard Ergodicity

Definition 4.10. Given an ergodic transformation 7', a dynamical sequence of non-
negative integers {s,;},} is ergodic with respect to T when for any measurable

set B,

rn—1

1
lim / |r_ Z XB OT_Sn,i _ /‘L(B)‘leu = 0.
" =0

n—o0

The functions above are termed the dynamical Cesaro averages over the dynamical

sequence {s,;},.} for the function xp — p(B) under the transformation 7.
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The justification for our definition of weakly increasing makes itself apparent in

the following proposition, which we will need in the sequel.

Proposition 4.5. Let T' be an ergodic transformation and {s,;}r,} a dynamical

sequence that is not weakly increasing. Then, {s,;}{r,y is not ergodic with respect to

T.

Proof. Let T and {s,;}{».} be as above. Then, there exists an integer M > 0 and an
d > 0 such that for infinitely many n, %#{(Z,j) t [Sni — Snj| < M} > 6. Since T is
ergodic and M is fixed, there exists a measurable set B with 0 < p(B) < 1 such that
w(T™(B) N B) > +:p(B) when 0 < m < M. Then,

1= 1

= S WIS (B) (1 B) — w(B)u(B) = 5-p(B) > 0

n 4,5=0

and so, following a similar line of reasoning as in the proof of the Blum-Hanson

theorem,
rn—1
s 2
/I— ZXBOT m— u(B)|dp
rn—1
/ > (xpoT*m — u(B))(xp o T " — u(B))du
n 1,j=0
1 o 1
-3 Z (T =%3(B) 1 B) = u(B)(B) = —-0u(B) > 0.
Hence, {s,,i}{r,} cannot be ergodic with respect to 7. O

We state the following fact to show the motivation behind the notions of natural

and simple dynamical sequences.

Proposition 4.6. Let T' be an ergodic transformation and {a,} a strictly increasing
sequence that is ergodic with respect to T'. Then any simple dynamical sequence over
{an} with nondecreasing unbounded lengths is ergodic with respect to T. In particular,
any natural dynamical sequence with nondecreasing unbounded lengths is ergodic with

respect to T'.
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Proof. Let T and {a,} be as above and let {s,;}(.,} be any strictly increasing simple
dynamical sequence over {a, } where the lengths {r,} are unbounded and nondecreas-

ing. Then, for any measurable set B,

rn—1 rp—1
1 X e 2 I < a, 2
J1= Y ot uB)fau= [ |- 3 xwo17 - uB) du
" =0 " =0
which approaches zero as n — oo since r,, — oo and {a,} is ergodic with respect to

T. [l

4.3.2 Total Ergodicity

The notion of total ergodicity for a dynamical sequence stems both from the need to
explore the behavior of rank one transformations and the need to generalize the notion
of total ergodicity for transformations which is used to prove mixing on staircases.
The reader should note that the difference between the definition of total ergodicity
we are about to give and that of uniform ergodicity in the next section is that total
ergodicity is convergence for all fixed positive integers k and uniform ergodicity is

convergence uniformly over all positive integers k£ in the dynamical Cesaro averages.

Definition 4.11. Given an ergodic transformation 7', a family of (weakly increasing)
dynamical sequences of nonnegative integers {sflkz } O is totally ergodic with

respect to T when for any measurable set B and any fixed positive integer k,

) _q
) 1 5 _ s 2
Jggo/\@ ZO x0T " — u(B)| dp = 0.
Definition 4.12. Given an ergodic transformation 7', we will say that a dynamical
sequence {spi}{r,} is totally ergodic with respect to T when its family of partial

sum dynamical sequences is totally ergodic with respect to T'.

Note that any dynamical sequence that is totally ergodic with respect to a trans-

formation 7" must be ergodic with respect to T'.

4.3.3 Uniform Ergodicity

The notion of total ergodicity of dynamical Cesaro averages being convergence for
fixed k leads us to consider the behavior of these averages uniformly over k. The con-

cept of uniform ergodicity for families of dynamical sequences was originally arrived
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at as a generalization of uniform Cesaro transformations (see section 6.4), which was
used in the first direct proofs of rank one mixing in [AF92] and [Ada98| on staircase

transformations.

Definition 4.13. Given an ergodic transformation 7', a family of (weakly increasing)
dynamical sequences of nonnegative integers {sffl)} O is uniformly ergodic with
respect to T when for any measurable set B and any unbounded (not necessarily
monotone) sequence {k,} with limsup,, .. ’:—n <1,

i) 1

(
1 n
nm/\m S o T (B —o.
n i=0

n—o0

Proposition 4.7. An equivalent formulation of the above definition is that for any

measurable set B and any € > 0 there exists an N > 0 so that for alln > N,

*)_4
1

/‘E Z XB oT_Sstk,2 - M(B)}Qdu <e
n 1=0

for all positive integers k < r,.

Proof. This definition clearly implies the original one. The converse is obtained by
contradiction: if this definition does not hold then there must be some (strictly in-

creasing) sequence {k,} where it does not, contradicting our original formulation. [J

Definition 4.14. Given an ergodic transformation 7', we will say that a dynamical
sequence {Sp;}{r,} is uniformly ergodic with respect to T when its family of

partial sum dynamical sequences is uniformly ergodic with respect to 7'

Note that a dynamical sequence that is uniformly ergodic with respect to some
transformation 7" must be totally ergodic with respect to T and so ergodic with

respect to T

4.4 Mixing and Ergodic Dynamical Sequences

The first application of dynamical sequences that we present is a generalization of
the Blum-Hanson theorem from strictly increasing sequences of positive integers to
weakly increasing dynamical sequences. We then turn our attention to generalizing
the concept of Rényi mixing and the concept of Cesaro uniform mixing for sequences

of positive integers to the notion of Cesaro uniform mixing dynamical sequences.
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4.4.1 The Generalized Blum-Hanson Theorem

The first result that we extend to dynamical sequences is the Blum-Hanson theorem
(Theorem 3.5): a transformation is mixing if and only if every strictly increasing
sequence of positive integers is ergodic with respet to the transformation. The jus-
tification for our notion of weakly increasing dynamical sequences is apparent in the

proof.

Theorem 4.1. Let T be an ergodic transformation. Then T is mizing if and only
if every weakly increasing dynamical sequence of nonnegative integers is ergodic with

respect to T'.

Proof. Let T' be a mixing transformation and {s,;}{..1 be a weakly increasing dy-
namical sequence of nonnegative integers. For any measurable set B and any € > 0
there exists M > 0 such that for all m > M, |u(T™(B) N B) — u(B)u(B)| < e.
Since {s,}{r,} is weakly increasing, there exists N > 0 such that for all n > N,
#{(1,7) * |Sni — Snj| < M} < er?. Then,

rn—1

1 L
/\T— > xmo T — u(B)| dp
" =0
1 rn—1
N / 5> (o T = u(B)) (xs 0 T~ — u(B))dp
n45=0
rn—1
=3 > (T (B) N T (B)) — pu(B)u(B)
" 5=0
1 (S Sn,i—Sn,j
<5 > (T3 (B) N B) — u(B)u(B)
n =0
1 e 1
<< Y [T Tma(B)NB) = p(B)u(B)| + —eriu(B)
™ |spi—8n,j|>M n
1
< 2 Z e+ eu(B) < e(1+4 u(B))

lsn,i_s'rl,j'ZM

which approaches zero by letting € — 0. Hence, {s,;},} is ergodic with respect to
T.
Since mixing is equivalent to Rényi mixing (Theorem 3.4), if T is not mixing

then there exists a measurable set B, a 6 > 0 and a strictly increasing sequence of
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positive integers {t¢,,} such that for all m, u(T*(B) N B) — u(B)u(B) > 4. Define
the dynamical sequence of nonnegative integers {sm}{m} by r, = n and s,; = t;
{Sn,i}{rny is the simple dynamical sequence over {¢,} with lengths given by N. Then,
first using the Holder Inequality and then the triangle inequality twice,

rp—1 rn—1

1 1 _
/ =2 xmo T = u(B) [y > / [ =D xpo T — u(B)|du
" i=0 " i=0

1 n—1 .
Z/B|E;XBOT — u(B)|dp
n—1

> |27 W(T(B) N B) - u(B)u(B)| > &,

n <
1=0

Thus, {Sn;i}{.} is not ergodic with respect to 7. It remains only to show that
{Sni}{y is weakly increasing. But, since {t,,} is strictly increasing, {s,;}{,.y is

strictly increasing and thus weakly increasing. O]

4.4.2 Cesaro Uniform Mixing

The second result we wish to generalize to dynamical sequences is the notion of
Cesaro uniform mixing sequences of positive integers. We remark that the restriction
of the theorem we are about to prove to simple dynamical sequences yields Friedman’s
result (see section 3.3.3) and that applying the coming theorem to natural dynamical
sequences is equivalent to the transformation being uniform Cesaro (see section 6.4).
The details of the proof make clear the link between the generalized Blum-Hanson

theorem and Rényi mixing.

Definition 4.15. Given an ergodic transformation 7" and a dynamical sequence
{Sn,i}{r}, the dynamical sequence {sy;}(r,} is Cesaro uniform mixing when for
all measurable sets A and B,

rp—1

lim > (T (A) 0 B) — u(A)p(B) = 0.

i,j=0
Theorem 4.2. Given an ergodic transformation T and a (weakly increasing) dynam-

ical sequence {S,;}{r,y, the dynamical sequence {s,;},y is ergodic with respect to T

if and only if {sni}(r,) 95 Cesaro uniform mizing with respect to T'.
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Proof. Let T be an ergodic transformation and {sy;}{..} a weakly increasing dy-
namical sequence. If {s,;}.3 is Cesaro uniform mixing with respect to 7', then, in

particular, for any measurable set B,

1 rn—1

lim — > u(T*7*(B) N B) - u(B)u(B) = 0.

