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Abstract We resolve a long-standing open question on the relationship between measure-
theoretic dynamical complexity and symbolic complexity by establishing the exact word com-
plexity at which measure-theoretic strong mixing manifests:

For every superlinear f : N — N; i.e. f(9)/q — oo, there exists a subshift admitting a (strongly)
mixing of all orders probability measure with word complexity p such that p(9)/f(q) — 0.

For a subshift with word complexity p which is non-superlinear, i.e. liminf P(9)/q < oo, every
ergodic probability measure is partially rigid.

Introduction

Among measure-theoretic dynamical properties of measure-preserving transformations, strong mixing of
all orders is the ‘most complex’: every finite collection of measurable sets tends asymptotically toward
independence, necessarily implying a significant amount of randomness. Despite this, ‘low complexity’
mixing transformations exist—there are mixing transformation with zero entropy-raising the question of
how deterministic a mixing transformation can be.

Word complexity, the number p(q) of distinct words of length ¢ appearing in the language of the subshift,
provides a more fine-grained means of quantifying complexity in the zero entropy setting, leading to the
question of how low the word complexity of a mixing transformation can be.

Ferenczi [Fer95] initially conjectured that mixing transformations’ word complexity should be superpoly-
nomial but quickly refuted this himself [Fer96] showing that the staircase transformation, proven mixing
by Adams [Ada98], has quadratic word complexity. Recent joint work of the author and R. Pavlov
and S. Rodock [CPR23] exhibited subshifts admitting mixing measures with word complexity functions
which are subquadratic but superlinear by more than a logarithm. We exhibit subshifts admitting mixing
measures with complexity arbitrarily close to linear:

Theorem A. For every f : N — N which is superlinear, f(a)/q — 0o, there exists a subshift, admitting
a strongly mixing probability measure, with word complexity p such that »(9)/f(q) — 0.

Our examples, which we call quasi-staircase transformations, are mixing rank-one transformations hence
mixing of all orders [Kal84], [Ryz93]. We establish their word complexity is optimal:

Theorem B. Every subshift of non-superlinear word complexity, lim inf P(9)/q < 0o, equipped with an
ergodic probability measure is partially rigid hence not strongly mixing,

Non-superlinear complexity subshifts are conjugate to S-adic shifts (Donoso, Durand, Maass and Petite
[DDMP21]). Named by Vershik and the subject of a well-known conjecture of Host, S-adic subshifts are
quite structured (see e.g. [Ler12] for more information on S-adicity).

Our work may be viewed as saying there is a sharp divide in ‘measure-theoretic complexity’, precisely
at superlinear word complexity, between highly structured and highly complicated: as soon as the word
complexity is ‘large enough’ to escape the S-adic structure and partial rigidity, there is already ‘enough
room’ for (strong) mixing of all orders.
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Cyr and Kra established that superlinear complexity is the dividing line for a subshift admitting countably
many ergodic measures: there exists subshifts with complexity arbitrarily close to linear which admit
uncountably many ergodic measures [CK20b] and non-superlinear complexity implies at most countably
many [CK19], [Bos85]. Our work implies that in the non-superlinear case, the at most countably many
measures are all partially rigid (with a uniform rigidity constant). Their result, like ours, indicates that
superlinear word complexity is the line at which complicated measure-theoretic phenomena can manifest.

Beyond the structure imposed by S-adicity, linear complexity subshifts are known to be structured in
various ways (e.g. [CFPZ19], [CK20a], [DDMP16], [DOP21], [PS22], [PS23]). Our work indicates there
is no hope for similar phenomena in any superlinear setting.

1. Definitions and preliminaries

1.1. Symbolic dynamics

Definition 1.1. A subshift on the finite set A is any subset X C A% which is closed in the product
topology and shift-invariant: for all x = (z,)nez € X and k € Z, the translate (z,4x)nez of z by k is
also in X.

Definition 1.2. A word is any element of A’ for some ¢, the length of w, written |jw||. A word w is a
subword of a word or bi-infinite sequence z if there exists k so that w; = ;44 for all 1 < i < |lw|. A
word u is a prefix of w when u; = w; for 1 < i < [Jul| and a word v is a suffix of w when v; = w4 |jw|—|v|
for 1 <4 < vl

For words v, w, we denote by vw their concatenation—the word obtained by following v immediately by
w. We write such concatenations with product or exponential notation, e.g. [ [, w; or 0™.

