0.1. Total Ergodicity on Rank One Transformations. This an alternate
proof to the same theorem found in the paper. It relies on spectral theory and
eigenvalue criteria rather than measure theory and distribution arguments.

Theorem 1. Let T be a rank one transformation with (possibly normalized)
nonpathological spacer sequence {sy j }{r, y such that for all fived positive integers
L>1,

lim sup —#{j € Ly, -1 : L divides Sy, j 11 — Snj} < 1.

n—oo TL

Then T is a totally ergodic transformation.

Lemma 0.1. Let {5, ;}(r,} be a dynamical sequence of integers and let L be
an integer greater than 1. Then

rp—1

hmsup‘i Z 2T S"J} =1

if and only if there exists b € Zy, such that
hmsup—#{j €Zy, : Sp; modL=0>}=1.

Proof. Let {s,,}{y,} and L be as above. Define the dynamical sequence of
integers {an j}{r,} By @nj = sn; mod L for all positive integers n and all
j € Zy, . Note that for all such n and 7,

627Ti%5"’j _ 62wi%(LSZ—’jJ+an,j) _ 6271'“572”']62#7;%0,”,]- _ 627ri%an’j.

Consider the sets of integers B,, ; for all positive integers n and all b € Z;, and
their densities Dy, ;, given by

1
Bupy={j €2y, :an; =b} and Dy, = —#B,.
Tn

Assume that there does not exist b € Zjy such that D,;, — 1 along some
subsequence of n — co. Then there exists § > 0 such that for each sufficiently
large positive integer n there exists distinct c¢,,d, € Zr such that D, ., > 0
and D, 4, > 0. Hence, for each sufficiently large positive integer n, using the
triangle inequality and that cos=T2 2” < cos<t 2” for all a € Zp,, a # 0, we have
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< ((Dne. + Dng,)? — 2Dy o Dypa, (1 — cos%))é + (1= Dy, — Dpa)
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For any real numbers a and 3 such that 0 < § < a < 1, we see that (o — 5)% <
a? — g (details are left to the reader). Thus, continuing from above, for each
positive integer n,
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< (D, + Dud,) = Due, Dua, (1 = c0s ) + (1= D, = Dua,)
2 2

=1-Dy¢,Dpa,(1— cos%) <1-6%1- cos%).

Since 6 > 0 and L is fixed,

1 o
limsup |— 2T <1 — 6%(1 — cos—) < 1.

For the converse, assume there exists b € Z; and a strictly increasing se-
quence of positive integers {a,} such that for any € > 0 there exists a pos-
itive integer N such that for all integers n > N, %#{j € Lr,, : Sanj

mod L = b} > 1 —e. Then, for each n > N,
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Proof. (of Theorem 1) Let T" and {s, ;}{,} be as above and let {h,} be the
height sequence for T'. Suppose that T' is not totally ergodic. Then there exists
an integer I > 1 such that ™7 is an eigenvalue of 7. A theorem in [Na98]
(section 16.13) tells us that a complex number z is an eigenvalue of T if and
only if

Tn—

f: (1- E Zl ot Ticosma?) <
P o - z Q.
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Hence, using the notation for partial sums of dynamical sequences,
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Applying Lemma 0.1, we have that there exists b € Zj, such that

1 )
limsup —#{j € Zr,, : (jhn + sUTY) mod L =b} = 1.

n—oo



Observe that for each positive integer n,

1 ) )
T—#{j € Zyy—1: (jhn +sY5Y) and ((j + Dhy +s575?) mod L = b}

Zrn—l

2 .
— =i € Zy, : (jhn+sYTY) mod L # b}
Tn Tn '
which approaches 1 along some subsequence as n — oo since r, — 00 as n — 00
and %n#{j €Ly, : (jhn + 37(13:;1)) mod L # b} — 0 along some subsequence as
n — oo. Forany j € Z,,_1, if (jthrsgf;l)) and ((j+1)hn+3g712)) mod L=19
then (A, + sp,j41) mod L = 0 since ((j + 1)h, + sSﬂj{z)) — (jhn + sﬁfj{l)) =

hn + 8p,j41. Thus, letting Z} denote the set of positive integers less than N,

1
limsup —#{j € Z, : (hy + $n;) mod L =0} = 1.
n—oo T'n " ’
Applying the same argument again using that (hy, + sp j+1) — (An + Snj) =
Sn,j+1 — Sn,; for all positive integers n and all j € Z,,, _1,

. 1 ) n

limsup —#{j € Z," | : (nj+1 — Sn;) mod L =0} =1.

n—oo I'n

Since r, — 0o as n — 00, this contradicts our hypothesis. O
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