,7=0

Thus, using our now familiar techniques,

1 rn—1 .
t [ > xno T = uB)du=o.

Hence, {sn,i}{r,} is ergodic with respect to 7.
Conversely, if {s,;},} is ergodic with respect to 7" then for all measurable sets
A and B,

1 rn—1

> > u(Te 3 (A) N B) — p(A)u(B)

" 4,5=0

= %2 i / (xao T — u(A)) (xp o T~ — u(B))dp

n4.j=0
1 rpn—1 1 rp—1
= / (— Z XA 0T 5 —,u(A))(T— Z xpoT i _N(B>)dﬂ
" oi=0 ™ =0
1 rp—1 1 rn—1
< ||T— Z xao T "mt — M(A)||2||r— Z xp o T " — u(B)l2
" =0 =0

which approaches zero as n — oo since {sy;}(r,} is ergodic with respect to 7'. The
last inequality follows from the Holder Inequality applied to the functions defined by

the Cesaro averages over the characteristic functions of A and B. O]

4.5 Density Notions

This material is not needed for our main theorems, but we include it because we
feel it to be of independent interest. The notion of density for a sequence is crucial
to many approximation arguments, i.e. [Fur81], especially that of density zero (and
one). We define the two notions of density presenting themselves: the density of the

dynamical sequence itself and the density of a sequence over a dynamical sequence.
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4.5.1 Density of a Dynamical Sequence

Definition 4.16. A dynamical sequence {s,;},} has upper density U and lower
density L given by

1
U =limsup —#{i: s,; <rn}

n—oo Tn

1
L =liminf —#{i : s,; <1, }.

n—oo Ty,

When these limits are equal, {s,;}{.} has density

1
L=U=lim —#{i:s,; <rp}.

n—00 Ty

We justify this definition by proving its equivalence to the definition of density
for sequences when the dynamical sequence in question is simple. Recall that the

definitions for sequences are as follows; we then prove our proposition.

Definition 4.17. A sequence of positive integers {a,} has upper density U and
lower density L given by

1
U = limsup —#({ao, a1, as,...,a,, 1} N{0,1,2,...,r, — 1})

n—oo n

1
L =liminf —#({sn;}-, N {0,1,2,..., 7, — 1}).

n—oo Ty

When these limits are equal, we say {a,} has density

1
L=U=lim —#({sni}r, N{0,1,2,... 7, — 1}).
n—oo T

n

Proposition 4.8. Let {a,} be a sequence of upper density U and lower density L
and {Sn;} .y @ simple dynamical sequence over {a,} with upper density U and lower

density L. Then, U=U and L = L, so {a,} and {Sn,i}{ra} have the same density.

Proof. Since {s,;},y is simple over {a,},

A 1
U =limsup —#{i: s, <7rn}
Tn

n—oo
1
= limsup —#({ao, a1, az,...,a,, 1} N{0,1,2,...,r, —1}) = U.
n—oo TTL

~

Likewise L = L. L]
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We conclude this discussion by defining the notions of disjointedness for dynamical
sequences. Uniform and strong disjointedness are too strong for most purposes, so
we adopt the weak version for the term “disjoint” unqualified. We note that our
definition of (weakly) disjoint generalizes to a notion of density of intersection between

dynamical sequences, but do not go into that here.

Definition 4.18. Let {sy;} {1 and {8,,}#,1 be dynamical sequences. We say that

{$ni}try and {3}y are uniformly disjoint when for all values of n, i, 7 and 1,
Sn.i 7é ‘§ﬁ7§'

Definition 4.19. Let {s,;}{.} and {5,;}#,) be dynamical sequences. We say that

{Snitny and {5,,}s,) are strongly disjoint when for all values of n, i and 7,

Sn,i # ‘§n,%'
Definition 4.20. Let {s,;}{.} and {8,;}{#,; be dynamical sequences. We say that
{Snit{ray and {55} 7.} are (weakly) disjoint when

lim l3'%'9({871,i}7“n N {én,z}fn) = 0.

n—00 Ty

4.5.2 Density of a Sequence Over a Dynamical Sequence

Given the previous discussion, it will be relatively easy to define this notion of density

and justify it.

Definition 4.21. Let {s,;}{.} be a dynamical sequence and {a,} a sequence of
positive integers. Then, the upper density of {a,} over {s,;}{.;, U, and the
lower density of {a,} over {s,;}{..}, L, are given by

1
U = limsup —#({sn.i}r, N{ao,a1,0a2,...,a,,-1}) =0

n—oo n

1
L = liminf —#({Sn,i}rn N {a07 ap, az, . .. 7a7"n—1}> = 0.

n—o0 T’n

When these limit are equal, we say that {a,} has density over {s,;}{.
1
U = L = hm _#<{Sn,i}rn N {ao, ay, ag, ... ,arn,l}) = 0
n—00 T,
Proposition 4.9. Let {sy;}{r.} be a natural dynamical sequence and {a, } a sequence

with upper density U and lower density L and upper density over {S,;}r.} U and
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lower density over {s,;}r,} L. Then, L = L and U = U so {a,} has the same

density over a natural dynamical sequence as it does in general.

Proof. Since {sp;}{r,) is a natural dynamical sequence, each state of the sequence,

{Sn.i}rn, is simply {0,1,2,...,r, —1}. Hence,

1
U = limsup —#({ao, a1, as,...,a,, 1} N{0,1,2,...,r, — 1})

n—0o0 n

1 .

= lim sup _#({Sn,i}rn N {CL(), ai, ag, ... ,arn,1}> =0=U.
n—oo T'n

~

Likewise, L = L. O



Chapter 5

Rank One Transformations

5.1 Introduction

The class of rank one transformations are defined using the cut and stack technique
which goes back to von Neumann and Kakutani. Rank one transformations are
characterized by cutting and stacking using a single column at each step. Many
of the simplest examples and counterexamples in ergodic theory are rank one, i.e.
Chacon’s transformation. These transformations became the focus of study in their
own right when Ornstein used the fact that mixing rank one (termed “class one”
by Ornstein) transformations have no roots to construct an example of a mixing
transformation with no square root [Orn72]. Ornstein’s construction is based on a
probabilistic argument yielding the result that almost surely there is a mixing rank one
transformation, although no explicit construction was exhibited. Since then, much
work on rank one transformations and rank one mixing has occurred. In particular,
rank one mixing transformations are mixing of all orders and have minimal self-
joinings [Kal84], [Kin88], [Ryz93|, so are prime with trivial centralizer and almost
surely have singular spectrum [Bou93].

The problem of finding an explicit formula for constructing a rank one mixing
transformation, beginning with a conjecture by Smorodinsky that a particular trans-
formation, which we now term the classical staircase transformation, is mixing, was
opne until Adams [Ada98] proved the conjecture correct by proving that staircase

transformations, named that due to the adding of spacer levels in a “staircase” pat-

37
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tern, satisfying a given condition, equivalent to our condition of restricted growth,
defined below, are mixing. Adams and Friedman [AF92] had previously shown that
there exist mixing staircase transformations, but that work is currently unpublished.
The mixing on restricted growth staircase transformations was then generalized to Z¢
staircase actions by Adams and Silva [AS99]. We refer the reader to [Sil01] for rank
one transformations and to [Fer97] for a survey of recent results in the field.

We devote this chapter to the construction of rank one transformations. After ex-
plaining the cut and stack procedure used to generate the transformations, we prove
two basic results about our constructions that will shed light on their importance.
We conclude the chapter with the definition of a class of rank one transformations
called restricted growth transformations. Restricted growth transformations satisfy
a general condition limiting the total variation of the distribution of the spacer lev-
els; we prove our main theorem in the sequel showing mixing on restricted growth
transformations as equivalent to the uniform ergodicity of the spacer sequence with

respect to the transformation.

5.2 The Cut and Stack Procedure

The cut and stack procedure is a general method for constructing ergodic transfor-
mations on the unit interval in R. We describe in detail the construction of rank one
transformations by cutting and stacking. First, we develop a method for cutting and
stacking a given column of levels to construct a new column of levels. Then we use

this procedure inductively to construct a transformation.

5.2.1 Basic Procedure

Definition 5.1. An ordered collection of intervals all the same length is termed a
column and each interval a level where the height of the column is the number
of levels in the column. The associated column map is defined by mapping each
interval to the interval above it (next in the order on the collection of intervals),
hence the column map is defined from all but the top (last in the order) level onto

all but the bottom level (first in the order), also called the base of the column.
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We describe a procedure for cutting and stacking a column, C),, to obtain a
new column, C,;1. Assume we are given a column C,, with height h,, levels I,, ; and

column map T,,:
C, = {Inyj}?;al where T,,(1, ;) = I ;+1 for j#h, —1

For some given r, > 0, cut C,, into r,, subcolumns by cutting each level I, ; into
7, sublevels, {1 ] o !, of equal length, - ,u([ ;), where I, H is the leftmost sublevel
and In,j Uis the rightmost. Then, the subcolumns of (), are ol = {Il] hn L By
preserving the order on the levels, each subcolumn, C’n , is a column in its own right
with the associated map T which is the restriction of T, to cl,

Given a list of nonnegative integers {sn,i}’i";al, the spacer list for C,,, place spacer
levels (“new” intervals the size of each sublevel) above each subcolumn by adding
sn; levels above C and stack the resulting subcolumns with spacers right on top of
left yielding a new column Cj, 41 with height b, =k, + > 07 ! Sni- We will make
the assumption that inf; s, ; = 0 for all n since we may add full levels to the given
column before cutting and stacking without affecting our construction. Specifically,
if inf; s,,; > 0 then add that many levels to the given column before cutting, then the
height of the column, A, must be modified to be its previous value plus the number
of levels added. Since the levels added in this manner must approach measure zero
(since the total spacers being added must), the behavior of our transformation will
not be affected. Denote the union of spacer levels added to C,, by .5,,, the collection
of levels in C),;; that are not sublevels of levels in C),. The associated column map
T, restricts to T, on the levels in C,,, as above, and extends it to the spacer levels
added as well as all but one sublevel of each the top and bottom levels of C,,. We will

need the following facts in the sequel:

Lemma 5.1. For any sublevel Ir[f]j in Oy, I[Z] =1

L b+ 5, 15 0 level in Cpyq;

i : hintsni  7li i1
Lemma 5.2. For any sublevel I,[l}j in Cyn, wherei #r,—1, T, (IH )= I}Ij I and

Lemma 5.3. For any sublevel I[i]- in C,, where 1 < r, — k for some fixed integer
k>0, Tkhﬁz" 0 5. ”‘Z(I[Z] )= Iz+k].
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5.2.2 Repeated Cut and Stack

Using our basic procedure, given a nondecreasing sequence of positive integers {r,},
the sequence of cuts, and a dynamical sequence of nonnegative integers {sy;}r.},
the sequence of spacers, we may construct, inductively, an infinite sequence of
columns {C,} where Cy = {lyo} is defined to be a single level (whose length will be
chosen later to normalize the transformation) and each C,, 1 is constructed by cutting
and stacking C,, as described above using r,, cuts and {s,;},, spacers.