Definition 1.3. The language of a subshift X is £(X) = {w : w is a subword of some z € X}.

Definition 1.4. The word complexity function of a subshift X over A is the function px : N — N
defined by px(q) = |£(X) N A%, the number of words of length ¢ in the language of X.

When X is clear from context, we suppress the subscript and just write p(n).

For subshifts on the alphabet {0,1}, we consider:
Definition 1.5. The set of right-special words is £%9(X) = {w € X : w0,wl € L(X)}.

Cassaigne [Cas97] showed the well-known: p(q) = p(m) + Ez;fn H{w € LB ¢ ||wl|| = £}] for m < q.

1.2. Ergodic theory

Definition 1.6. A transformation T is a measurable map on a standard Borel or Lebesgue measure
space (Y, B, 1) that is measure-preserving: u(T-!B) = u(B) for all B € B.

Definition 1.7. Two transformations T on (Y, B, u) and 77 on (Y’, B, i) are measure-theoretically
isomorphic when there exists a bijective map ¢ between full measure subsets Yy C Y and Yy C Y’
where p(¢~1A) = 1/ (A) for all measurable A C Yy and (¢ o T)(y) = (1" o ¢)(y) for all y € Y.

Definition 1.8. A transformation 7T is ergodic when A = T~ A implies that u(A) = 0 or u(A°) = 0.

Theorem 1.9 (Mean Ergodic Theorem). If T is ergodic and on a finite measure space and f € L*(Y),
1 n—1 )
s 2o [ =

Definition 1.10. A transformation T is mixing when for all A, B € B, u(T"AN B) — u(A)u(B).
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1.3. Rank-one transformations

A rank-one transformation is a transformation 7' constructed by “cutting and stacking”. Here Y
represents a (possibly infinite) interval, B is the induced o-algebra from R, and p is Lebesgue measure.
We give a brief description, referring the reader to [FGH'23] or [Sil08] for more details.

The transformation is defined inductively on larger and larger portions of the space through Rohlin
towers or columns, denoted C),. Each column C), consists of levels I, ; where 0 < j < h,, is the height
of the level within the column. All levels I,, ; in C,, are intervals with the same length, u(l,,), and the
total number of levels in a column is the height of the column, denoted by h,. The transformation T’
is defined on all levels I, ; except the top one I, », —1 by sending each I, ; to I, j41 using the unique
order-preserving affine map.

Start with C; = [0,1) with height h; = 1. To obtain C,,4+1 from C,,, we require a cut sequence, {r,}
such that r, > 1 for all n. Make r, vertical cuts of C,, to create r, + 1 subcolumns of equal width.
Denote a sublevel of C,, by Ir[f’]j where 0 < a < h,, is the height of the level within that column, and i
represents the position of the subcolumn, where ¢ = 0 represents the leftmost subcolumn and ¢ = r,, is
the rightmost subcolumn. After cutting C,, into subcolumns, add extra intervals called spacers on top
of each subcolumn to function as levels of the next column. The spacer sequence, {s,;} such that
0 <i<r,and s,; > 0, specifies how many sublevels to add above each subcolumn. Spacers are the
same width as the sublevels, act as new levels in the column C,, 1, and are taken to be the leftmost

intervals in [1,00) not in C,,. After the spacers are added, stack the subcolumns with their spacers right
(4]

on top of left, i.e. so that I}ffg” is directly above Iwihnfl' This gives the next column, Cj41.

Each column C), defines T' on U?;a 2 I,,; and the partially defined map 7" on C,41 agrees with that of
C,, extending the definition of 7' to a portion of the top level of C,, where it was previously undefined.
Continuing this process gives the sequence of columns {C1,...,Cy,Cpy1,... } and T is then the limit of
the partially defined maps.

Though this construction could result in Y being an infinite interval with infinite Lebesgue measure,
Y has finite measure if and only if 3 ﬁ it Sni < 00, see [CS10]. All rank-one transformations
we define satisfy this condition, and for convenience we renormalize so that ¥ = [0,1). Every rank-one
transformation is ergodic and invertible.