Since the initial level [y has some finite length, the length of each level in C),
approaches zero as n becomes large. Hence, the associated sequence of column maps,
{T,}, approaches a map T defined on all but a measure zero subset of the union of
the initial levels and all the spacer levels added at each column. Note that 7, is the
restriction of T to the levels in C), (except the top) for each n > 0. When T is defined
on a finite measure space, choose Iy to have length so that 7" is defined on the unit

interval.

Definition 5.2. A transformation constructed by repeated cut and stack on a sin-
gle column, as defined above, has an ergodic spacer sequence when the spacer
sequence for the transformation is ergodic with respect to 7T'. Similarly, the trans-
formation has a totally ergodic spacer sequence or uniformly ergodic spacer
sequence when the spacer sequence is, respectively, totally or uniformly ergodic with

respect to the transformation.

The following propositions are provided for completeness of exposition. The first
is a summary of the basic properties enjoyed by rank one transformations while the
second shows that we may apply our approximation arguments in section 2.3 using

the levels constructed in cut and stack.

Proposition 5.4. The class of levels constructed by repeated cut and stack on a single

column, as described above, is sufficient for the o-algebra of measurable sets.

Proof. For any levels [ and J in C), and C,,, respectively, for some integers n > m > 0,
if INJ # 0, then I C JsoINJ =1Iisalevelin C, and IU.J = J is alevel in C,,. For
any measurable set A, define the sets A, for eachn > 0by A, ={I € C,, : INA # (}.
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Clearly, since, as partitions, C),;1 refines C,,

n—oo

inf { ZM(I]-) : {1;} cover A and each I; is a level} = lim u(A,).
J

Now, suppose that limsup,, . 1t(An) > p(A). Since the A,, are a decreasing sequence
of sets containing A, let A be the set A = No”yAn. Then, w(A) > p(A). Let
B = A\ A. Then, u(B) > 0. But then, B contains a level contradicting the

construction of A,,. O

Proposition 5.5. The transformations constructed by repeated cut and stack on a
single column, as defined above, are measurable, measure-preserving, invertible and

ergodic.

Proof. Let A be a measurable set. Then by Lemma 2.1, there exists a set H = (| H,
where the H,, is a countable union of levels, A C H,, and p(H \ A) = 0. Since levels
are meaurable sets (their measure is their length), and since T" applied to any level is a
countable union of levels, T applied to any measurable set must be measurable in that
w(T(A)) = w(T(H)) = u(H) = p(A) which also shows that T is measure-preserving.

To see that T is ergodic, suppose a set p(A) > 0 is T-invariant. Then, for H as
above, u(HAT(H)) = u(AAT(A)) = 0. Hence, since any countable union of levels is
clearly not invariant (except possibly the whole column), T" is ergodic since the levels
are not invariant. The invertibility of T is clear from the fact that 7! is also a rank

one transformation. ]

5.3 Rank One Definitions

The aim of this section is to prove the correspondence of our definition with the
standard defintion, given below, and to outline how any ergodic measure preserving
transformation on the unit interval in R can be realized as the limit in the uniform
topology of a (possibly infinite rank) cut and stack procedure. We present the stan-
dard definition of rank one and a proof that it is equivalent to our definition. This

and other equivalent formulations can be found in [Fer97].
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5.3.1 Cut and Stack Definition

Definition 5.3. A transformation T is a rank one transformation when 7" can be
realized as the limit of a sequence of maps defined by the cut and stack construction

applied repeatedly to a single column as described above.

5.3.2 Standard Definition

This definition of rank one is (almost) standard in the literature [Fer97]. For com-
pleteness, we provide a proof that our definition of rank one by cut and stack is

equivalent to the standard one.

Definition 5.4. A transformation 7' is rank one when for any partition P of X and

any € > 0, there exists a set F', an integer h > 0 and a partition P’ such that,
i) the sets T*(F) for 0 < k < h are pairwise disjoint,
ii) > jepinf {p(IAT') : I' is a union of elements of P'} < ¢, and

iii) every I’ € P’ is a union of elements of the partition formed by the sets

{F,T(F),T*(F),...., T" {(F), X \U T'(F)}.

We term the collections of sets { F, T'(F), T*(F),...,T" }(F)} as a Rohlin tower
of height h over the transformation 7" with base F.

5.3.3 Equivalence

Proposition 5.6. The definition of rank one given above agrees with our previous

definition.

Proof. Let T be a rank one transformation in the cut and stack sense. Denote the
columns of T' by {C,} and heights by {h,}. Let P be any partition of X and fix
€e>0. Let M = |P| be the number of elements in P. For each I € P, choose n; to be
a positive integer such that there exists a union of levels J in the column C,,, where
pu(IAJ) < 47. Such an integer must exist since the levels form a sufficient class. Set
N = sup;cpns which is finite since P has a finite number of elements. Consider P’

to be the partition formed by the levels of the column Cy and the set X'\ {J; I,,,; and
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consider F' to be the base (bottom level) of Cy, F = Iy,. Clearly, the sets T%(A)
for 0 < k < h,, are pairwise disjoint and P’ has the required form for condition iii) of
the standard definition. We also have that for each I € P there exists I’, a union of

levels in C),,, hence in Cl, such that u(IAI") < 57, and so

;inf {W(IAT") : I' is a union of levels in P'} < [EZP % =e
Thus, T is rank one in the standard sense.

Conversely, let T" be a rank one transformation in the standard sense. Given a
partition P of X of the form {F, T(F),..., T""1(F), X\U?:_ol T'(F)} for a measurable
set I and positive integer h, from the definition we are guaranteed the existence of a
partition P’ of X where P’ has the form {F', T(F"),...,T" =Y (F'), X\ U:igl TY(F")}
for some measurable set F” and positive integer h’. We may assume that F’ C F.
Thus, P’ can be obtained from P by cutting and stacking the Rohlin tower in P to
obtain the Rohlin tower in P’. Let P, be the partition of X containing the set X
alone. Apply the above process inductively to obtain P, = P, _; for all n > 0. Then
the Rohlin towers defining the partitions P, are indeed the columns for a rank one

cut and stack transformation. O

5.4 Restricted Growth Transformations

The class of rank one transformations that we term restricted growth transformations
is characterized by adding spacer levels whose total sum approaches zero relative to
the height of the column being cut and stacked. This strengthens the condition that
the total sum of the spacer levels being added must approach zero relative to the
height of the column resulting from the cut and stack procedure which ensures that

the transformation being defined is finite measure-preserving.

5.4.1 Definition of Restricted Growth

Definition 5.5. Let T be a rank one transformation with spacer sequence {sn,i}{m}
and heights {h,}. Then, T has restricted growth when izgalsm — 0 as

n — o0.
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The notion of restricted growth, a generalization of Adams’ condition under which
he shows staircases to be mixing [Ada98], means, loosely, that the total variation in
the spacer level heights cannot be large enough so as to interfere with the indepen-
dence of the mixing behavior on the subcolumns. We note that the restricted growth
condition is first introduced in this exposition. Ornstein’s constructions in [Orn72]
using “random spacers” are built by adding less than h,,_; levels before cutting and
stacking, then adding spacer heights whose kth partial sums are all bounded by
4r,. Hence, % Z:;gl Spi < ‘% so the constructions have restricted growth. As we
have already mentioned, Adams’ [Ada98] and Adams’ and Friedman’s [AF92] mixing

staircase transformations are all restricted growth as will be seen in the final chapter.

Thus, all previously known rank one mixing transformations have restricted growth.

5.4.2 A Transformation Without Restricted Growth

For completeness, we provide an example of a rank one transformation on a finite
space that does not have restricted growth. We proceed with the construction of
the transformation. Let I = [0, 1) be an interval considered as the only level in the
first column C,. Thus, the height of column C) is h; = 1. Define the sequence
of cuts {r,} by r, = 2(2" — 1) so that r; = 2. We define the spacer sequence
of lists {sm}{rn} inductively by s,o = hy, and s,; = 0 for 0 < ¢ < r,. Then,
hpir = rphy + 227;61 Sn = (rn+1)h, = (2" — 1)h,,. Using these sequences for the
cut and stack procedure generates a transformation 7" by constructing the columns
{C,} and spacer unions {S,}. We observe that % St s, = 1 does not approach
zero so 1" does not have restricted growth. To see that 1" is indeed defined on a finite

measure space, note that for I,, a level in C,,,

ol h 1

p(Sy) = Z Sn,zM(In+1) = Sn,OM(In—H) = T—ZM(In) = EH(Cn)‘
Then,
1 1 1
H(Sur) = —p(Con) = (O + 1(5)) = —(rais(S) + (S)
ot lsy =22 UL ey Lis,

Tt 2(27+1 — 1)
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Since p(S1) = 1p(I), we have that p(S,) = 27" 'u(I). Hence, Y oo u(S,) =
Yo 27"u(I) = p(I). Thus, T is defined on a space of total measure one.
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5.5 Higher Rank Cut and Stack

The cut and stack procedure outlined above for constructing rank one transformations
can be generalized to higher rank constructions by maintaining simultaneous columns
during the procedure. We begin the cut and stack procedure as before, cutting a given
collection of columns into subcolumns and stacking some of the resulting subcolumns
as above. This results in a collection of columns that we may then repeat the process
on. When a transformation is constructed by cut and stack where the number of
columns at each step attains the maximum value M, we say that the transformation
is rank M. If no such number exists then the transformation is said to have infinite
rank.

We now explain briefly how any ergodic measure-preserving transformation may
be viewed as a cut and stack transformation. Given an ergodic measure-preserving
transformation 7', choose a measurable set A of positive measure such that T(A)NA =
(). Construct the Rohlin tower over T" with base A; let P denote the partition
(A, T(A), T*(A),..., T"(A), X \UI T'(A)} where h is chosen to be the largest pos-
itive integer such that T°(A) N A = ) for all 0 <4 < h. We then cut the column into
some number of pieces and stack any of the resulting subcolumns where the mapping
is congruent with 7. By cutting the columns small enough, it is possible to eventu-
ally stack the subcolumns so that for almost every x, the orbit of the point x can be
determined to arbitrary lengths. The reader is referred to [PAWS85] for details and

proofs.



Chapter 6

Rank One Mixing Transformations

6.1 Introduction

The study of rank one mixing transformations began with Ornstein’s proof that al-
most surely such a transformation exists [Orn72]. The question then became finding
an explicit contruction of a rank one mixing transformation since Ornstein’s proof
did not have an explicit spacer sequence. Smorodinsky conjectured that the rank
one transformation now known as the classical staircase transformation is mixing and
that conjecture was open for over twenty years until Adams showed that a class of
staircase transformations, including the classical staircase transformation, are mix-
ing transformat ions [Ada98]. Using the techniques of Adams, combined with our
notion of dynamical Cesaro averaging, we generalize this result to a larger class of
transformations.

Before presenting our main result, we explore some necessary conditions for a rank
one transformation to be mixing. The three necessary conditions for mixing that we
discuss are having an unbounded cut sequence, having a mixing height sequence and
having the property called uniform Cesaro. The mixing height sequence and

uniform Cesaro conditions relate to the ergodicity of the spacer sequence for the
transformation and provide a method for showing mixing. Our main theorem on
rank one mixing occupies the remainder of the chapter; the result will be presented in
[CS01] as well. This exposition is the first time the material in this chapter is presented

(except for the well known result in section 6.2 and the definition of uniform Cesaro

47



CHAPTER 6. RANK ONE MIXING TRANSFORMATIONS 48

in section 6.4).

6.2 Unbounded Cut Sequences

We begin our study of rank one mixing with a condition that precludes mixing. It
is a standard fact which we prove for completeness. The condition we establish as
necessary for mixing is that the sequence of cuts cannot be bounded. The principle of
the proof is that in any column C), defining the transformation 7', each level returns
to itself (approximately) under T"». Then if r, < K, each level returns to itself with
proportional measure at least % under T"*$70 50 we have at least % partial rigidity.

We proceed with a formal proof of this well known fact.

Proposition 6.1. Let T be a rank one transformation with a bounded sequence of

cuts {r,}. Then T is partially rigid and therefore cannot be mixing.

Proof. Let T be a rank one transformation with sequence of cuts {r,} and sequence
of spacers {s,,}{,,} such that there exists a positive integer K where r,, < K for all n.
Define the sequence {t¢,} by t, = h,, + s, 0. Then, for any sublevel I}S]j, the leftmost
sublevel of some level in C,,, Tt (I,[LO]J) = Ig]j To show partial rigidity, it is enough to
show partial rigidity on unions of levels since the levels generate all measurable sets.
Let A be a union of levels in C'y for some fixed N > 0. Then, for any n > N, A is
a union of levels in C,,. Write A = Ua" ' L, q; for some 0 < a,, < h;, and distinct a;

positive integers less than h,,. Then,

p(I ()N A) = 3 (T, nZ_ p(T(10,) 1 4)

ap—1 ap—1
E ] A pr N(]n,a]-) = , ,u(A) .

Hence, along {t,}, T is + partially rigid which precludes mixing by Proposition
3.3. O

6.3 Mixing Height Sequences

Before proving our main result, we show a simpler, related result. We show that if a

rank one transformation has a sequence of spacers that is ergodic with respect to the
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transformation, then the transformation has a mixing sequence of heights. This result
is used in the final chapter and the proof utilizes the same techniques as our main
theorem will although this result is somewhat simpler, making it a good introduction

to our main theorem.

6.3.1 Ergodic Sequences of Spacers

Theorem 6.1. Let T be a rank one transformation with spacer sequence {sp;} .}
and height sequence {hy,}. Then {hy,} is mizing with respect to T if {Sn;}{r.) @5
ergodic with respect to T .

To prove this theorem, we will prove it on levels which approximate the measurable
sets. In essence, we write a given level A as the union of levels in C,, and then as the
union sublevels of those levels allowing us to apply 7" to each sublevel which shifts
it one column to the right and “down” s, ; levels, the number of spacer levels placed
above the subcolumn that the sublevel began in. The heart of the proof, and also the
heart of our main result, is that a sublevel intersects a given whole level in exactly
ln the amount that the level the sublevel is contained in intersects the given level.
This notion of converting a mixing integral to an ergodic integral, originally found in

[Ada98], was the initial motivation for our work.

Proof. Let A and B be unions of levels in C'y for some fixed N > 0 and consider A
as a union of levels in C,, for n > N: A = Ji~ "1, ;- Then, letting {h,} denote the
sequence of heights and {s,,;}{,} the sequence of spacers,

(T (A) N B) — u(A)u(B)]

an—1r,—1

= >3 w1l )N B) — u(I, )u(B)]

j=0 i=0
an—17r,—2
<[>0 @i A B) — (I u(B)] +Ti
0 =0 "
;i 2 anpn—1
=320 w0 B) — @i, B
=0 aj>=snl
anp—1 1
+ Z (T~ (1) N B) — (I |+—

n

a]<sn,
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1
<12 [0 ) N B) = iy, Ju(B)]
=0 j=0 n
o Tn—2 1
+Z\u S0 B) = (S u(B)| + —
1 1
< r_ Z (T (Ina)) 01 B) = 1T, Ju(B)| + () + -

7=0
>TLZ

1 1
< [1= S o T — (B d -+ ) + -
" =0

n

which approaches zero since {s,;},} is ergodic with respect to T and T is finite

measure-preserving. 0

6.3.2 Randomly Generated Transformations

The characterization of mixing height sequences by the ergodicity of the spacer se-
quence allows us to apply the results on ergodic sequences of Rosenblatt and Weirdl
[RW95].  Specifically, in that work, a concept of randomly generated sequence is
produced allowing the conclusion that almost every randomly generated sequence is
ergodic with respect to every ergodic transformation. We now state their theorem;

note the definition of randomly generated sequence implicit in it.

Theorem 6.2 (Rosenblatt-Weirdl). Let {Y,,} be a sequence of i.i.d. random variables
such that P(Y, = 1) = o for a given fivzed 0 > 0. Then the sequence A given byn € A
if and only if Y, (z) = 1 is ergodic with respect to every ergodic transformation for

almost every x.

We generalize this notion of randomly generated sequences to dynamical sequences
by using a family of sequences of i.i.d. random variables. Using these dynamical se-
quences as the spacer sequences for rank one transformations, we construct “randomly

generated” rank one transformations.

Definition 6.1. Given a family of i.i.d. sequences of random variables {Y } such
that P(Yk(n) = 1) = o for some fixed ¢ > 0 as above, a rank one transformation

is randomly generated when the spacer sequence {s,;},} is given by the first
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r, values of the strictly increasing sequence A™ defined by ¢ € A;C") if and only if

Y;(n) (x) = 1 where x is some arbitrary point.

The application of Rosenblatt and Weridl’s theorem to our transformations yields

the following theorem.

Theorem 6.3. Almost every randomly generated rank one transformation has a miz-

ing height sequence.

Proof. Fix 0 > 0. Let {erk)} be as above. Define the sequences A™(x) as above
for each € X. Then, for almost every z € X, the sequence A™ (x) is ergodic with
respect to every ergodic transformation. Let L, = {z € X : A™(x) is not ergodic}.
Then, pu(L,) = 0 and so u(lJ,, Ln) = 0 because J,, L, is countable. Thus, for a.e.
r € X, the sequences A™(z) are ergodic with respect to every ergodic transformation
for all n. Hence, the transformation being contructed has an ergodic spacer sequence

since at each n, the sequence A™ is ergodic with respect to the transformation. [

This theorem is, in some sense, the rank one analogue of the general category
argument that weakly mixing transformations are dense G in the class of measurable
transformations. Specifically, the notion of a mixing sequence of heights may be
regarded as “rank one weak mixing” and then almost every randomly generated rank

one transformation is “rank one weak mixing”.

6.4 Uniform Cesaro Transformations

To apply our main theorem on restricted growth mixing, we will need some mechanism
for showing that dynamical sequences are uniformly ergodic with respect to a given
transformation. The original direct proofs of rank one mixing in [AF92] used the
notion of uniform Cesaro to prove that staircases are mixing. Adams used this notion
in [Ada98] as well but left it unnamed in that work. We mention that the definition
is motivated by both the definitions of uniformly ergodic dynamical sequences and of
totally ergodic transformations characterized by von Neumann’s theorem.