The reader should be aware that we are making r,, cuts and obtaining 7, + 1 subcolumns (following
Ferenczi [Fer96]), while other papers (e.g. [Cre21]) use r, as the number of subcolumns.

1.4. Symbolic models of rank-one transformations

For a rank-one transformation defined as above, we define a subshift X (T') on the alphabet {0,1} which
is measure-theoretically isomorphic to T

Definition 1.11. The symbolic model X (T') of a rank-one transformation T is given by the sequence
of words: B; =0 and

Tn
Bn+1 _ Bnlsn’OBnls"’l ...Bnlsn,rn — HBnlsn,i
1=0

and X (T) is the set of all bi-infinite sequences such that every subword is a subword of some B,.

The words B,, are a symbolic coding of the column C,,: 0 represents C; and 1 represents the spacers.
There is a natural measure associated to X (7):

Definition 1.12. The empirical measure for a symbolic model X (T') of a rank-one transformation T
is the measure v defined by, for each word w,

H1 <j <|IBull = llwll = Bupjjtjw)) = w}
f— 1' :
v(lw]) = lim 1Bl — o]

Danilenko [Dan16] (combined with [dJ77] and [Kal84]) proved that the symbolic model X (T') of a rank-
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one subshift, equipped with its empirical measure, is measure-theoretically isomorphic to the cut-and-
stack construction (see [AFP17]; see [FGHT23] for the full generality including odometers).

Due to this isomorphism, we move back and forth between rank-one and symbolic model terminology as
needed and write £(T) for the language of X (7).

2. Quasi-staircase transformations

Definition 2.1. Given nondecreasing sequences of integers {ay }, {b,} and {¢,} tending to infinity such
that ¢; > 1 and ¢,41 > ¢, + by, a quasi-staircase transformation is a rank-one transformation with

cut sequence 7, = a,b, and spacer sequence s, + = ¢, + L%J for 0 <t <ry, and s,,,, =0.
The symbolic representation of a quasi-staircase is By = 0 and

b,—1

Bn+1 = ( H (Bnlcn—‘ri)an)Bn
=0

The height sequence of a quasi-staircase is hy = 1 and h,11 = (apby, + 1)hy, + anbpe, + %anbn(bn —1).

2.1. Quasi-staircase right-special words

Lemma 2.2. The following hold:
(i) 1¢ € LRS(T) for all £.
(ii) If w is a suffiv of 17 (B, 1%7)% then w € LT9(T).
(iii) If w is a suffiv of 15T ~1(B, 12T for 0 < i < b, then w € LBS(T).
(iv) If w is a suffix of 1°7ton=1B, 1 then w € LT9(T).

Proof. Since suffixes of right-special words are right-special, it suffices to show the words w is claimed
to be a suffix of are right-special.

(i): For n such that ¢ < ¢, as the word 1°»B,, is a subword of B, 1, so are 1°*! and 10 since ¢ < ¢,
and B, starts with 0.

(ii): Bpi2 has 1°+1B, 11 = 1°+17 1B ., as a subword which has 1°(B,1°")%" B, as a sub-
word which gives 1¢(B,17)%0 € L(T). By,41 has (B,1¢)% B,1°%1 as a prefix which has suffix
167 (B, 1¢n)an—1 B, 10 +1 and that word is 16n (B, 1)1 giving 1621 (B, 1¢) 1 € £(T).

(ii3): Byy1 has 16°771(B, 1977 B, as a subword which gives 1¢»+i=1(B,1¢n+1)an( € L£(T). When
i < b, —1, Byy1 has (1278 B,,)%n 121 a5 a subword which gives 16+ +i=1(B,, 1¢»t4)an1 € £(T); when
i = b,—1, B,y has the subword (1¢»T0n =1 B, )an1¢n+1 g0 1enHbn=2( B, 1entbn—1)anenri—en—butl ¢ £(T)
50 16nton=2(B, 1¢ntbn=1)an] ¢ L(T) as c,q1 > ¢y + by.