The notion of uniform Cesaro appeared as the result of work by Adams and
Friedman involving sweeping out on sequences [Ada91], [Fri83], and [AF92]. A conse-

quence of Furstenberg’s work [Fur81] is that any uniform Cesaro transformation must
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be mildly mixing and it is trivial from the definition that uniform Cesaro implies uni-
form sweeping out on arithmetic progressions. However, in [AF92] it is shown that
Chacon’s transformation (the rank one transformation given by cut sequence {r,}
and spacer sequence {S,;} .} Where r, = 3 and s, = 0; s, = 1; and s, 5 = 0 for
all n) is a uniform Cesaro transformation while the transformation is known to be
%—partially rigid and thus not mixing. Hence, uniform Cesaro is weaker than mixing.

The main result involving this notion is that if a rank one transformation has a
totally ergodic sequence of spacers then the transformation is uniform Cesaro. The
significance of this will not be apparent until the final chapter, but is a critical element

of the argument for constructing explicit rank one mixing transformations.

6.4.1 Definition

Definition 6.2. An ergodic transformation 7' is uniform Cesaro when for any
measurable set B,

n—1
lim /‘%ZXB o T _M(B)‘Zd,u —0
=0

n—oo

uniformly over all positive integers k. Specifically, for any € > 0 there exists an

N = N(B,¢) > 0 such that for all n > N, the integral is less than e for all k£ > 0.

As can be seen easily, this property is implied by the uniform ergodicity with
respect to the transformation of the family of dynamical sequences {sflkz)} IO given
by sﬁff =gk foralln >0,k >0,0< 6 < n(lk), for any family of unbounded,
nondecreasing sequences {rﬁbk)}. We note that the convergence of the above integrals
to zero for each fixed positive integer k is equivalent to 7' being totally ergodic,

applying von Neumann’s ergodic theorem to 7.

6.4.2 Totally Ergodic Sequences of Spacers

The following theorem strengthens our theorem that 7" has a mixing sequence of
heights when the spacer sequence is ergodic to the theorem that 7" is uniform Cesaro
when the spacer sequence is totally ergodic. The theorem will be used in the sequel

to show the uniform ergodicity of dynamical sequences with respect to rank one
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transformations. We remark that the structure of the argument presented is based

on that presented to show that the classical staircase transformation is uniform Cesaro

in [Ada98].

Theorem 6.4. Let T be a rank one transformation with a totally ergodic spacer

sequence. Then T is a uniform Cesaro transformation.

In order to prove the theorem, we will need several Lemmas. The first is a basic
fact of measure preserving transformations, the proof we provide for completeness,

while the second and third represent a key part of the argument.

Lemma 6.2. Let T' be a measure preserving transformation and B a measurable set.

Then for any positive integers R, L and p,

= = pL L
j : —i 2 2 : —
Proof. We apply the triangle inequality several times to break the average into blocks

as follows. For any positive integers p, L and R,

1
/|§ZXBOT = u(B)[ dp
=0
1 (ﬁ%l 1 pL—1
S/\@ oL X5 o TP~ — u(B)*dp
pL ! =0 i=0
1 R—1 )
g X wer —u()dy
i=[1H1pL
1 [p%-‘ -1 pL—1
< 1o I

AR
|

R .
— p—L Z XB OT_Z — /,L(B)‘Qdﬂ‘i_ e
—0
L
/|_Z ZXBOTW p(B)du+ 2
1 . i 2 pL
5;/‘_296307—' P — pu(B)| dllﬂLE

1 .
:/|E;XBOT_W_M(B)‘2dM+E'



CHAPTER 6. RANK ONE MIXING TRANSFORMATIONS 54

]

Lemma 6.3. Let T be an ergodic transformation and {p,} a sequence of positive inte-
gers such that for any measurable set B and each fized nonzero integer i, u(T%"(B)N
B) — w(B)u(B) — 0 as n — oo. Then for any € > 0 there exist arbitrarily large

positive integers L such that for sufficiently large n,

= '
/ }E ZXB o' — ,u(B)|2d,LL <.
i=0

Proof. Fix € > 0. For each fixed nonzero integer 7, choose positive integers N; such
that for all n > IV, !Iu(TW(B) NnB) — N(B)M(B)’ < €. For any positive integer L,
set N = sup_j,<; N;. Note that for any 0 < j,¢ < L, we have that —L < j—/¢ < L.
Then for all n > N,

1 <& .
S ——
j=1

/ (x5 0 T — u(B)) (x5 0 T~ — u(B))dp

[
-
-

<
T
o

u(T7(B) N T (B)) — u(B)p(B)

S
~
Il
—_

I
NI
-

(T9=97(B) N B) — u(B)u(B)

S
~
Il
—

I

=

-
=

=
)
N

A
NI
-

(@)

[

M

]

Lemma 6.4. Let T' be a rank one transformation with spacer sequence {s,;} ¢,y that
is totally ergodic with respect to T and heights {h,}; let {m,} be a nondecreasing
unbounded sequence of positive integers and {p,} be a sequence of positive integers

such that h, < p, < 2h,, for all n. Then for any measurable set B,

mp—1
. 1 = —ipm 2
Jiy [ s 35 o™ =
Proof. Let T', {sn .} ro}: {hn}, {mn} and {p,} be as above. We will use the notation

{s%kl} (o for the family of partial sum dynamical sequences of {Sn,2}rayi s =
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ZI; ésn 24y and r¥) = rn — k. By Theorem 2.5 and Proposition 5.4, it suffices to
show convergence for measurable sets B that are finite unions of levels in the columns
C,, defining T'. For each fixed nonzero integer ¢, define j, and ¢, by ip, = j,h, + t,
where 0 < t, < h,. Then, i < j, < 2¢ for all n. We partition the columns C,, as
follows. Let DY be the top t, levels of (), excluding the rightmost Jn+ 1 subcolumns
and the bottom ]"(]++1) levels (of the top t¢,) and let D be the bottom h, —t, levels
of C, excluding the rightmost j,, subcolumns and the bottom J"(J%l) levels. Then,

w(Cy A( YuD 2))) 2ntD) 4 j”(il’jl) — 0 since for all n, the term 7, < 2i is fixed.

Tn

Counsider B as a union of “levels” in D,(ll) and D,(f):

Jn(Jn +1
U U b<1> where t,, + % < b?(j) <h,
Ga(in +1) o
U U b(z) where T < bé) <h, —t,

for appropriate 57(11’2) and bg(,m). Then, since 7, < 2i is fixed, SJ”H will be in the

[z+7n—+1]

subcolumn Cj,, outside a set of measure approaching zero (because the space T'

is defined on is finite),

(T (BY) N B) — u(BM)u(B)]
)

Br —=1rn—jn—2
= | p(T (17 0) O B) = 17 ) u(B))|
y=0 z=0 Y Y
B =1 rp—jn—2
= ‘ fu(T Gt Dhn (I[Z] )N B) — ,u(][z} ),U(B)}

Tt —hn 44 Nt —hp+b3"

_ —sntD g 41] [24-4n+1]
- ‘ p(Tr (In’tnj,hn%l(})) NB) — N(Ininjithrb?(!l))N(B)‘

(Jn+1)

o [M(Tisn’z (In,tn—thrbg,l)) nB) - “(In,tnfthrb;l))“(B)] ‘

y=0 z=0 'n
1 7’”7-]"72 8(]n+1) t, —h 1) 1)

= }r— > w(T (T ="(BY)) N B) — (B )u(B)]
n z=0

(Jn+1

/ PGt Z xp o T = u(B)|dp

IN
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which approaches zero as n — oo since {s,;},} is totally ergodic with respect to T
and ¢ < 7, < 2¢ is fixed so the dynamical sequence given by {55{2)} (rGnty is ergodic
with respect to 1" because for a given € > 0 there exists an integer N > 0 such that for
all n > N and all integers j such that : < 5 < 2i, each dynamical sequence {s,(f;)z}{rgj)}
is ergodic with respect to 7'.
Similarly for Bg),
[W(T (BE) 1 B) = w(BE (D)
B —1rn—jn—1

=13 D w0 B) = (I, )u(B)]

y=0 z=0 Y

SIS @ B —pd? ()|

n,thrbgf) n,tn+bq(y2)

_gUn) e, 247n
= | P10 ) A B) = (157 (B

« « ntn by Nty b2
y=0 2=
67(12>_17"n_3n_1 1 Gn)
—sr
= | — [T, @) N B) =, @B
y=0 z=0 n
1 Tnfjnfl _S(Jn) t 2) (2)
== > W@ T (BP) 1 B) - p(BE)u(B)
n z=0
1 i ()
_/| G0 2o xwo T —u(B)|du
n 2=0

which approaches zero as n — oo since {s, . },} is totally ergodic with respect to
T and ¢ < 7, < 27 is fixed so the dynamical sequence given by {Sﬁi’;)} my is ergodic
with respect to T', as above.

Thus, since u(BA(BYUBY)) — 0 asn — oo, (T (B)NB) — u(B)u(B)| — 0.
Hence, we may apply Lemma 6.3 so that for any € > 0 there exists arbitrarily large

positive integers L such that for sufficiently large n,

= '
/ }Z ZXB o T — u(B)|2d,u <.
i=0

Therefore,
mp—1

limsup/ |mL Z xgo T " — M(B)Fdﬂ <e.
=0

n—oo
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We are now in a position to prove Theorem 6.4.

Proof. (of Theorem 6.4) Let T be a rank one transformation with spacer sequence
{sn,i}{m} that is totally ergodic with respect to T'. We show that the uniform Cesaro
integrals converge for a given sequence {k,}, which is equivalent to uniformly over k.

Let {k,} be a sequence of positive integers. We may assume that limsup,,_, . %" <1

h2 . .
Note that g T 00 as n — 00, since, on a finite space, }T’—" — 0o and % — 1 as
n n n

n — 00, SO hi — mmhahn _y oo Define the sequence {p,} so that hy,, 1 <k, < h,,

hn+1 hn+1 Tn
for each n. Define {u,} by u, = inf{u € Z* : vk, > h,, }. Then, h, < u,k, < 2h,,
2 h? . .
and o= lzlk;n > ;Z’; > QZZ" > 2"};;;1 — oo as n — oo. Then, there exists a strictly

n
UnMn

increasing sequence of positive integers {m,, } such that — 00 as n — oo. Hence,

for any measurable set B, Lemma 6.4 guarantees that

n—oo

1 my—1 .
lim /’m— Z XB o T iknun _ ,M(B)|2d,u —o.
n o

Applying Lemma 6.2 and that fact that *=™= — 0 as n — oo,

n—oo

n—1
lim /‘%ZXB o T~ tn _,U(B)|2du _0
i=0

6.5 Mixing Transformations

We are now ready to prove our main result. We note that our proof is based, to a
large extent, on the proof that restricted growth staircase transformations are mixing
presented in [Ada98], but that our generalization of that result has the advantage of
cleaner exposition as well as allowing a restricted converse statement in addition to

showing mixing on a larger class of transformations.

6.5.1 Main Theorem

Theorem 6.5. Let T be a restricted growth rank one transformation with a uniformly
ergodic spacer sequence. Then T is a mixing transformation. Furthermore, if the
spacer sequence for a restricted growth rank one transformation T is uniformly weakly

increasing, then T is mizing if and only if the spacer sequence is uniformly ergodic.
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Proof. Let T be a restricted growth rank one transformation with sequence of cuts
{rn} and sequence of spacers {s,;}{1- Let {Cpn}, {hn}, {In;} and {S,} be the
sequences of columns, heights, levels and unions of spacer levels of T', respectively, as
defined in the previous section. To show that 7" is mixing, it suffices to show that T’
is mixing on finite unions of levels, by Theorem 2.5 and Proposition 5.4. To this end,
let A and B be unions of levels in some column Cy, for some fixed N > 0; then for
allmn > N, A and B are unions of levels in C,,.

Let m be any positive integer such that m > hy. Define p,, to be the unique
positive integer such that h, < m < h, 4 and let k,, and t,, be such that m =

kv, + tm, where 0 < k,,, <1, and 0 <t,, < h,,, . This is possible since

rn—1 rn—1
hn—i—l = rph, + Z Snyi = hn (Tn + hi Sn,i) < hn<7nn + 1)
i=0 " i=0

for sufficiently large n because T' has restricted growth.

Define the sets Dy, Dy and D3 by letting D; be the rightmost k,, subcolumns of
each level in C,,,, Dy be the top t,,, — ng:"a_l Spm.z levels of €, excluding the right-
most k,, + 1 subcolumns, and D5 the levels between the bottom ZZ”:"E)A Spm.z levels

and the top t,, levels of C,,, excluding the rightmost k,, subcolumns. Specifically,

D, :{[]Ei]n:j T — K <4<y and 0 < j < h,,.}
Tpm —1
O 4 (1 - _ _ _ ;
Dy={IL) ;:0<i<r, —kn—1 and Y s, .+hy, —tn <j<h,}
z=0

Tpm —1

Dy={Il) c0<i<r,, —kn, and Y 5,0 <J < hy, —tn).
z=0

Then, the D; are disjoint and

Tpm —1

#(Cy, DDLU Dy U D)) < p(Chom ™) 123 7 sy, i01(Ty,,)

=0

Tpm —1
1 2 Pm
S Tt D S

which approaches zero since 1" has restricted growth.
Set Ay, = AND,; for i« = 1,2,3. Write A as a union of levels in C, ,, A =

U?;”O_l I, a; for some o, < h,, and a; distinct positive integers less than h,,,, to
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observe that for appropriate aﬁ,? and ag.i), 1=1,2,3,

o)

Tpm —

U U I[i] " WhereO<a < hy,,

Pm,a;
-] 0 = Tpm —

Otgy%)—l Tpm_km_Q Tpm — 1

U U 1" o where hy,, — t,, + Z Spmrz < a§-2) < hy,,

p77L7
2=0

a‘"L _1 Tpm —km—1 Tpm —

U U []Ei O where Z Spmz < 5-3) < hp, —tm
= ]

We first examine the mixing behavior on A;:

(1)_1 Tpm —

™A = | U Thntontto (19 )

Pm,a;
71=0 i=7rp,, —km

a'(n%‘) -1 7Tpy—1

= U U Thpm+1 <]pm+1w3i,j)
Jj=0 i=rp,, —km
where 3, ; = agl) t b+ (i + b — 1, )y, — S 1s, . Then, for appropriate
G < hp,.+1 and a; distinct positive integers less than A, 11,

am—1

h
T(A) = | T (1,004,)-
j=0
Define the set Al = U?jofl Ly, +1,4; over levels Lyv14; where a; > s, 41, for each

0 <z <y, for the appropriate positive integer &,,. Then,

T () 0 B) = A B)
—1Tpm+1— 1
= | Z 2wt (12 2 0 B) = (I (B
Gm—1Tpm+1—2 ]
s i rlitl i+1
S ‘ Z Z ’u T ot ([I[h:r-i-]l ag) N B) o /J’([][ij—l—]l,&j)u(B)‘ +
&m—1Tpm+1—2

) 7 1
- ‘ Z Z 1[77:1]1 Q5 —Spp+1,i A B) B M(]:c[’m—i_flﬁrspmﬂ,i)M(B)‘ +

Gm—1Tpm+1— 2

-l 2 g

pm+1 aj_spm+1 i m B) - M(Ipm+17dj_5pm+1,i)M(B)] ’ +
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am—1 Tpm+1—1
1 s _ 2
<2 > T (I s1a,) O B) = iy, ina, ) 0(B)| +
=0 rpm+1 i=0 Tperl
1 TP'm+1_1 R R 2

- | W (Ag) 0 B) — pu(An(B)| +

Tpm+1 55 Tpm+1

1 Tpm+1_1 2

< xp o T *rm+tt — pu(B)|dp +

which approaches zero as m — oo when {sn,i}{rn} is ergodic with respect to T
. -1 .
Since the bottom > 7% s, ., levels in C,, 41 approach measure zero as m

increases, p(T™(Ay) AT wm+1(A1)) — 0 as m — o0, S0

|[W(T™ (A1) N B) = p(A)p(B)| = |w(T"=+1(Ar) N B) — p(Ar)u(B)] — 0
as n — oo. Thus we have mixing on A;.
We now examine mixing on the sets A, and As. First, define the set of levels
. Q@
A2 = U];LO 1 Ipm,a§2)+tm*hpm. Then,
(T (A2) 1 B) — u(Ag)u(B)|

041(1%)*1 Tpm —km—2

_ Knhpp +tm (7l _ [i]
= Z z_: u(T (me7a§2))mB) pI" a)(B)]

j=0 i=0 m @
aﬁﬁ)q Tpm —km—2
= (km~+1Dhpy, (7] _ [4]
- ‘ z; i=0 u(T (Ipm’a§'2>+tm_hl’m) a B) M(]Pmﬂf)"rtm—hpm )M(BM
j= i=

- ’ Z ,U(T_ ST Spm i+ ([[i+km+1] ) A B)

2
pm,ag )t —hpp,

— (@ (B

pm’a;Q) +tm 7hPm

— | mz: Z - (7 . A B)

pmya;2)+tm_hpm - Z:n() Spim itz
li+km+1]

— L b skm o )N(B)}

Pm;@; " ttm—hpp, 22220 Spm itz

045,21) —1 Ty —km—2

1
- ’ Z0 Z() T_ [M([pm’af)“m*hpm*zigo Spm itz n B)
j= =

Pm

B M(IPM7a§2)+tm_hpm_z§$o Spm,i+z)'u(B):| ‘
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,(7%) 1 1 Tpm —km

= ’ E R E T Zz 0 Spm., H‘Z(I 2 o )m B)
- 0 rp 0 pmyaj JF m Pm
j= m 1=

- u([pm,afqtm,hm)u(B)\

r km—2
1 pm — Fm b . R .
< |— > T (Ay) 1 B) = u(An)u(B)|
m i=0

—km—2

1 o CEm,
S/‘m ; Xp o T~ =0 pm‘”z—/i(B)‘dM

which approaches zero as m — oo when {s,;}{,} is uniformly ergodic with respect
toT.

Likewise for As, following the same steps as for A, with appropriate modifications
(each sublevel in Aj is pushed through the top of C, exactly k,, times where for A,
o . " asr%)—
it is k,, + 1 times): define the set of levels A3 = szo ! Ipm,a§-3> o Then,

|1(T™(A3) N B) — p(As)u(B))]
(3) —17py —km—1

| Z Z Tkmhpertm(Ig] (3))mB)— (I;[ina(”)“(B)‘

0452)—1 Tpm —Fkm—1

_ oy [4]

= | Z > T o JOB) i o, )
04(3)—].7"17

. o Sp,m itz [Z+km] [’L+km]

= | Z Z pT™ 5 e (D0 )0 B) = a0 u(B)

(3) —17py —km—1

[71 k'm] E ,)
Z Z m— n )
(3) k 1
p o +tm E
7=0 =0

=0 Spm,itz

— g1 - )u(B)|

3
p'ﬂua; )+tm Zz 0 Spm,,i+z

0452)—1 Tpm —Fkm—1

1
- | Z Z T_ [u(lpm7a§3)+tm lemo ! Spm,itz N B)

=0 i=0 Pm
- “([pm,a§3>+tm Skmotg W)M(B)} |
OC'm - Tpm _km_l
— km_ls itz
I Y s e )0

r
=0 Pm =0

- M(fpmﬁa;3>+tm)u(3)|
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Tpm —K
1 Pm m B km_ls . R

S (TS i (Ag) (1 B) — u( Ag)(B)
1=0

Tpm —km—1

1 m—1 ,
< / |ﬁ Z XB o T~ X Spmiks p(B)||dp
pm ™o i=0

= }rpm — k.

which approaches zero as m — oo when {s,;}(,} is uniformly ergodic with respect
to T'. Thus, we have mixing on As.