(v): Bpio has B, y11+1 B, 11 as a subword which has B, 11"+ B, 1" B,, as a prefix, and that word

has 1 +b»=1B 1°( as a subword since ¢, + b, — 1 < Cnt1- Also B2 has B,111°+! as a subword
which has 162 Tt»—1B 1¢n+1 ag a suffix which then has 162 T2 —1B, 1¢n1 asg a subword. O

Lemma 2.3. Let 01°0 € L(T'). Then there are unique n and i with 0 < i < b, such that z = ¢, + 1.
01¢2*%0 is not a subword of B, for m < n and for every x € X(T) and every occurrence of 01¢»T10 in
z, 0120 occurs as a suffic of 15+ (['_L (Bp1¢n+)an ) (B, 190 for some 1 < q < a,, (adopting the

=0
convention that Hal is the empty word).

Proof. As every B, begins and ends with 0, the only such words are of the form 01¢»+%0. Since ¢,;1 >
Cn + by, such n and i are unique. This also gives that 1°» is not a subword of B,,.
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The word 01¢»1%0 only occurs inside By+1 due to ¢, 41 > ¢, + by, and only as part of the (Bnlc"H)“"
in its construction, and B, 41 is always preceded by 1¢m+1 O

Proposition 2.4. If w € LE9(T) then at least one of the following holds:
(i) w = 1wl
(it) w is a suffiz of 11 (B, 15" for some n and 0 < i < b,
(iii) w is a suffiz of 1°7+b»=1B, 1% for some n

(iv) w =1 (B,1)%

Proof. Let w € L75(T). Since ¢; > 1, the word 00 ¢ £(T) so w does not end in 0. If w = 11*ll then w
is of form () so from here on, assume that w contains at least one 0.

Let z > 1 such that w has 01% as a suffix. Then w0 has 01%0 as a suffix so z = ¢, + i for some unique
n>1and 0 <@ <b, by Lemma 2.3. As w0 has 01°»%%0 as a suffix, w0 shares a suffix with the word
1en 1 ([T, (Bn16n+9 )2 ) (B, 19079)40 for some 1 < ¢ < a,.

First consider the case when i > 0. If w is a suffix of 1¢»=1(B, 19nF")an then it is of form (ii) so we
need only consider w that have 01+ +i=1(B,1¢# )4 as a suffix. For such w, the word w1 has the suffix
01 ti=1(B,16nT8)a=1 B 190 +i+1 hut that word is only in £(T) if ¢ — 1 = a,, which is impossible.

Now consider the case when i = 0, i.e. 2 = ¢,,. If w is a suffix of 1°»~1(B,,1¢)% then it is of form (i) so
we may assume that w has 16"'_1(Bnlc”)q as a strict suffix for some 1 < ¢ < a,,. Since B, 1°" is always
preceded by 1¢» (possibly as part of some 1¢+17%¢ or 1¢2+%) 1w cannot have 01¢»~1B,,1°» as a subword
so w has 1°»(B,1°")9 as a suffix for some 1 < g < a,.

Take ¢ maximal so that w has 1°»(B,,1°")? as a suffix.

Consider first when w has 1°7(B, 1) as a suffix, i.e. when ¢ = a,,. If w = 1°(B,1°")% then it is
of form (iv). If w has 01°"(B,1°")% as a suffix then w0 ¢ L£(T) as 0(1°~B,)*"1°"0 ¢ L(T). If w has
1167 (B, 1) as a suffix then w1 has 1°# (B, 1) =1 B, 142+ as a suffix but that is not in £(T).

So we may assume ¢ < a,. Since 1°*(B,1°")9 is then of form (i7), we may assume 1 (B, 1°)? is a strict
suffix of w.

Consider when w has 01" (B, 1°")? as a suffix. As 01°"(B,1°")? only appears as a suffix of B, 1°»(B,,1")?
and that word is always preceded by 1¢» (possibly as part of some 1¢#+17%) w then shares a suffix with
167 (B,1¢7)9%L As ¢ is maximal, then w is a suffix of 1¢»~1(B,1%)9*! and, as ¢ < a,, this means w is
of form (i1).