Since u(AA U, A;) = 0 as m — oo and since the A, are disjoint,

(T (A) N B) — p(A)u(B)] < 37 [T (A 0 B) — p(A)u(B)| 0

i=1
as m — 0o. Therefore T' is mixing.

Now, consider the converse. Assume 7" is mixing and suppose that {s,;}.,.1, the
spacer sequence for 7', is not uniformly ergodic with respect to T'. By our generalized
Blum-Hanson theorem (Theorem 4.1), every weakly increasing dynamical sequence is
ergodic with respect to 7" so there must exist a sequence {k, } such that the dynamical
sequence {sflkf)} (o) I8 mot weakly increasing. But {Sn,i}{rny is uniformly weakly

increasing which yields our restricted converse statement. O]

6.5.2 Remarks

Our main theorem can be viewed both as a specific version of the Blum-Hanson
theorem for restricted growth rank one transformations and as a generalization of
previous work on rank one mixing transformations, most importantly the mixing
staircase transformations in [Ada98] and [AF92], which are the main motivating works
for our exposition, and the rank one transformations constructed by Ornstein in
[Orn72] to prove the existence of rank one mixing transformations.

The generalized version of the Blum Hanson [BH60] theorem states that 7" is mix-
ing if and only if every (weakly increasing) dynamical sequence is ergodic with respect
to T'. Our theorem yields a specific version of this result for restricted growth rank
one transformations: the transformation 7' is mixing, so every (strictly increasing)
sequence is ergodic with respect to T, if T has a uniformly ergodic spacer sequence.
Intuitively, this agrees with the idea of rank one in that where an arbitrary trans-

formations may have many of something, i.e., columns, factors, or commutators, a
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rank one transformation has only one; specifically, a rank one transformation has
but a single column and a mixing rank one transformation is prime and has a trivial
centralizer [Kal84], [Kin88], [Ryz93].

Ornstein’s constructions in [Orn72] have a sequence of spacers that is realized from
a sequence of independent random variables. By bounding every spacer sequence
value by 4 and thus bounding every partial sum dynamical sequence value (of the
spacer sequence) by 4r, when placing spacers over a column C,,, the transformations
are restricted growth since 3= — 0 as n — co because T' is finite measure-preserving
and since we may stack whole levels on top of C), before cutting without affecting
our results. Since the spacers are determined by independent random variables, their
partial sum dynamical sequences are as well, yielding the necessary uniform ergodicity

for mixing.



Chapter 7

Explicit Rank One Mixing

7.1 Introduction

We conclude our exposition by applying the results of the previous chapter to explicit
rank one transformations. First, we demonstrate mixing on staircase transformations,
then expand our techniques to more general rank one transformations. The method
we employ to prove mixing is a three step process. We first establish that the spacer
sequence is ergodic (with respect to the transformation) and therefore that the trans-
formation is totally ergodic. Next, we establish that the spacer sequence is totally
ergodic (with respect to the transformation) and thus that the transformation is uni-
form Cesaro. Finally, we use that the transformation is uniform Cesaro to prove that
the spacer sequence is uniformly ergodic (with respect to the transformation) and
hence that the transformation is mixing. Although the mixing staircase transforma-
tions are an earlier result of Adams [Ada98] and most of the proof for the polynomial
spacers transformations is due to Adams and Friedman [AF92], the proof for mixing

on generalized staircase transformations is first presented in this exposition.

7.2 Staircase Transformations

The class of rank one transformations known as staircase transformations, because
the spacers are stacked in a “staircase” pattern, have been in the literature as conjec-

tured and proven examples of rank one mixing. Recently, this class has been studied

64
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extensively by Adams and Friedman [Ada98] and [AF92] where it was shown that sev-
eral staircase transformations are mixing, specifically staircases that have restricted
growth. Those works leave open the following question, which we do not answer: is

every infinite staircase transformation mixing?

Definition 7.1. A rank one transformations 7' with cut sequence {r,} and spacer
sequence {Sy;}{r,} is a staircase transformation when the spacers are the natural

dynamical sequence over some sequence {r, }, given by s,,; = 7 (a “staircase” pattern).
? )

Note that by Proposition 6.1, if {r,} is bounded then 7" is not mixing. Thus, we

may qualify our definition as follows.

Definition 7.2. A staircase transformation with cut sequence {r,} is a finite stair-
case transformation when {r,} is bounded and an infinite staircase transfor-
mation when {r,} increases to infinity. The term staircase transformation we

reserve exclusively for infinite staircase transformations.

In general, the term infinite staircase transformation may refer to both infinite and
finite measure-preserving transformations, but we will use it only for finite measure-
preserving transformations. Note that a restricted growth staircase transformation is
any staircase transformation such that % — 0 as n — oo where {r,} is the sequence
of cuts and {h,} is the sequence of heights for the staircase transformation since
S s =S i = @ The condition % — 0 as n — oo for staircases was

given in [Ada98] as a sufficient condition for mixing on staircases.

7.2.1 Uniform Cesaro Staircase Transformations

Theorem 7.1. Let T be a staircase transformation. Then T is a uniform Cesaro

transformation.

Proof. Let T be a staircase transformation with spacer sequence {s,;},} and height
sequence {h,}. Since s,; = i and r, — 00 as n — oo, the dynamical sequence
{Sn,i}{rny is ergodic with respect to T (by von Neumann’s ergodic theorem) and so
{h,} is mixing with respect to T" by Theorem 6.1. Hence, T is totally ergodic by

Proposition 3.2. Since the partial sum dynamical sequence for each fixed & > 0,
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{851}y I8 given by s0) = SUT0i 4 2 = ik + Fh(k — 1),

RO ®)_4
1 '3 _s® 2 1 S (it Lol 2
[ 5 o r = [ S e T —a
n =0 n =0
r%k)—l

-/ <5 2 oo (1) = u(B)

which approaches zero since T* is ergodic, r¥ 5 00 as n — oo, and k is fixed.

Hence, {s,;}{r,} is totally ergodic with respect to 7. Then, by Theorem 6.4, T" is

uniform Cesaro. O]

7.2.2 Mixing on Restricted Growth Staircases

To show mixing on staircase transformations that have restricted growth, we show
that the spacer sequence for a staircase is uniformly ergodic with respect to any

uniform Cesaro transformation.

Proposition 7.1. Let T be a uniform Cesaro transformation. Then, for any staircase

transformation, the sequence of spacers is uniformly ergodic with respect to T

Proof. Let {s,,}{,} be the spacer sequence for a staircase transformation. Then,
the family of partial sum dynamical sequences of spacers, {sfff } [0y Is given by

r¥ =r, — k and sflkz = le;é Snyit+» = ik + $k(k — 1). Then, for any n and k,

1 rn—k—1
/ w2 xp o T = u(B)|*dy
(C—
1 ! e kD) 2
=/\r LY e T ) P
" i=0
rn—k—1

1 |
:/\T — ST xpoT™ — u(B)| dp
n i=0

which approaches zero uniformly over k when r, — k — oo since T is uniform

Cesaro. O
Theorem 7.2 (Adams). Fvery restricted growth staircase transformation is mixing.

Proof. Theorem 7.1 and Proposition 7.1 with Theorem 6.5. O]
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7.3 Polynomial Spacers Transformations

We now present the class of rank one transformations where the sequence of spacers
is given by a polynomial. In a preliminary version of [AF92], it is shown that there
exist mixing polynomial spacers transformations. The arguments presented in that
work combined with our main theorem yields that restricted growth transformations
in this class are mixing. The proof of uniform Cesaro on these transformations is
a consequence of Furstenberg’s results in [Fur81] and Bergelson’s results in [Ber87],
and that of mixing is a consequence of Bergelson’s results in [Ber87|. We will use the
term polynomial to mean polynomials with rational coeffecients mapping positive
integers to positive integers and therefore not repeating the same value (at least not

a positive amount of the time).

Definition 7.3. A rank one tranformation 7" with spacer sequence {s,;}{-.} given
by s,; = f(i) where f is some given fixed polynomial is a polynomial spacers rank

one transformation.

7.3.1 Uniform Cesaro Polynomial Spacers Transformations

Proposition 7.2 (Adams). Let T be a polynomial spacers rank one transformation.

Then T s a uniform Cesaro transformation.

Proof. Furstenberg [Fur81] (p. 70) showed that the sequence generated by a poly-
nomial is ergodic with respect to any ergodic transformation. Specifically, for any
polynomial f as described above and any set B,

n—1
lim / |% ZXB o T — /L(B)‘Qdu =0.
i=0

n—o0

Note that for each fixed k£ > 0, the k-th partial sum dynamical sequence of the
spacer sequence is a simple dynamical sequence over a polynomial sequence, specifi-
cally the polynomial given by Fj(i) = Z’;;é f(i+z). Note that these polynomials are
all the same degree as f. The spacer sequence for a polynomial spacers transformation
is then totally ergodic with respect to any totally ergodic transformation.

Since a polynomial sequence must be ergodic with respect to any ergodic transfor-

mation, the transformation has a mixing height sequence and is then totally ergodic
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by Proposition 3.2. Thus, T has a totally ergodic spacer sequence and is then uniform

Cesaro by Theorem 6.4. O

7.3.2 Mixing on Restricted Growth Polynomial Spacers

To show mixing on restricted growth polynomial spacers rank one transformations,
we will need to show that the sequence of spacers based on the polynomial is uni-
formly ergodic with respect to any uniform Cesaro transformation. We then combine
polynomial spacers with restricted growth to obtain mixing transformations. In a
preliminary version of [AF92], it is shown that by choosing {r,} in a specific manner,
the resulting transformation will be mixing; using our refined arguments, we show

that all restricted growth polynomial spacers transformations are mixing.

Proposition 7.3 (Adams-Friedman). Let T be a uniform Cesaro transformation.
Then, for a polynomial spacers rank one transformation, the sequence of spacers is

uniformly ergodic with respect to T'.

Proof. Bergelson [Ber87] showed that the sequence generated by a polynomial is er-
godic with respect to any totally ergodic transformation using van der Corput’s Fun-
damental Inequality [KN74]. His induction process on the degree of the polynomial
yields that the sequences generated by polynomials of the same positive degree are
uniformly ergodic in that the family of such sequences is uniformly ergodic with re-
spect to T" when the transformation is uniform Cesaro. Details of this argument
are presented in [AF92]; the specific result is that the ergodicity of the polynomial
sequence depends on the ergodicity of each T so when T is uniform Cesaro, polyno-
mials of the same positive degree are uniformly ergodic with respect to 7', all utilizing
Bergelson’s induction argument.

Since the spacer sequence for a polynomial spacers rank one transformation is
given for each k by a polynomial of the same degree as f, the polynomial defining
the spacers, because sums of polynomials have the same degree as the terms (see the
argument in the previous section), we have that the sequence of spacers is uniformly
ergodic with respect to any uniform Cesaro transformation. Then, Proposition 7.2

implies the result. O
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All that remains in showing mixing is the restricted growth condition. To this end,
note that given a column C), and a polynomial describing the spacers to add, we may
always choose a sequence {r,} that is strictly increasing such that the transformation
being defined is restricted growth. Specifically, given h, and f and # 2226171 Snis
choose r,, such that hi Sl f) < ﬁ Smot7ls, ;. Then, the restricted growth

condition follows.

Theorem 7.3 (Adams). Every restricted growth polynomial spacers rank one trans-

formation is a mixing transformation.

Proof. Propositions 7.2 and 7.3 with Theorem 6.5. O]

7.4 Generalized Staircase Transformations

An examination of the proofs of our results in this chapter leads us to generalize the
class of staircase transformations to what we term generalized staircase transforma-
tions. These transformations share the properties of staircases necessary for above

proofs, allowing us to show mixing on them as well.

Definition 7.4. Let {r,} be a nondecreasing unbounded sequence and {a,;},} be
a dynamical sequence of nonnegative integers where {/, } is a nondecreasing (possibly
bounded) sequence such that f—z — 0 as n — 00. Define the dynamical sequence
{Snitar BY Sni = Gni mod e, + in The rank one transformation with spacer

sequence {s,;}{.} is a generalized staircase transformation.

7.4.1 A Generalized Staircase Transformation

We produce an example of a restricted growth generalized staircase transformation.
By the coming theorem (Theorem 7.4), this transformation is a mixing transforma-
tion. Define the sequences {r,} and {¢,} by r, = n(n+ 1) and ¢, = n + 1. Then,
f—z = % — 0 as n — oo. Let {a,;},) be the dynamical sequence given by a,; = (TZL),
where (?) is the ith term in the nth row of Pascal’s triangle defining the binomial
coeffecients. Define the dynamical sequence {5, } (.} BY Sni = Gnyi mod £, + {éw Let

T be the rank one transformation with spacer sequence given by {s,;}.} and cut
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sequence given by {r,}. By construction, 7" is a generalized staircase transformation.

Note that

Tn—1 rn—1 i n(n+1)—1 ;
Z Snji = Z n,i mod £, T ’VE-‘ = Z Qni mod (n+1) + ’Vn n 1-‘
=0 =0 =0
n—1 n ( n—1 n
N Z Z Gnint 1)+ T [ n+ 1 W Z Qn,j + 1
i=0 j=0 o =0
n 1 .
:”Z@) +%=n2"+—"("2 )S(n—i—l)Z".
7=0

Let {h,} denote the sequence of heights for 7" and note that h,y; > 7,h, and so
P > [liori = [ i(¢ + 1) = (n + 1)n!*. Therefore,

rp—1

1 1)2™ 2"
_ZS”JS ot )|2: 2
n = n(n —1)! (n—1)!
Observe that %(”;)! == —0asn — oo and so @ 1),2 — 0asn — oo. Thus, T

has restricted growth (and is finite measure-preserving).

7.4.2 Uniform Cesaro Generalized Staircase Transformations

To show that generalized staircases are uniform Cesaro transformations, we will show
that the spacer sequence for such a transformation is totally ergodic with respect to
any totally ergodic transformation as in the previous sections. First, we will show
the total ergodicity of these transformations by showing they have a mixing height

sequence.

Proposition 7.4. Let T be a generalized staircase transformation. Then T is a

uniform Cesaro transformation.

Proof. Let T be a generalized staircase transformation with spacer sequence {s,;} .}
defined by a strictly increasing sequence {/,} and dynamical sequence {an;},}-
Denote the partial sum dynamical sequences of the spacer sequence by {sﬁl’?} (k-

First, we observe that for any n and 0 <i <r, —¥{,,

i+, :
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Then, for any n, k and 0 <7 < ri® — ly,

k—1 k—1

ElkZ)Jr@ Z Snjitln+z = Z (Sn,i-i—z + ]-) = 37(51) + k.

2=0 2=0
Applying the above repeatedly for any 0 < z < r,, write z = ¢f,, +t where 0 < ¢ and
0<t</¥,, the term 37% = s —|— qk.
Note that for any measurable set B and any n, following a similar line of reasoning
as in the proof of Lemma 6.2,

rn—1

/l_ZXBOT S“—/L(B)\Qdu
n 1 e
<1 g—z o Tonstvss — u(B)|

=0

.

rpn—1

7=0
/\T— > xpoT~ ot — u(B)| dpe

=721

1 ny— < _s i n
< /\(;—) "N xpo T — u(B)) dp+ —=p(B)
™ j=0 " i=0 "
1= r falky 14
LR 1 e
" j=0 n i=0 n
L mim
Z/\(g—")l S xpoT™ = w(B) du+ u(B)
n i—0 n

Thus, since 7= — oo as n — oo and since 7' is ergodic, the spacer sequence for T is
ergodic with respect to T'. Hence, T has a mixing sequence of heights.

Similar to the above reasoning, observe that for any measurable set B, any n and
any k,

NON

[l 2 wwe T

k ’V
<[ \(%)1

ry

In -I*1 lp—1

i=0 j=0
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)
1 ri U: W_l (k) _, 2 l,

<t [IET S wor B i us)
| ol SO P%:)W— | ) '

=7 Z / }(ﬁ_) xpo T~ — u(B)| du+ T(—Z)M(B)
(- n i—0 n

()
(k) [ [ W‘l
'n " \—1 —ik 2 gn
:/‘(g_> > XxpoT " — u(B)] dﬂ"‘mﬂ(B)-

=0 n
Since T has a mixing sequence of heights, T is totally ergodic (Proposition 3.2), and
so for each fixed k, the k-th partial sum dynamical sequence of the spacer sequence
is ergodic with respect to T'. Hence, T has a totally ergodic spacer sequence and is

therefore uniform Cesaro by Theorem 6.4. m

7.4.3 Mixing on Restricted Growth Generalized Staircases

Generalizing the rest of the proof that staircase transformations are mixing, we show
that if a generalized staircase transformation has restricted growth then it is a mixing
transformation. The method used here mirrors the method used above applied to the

proof of mixing on uniform Cesaro staircase transformations.

Proposition 7.5. Let T' be a uniform Cesaro transformation. Then, for a generalized

staircase transformation, the sequence of spacers is uniformly ergodic with respect to

T.

Proof. Let T be a uniform Cesaro transformation and {s,;}(,} the spacer sequence
for a generalized staircase transformation defined by {/,} and {an;},;. Denote the
family of partial sum dynamical sequences of the spacer sequence by {sflkz)} 0y Let
{k,} be any sequence of positive integers such that

0< liminf@ < limsup@ < 1.

n—=oo Ty n—oo TI'n
First, note that =fn =1 — ku o
Tn Tn

rn_kn Tn — Rp

<1

0 < liminf < lim sup

n—00 n n—00 Tn
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which means that

.. . r
1 < liminf < lim sup T < oo.
n—oo T'p — Kp n—oo T'm — kn
Hence,
R P R R

kn _ _
7‘7(L ) T'n kn TnTn kn
smce t = 0asn— oo.

Then as in our proof that generalized staircases are uniform Cesaro,

(kn) _q
/} (kn) Z XBOT S _:U’<B>}2dljl

o) ( (kn)“

FICR> anBoT s = (B
(kn) 1

I o T (B Py

(kn)"

(kn) { MW 1

l1
1 ¢ n)_; ly

= / Z X o T (B P+ (B
(— n

a1 by " “””1

1 Tn -1 ikn 2 gn

=7 /}( 7 ) Z xpoT~ (B)‘dﬂ+mﬂ(3)

kn (an)"

Z xpoT (B)fdﬂ"'(Tn)M(B)-
T'n

- [

Hence, since T' is uniform Cesaro and since (T"n) — 0 as n — oo, the dynamical
Tn

sequence {5, ;},} is uniformly ergodic with respect to 7T'. O

We are now in the position to show mixing.

Theorem 7.4. Every restricted growth generalized staircase transformation is a mix-

ing transformation.

Proof. Let T be a restricted growth generalized staircase transformation. Then, by
Proposition 7.4, T is a uniform Cesaro transformation. By Proposition 7.5, the spacer
sequence for T is then uniformly ergodic with respect to T'. Hence, by Theorem 6.5,

T is a mixing transformation. O
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