We are left with the case when w has 1°»T1(B,1°7)9 as a suffix for some 1 < ¢ < a,. If ¢ > 2 then
wl has 162 T1(B,1¢)971 B, 1¢ ! as a suffix but that is not in £(T) for ¢ — 1 > 1. So we are left with
the situation when w shares a suffix with 1¢»t1B,,1¢». So w0 shares a suffix with 1»T1B,,1¢»0 which
must share a suffix with 1°»+1 B,,1°~0, meaning that w shares a suffix with 1°»+* B,,1°». If w is a suffix
of 1¢ntt»=1B 1¢n then it is of form (443). If not then w has the suffix 1¢»T%» B,1¢ so wl has suffix
16 F0n B 1621 which is not in £(T) since B, 1°»*! is always preceded by B, 1" or B, 11, O

2.2. The level-n complexity functions

Definition 2.5. For a word w, define the tail length z(w) such that w = u01%(*) for some (possibly
empty) word u with the conventions that z(11"l) = 0o and z(u0) = 0.

Definition 2.6. For 1 < n < oo, the set of level-n generating words is

W, = {w € LB(T) : ¢, < 2(w) < cny1}
Proposition 2.7. LF(T) = {1¢: ¢ e N} U |02, W,,.

Proof. {c,} is strictly increasing so the W,, are disjoint. Lemma 2.2 (i) says 1* € LF9(T) for all ¢ and
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as every word in W, has 0 as a subword, these are disjoint from the W,,. If z(w) < ¢; then w0 ¢ L(T)
by Lemma 2.3 so all right-special words with 0 as a subword are in some W,. O

Definition 2.8. The level-n complexity is p,(¢) = {w € W, : |Jw|| < ¢}|.
By definition, p,, (¢ + 1) — p,(£) = [{w € W,, : ||w]|| = £}].
Proposition 2.9. The complezity function p satisfies p(q) =14+ q+ ..~ pn(q)-

Proof. Using Proposition 2.7 and that p({ + 1) — p(¢) = [{w € LES : ||w| = £},

qg—1
p(a) =p(1) =D+ 1) = p(t)) = Y Hw € LINT) : |lw]| = £}
(=1

Q
—

=1 -
q—1 %) qg—1 oo

=3 (Yo Hwe Was full = e+ 1{19) = 32 (Dol + 1) = pal0) +1)
(=1 n=1 (=1 n=1
0o q—1 )

=3 (Xl + D) = pal®) + a1 = (pal@) = pa(1) +4 1
n=1 /=1 n=1

All words in W, have length at least 1+ ¢, > 1 so p,(1) = 0. The claim follows as p(1) = 2. O

2.3. Counting quasi-staircase words

Lemma 2.10. If w € W, then exactly one of the following holds:
(i) w is a suffix of 11 (B, 10T and |lw|| > ¢, + i for some 0 < i < by;
(ii) w is a suffiv of 157+ =1B 1% and ||w|| > h, + 2¢,; or
(iii) w = 16" (B, 16 )an
Proof. The only words in Proposition 2.4 which have ¢, < z(w) < ¢,41 are of the stated forms; Lemma

2.2 (ii), (iii) and (iv) state that these words are in £¥(T"). The forms do not overlap due to the restriction
on |lwl|| in form (i). O

Lemma 2.11. Fiz 0 <i <b,. Forc,+1i < { < aph,+ (an+1)(c, +14) there is exactly one word in W,
of form (i) for that value of i; for £ not in that range, there are no words in W,, of form (i) for that i.

Proof. For w € W, of form (i), w = ul® T where u is a nonempty suffix of 1¢» T =1(B, 1> TH)an=1p, .
The word u is unique if it exists which is exactly when ¢, +i = ||[1¢ || < |Jw]|| < [|[1¢» T (B, 162 T8)n || =
anhn + (an +1)(cn +14) — L. J

Lemma 2.12. For h,, + 2¢,, < £ < hy, + 2¢,, + by, there is exactly one word in W,, of form (ii); for £ not
in that range, there are no words in Wy, of form (ii).

Proof. To be of that form, w = ul® where u is a nonempty suffix of 1°»to»~1B, that has 1°»*! as a
prefix. The word u is unique if it exists and it exists exactly when hy, +2c, +1 = [[1»T1B, 1 || < |jw| <
[[1entbn=1B 1| = hy, + 2¢p, + by — 1. O

Lemma 2.13. If ¢ < ¢, then p,({ +1) —p,(£) = 0.
Proof. Every w € W, has subwords 1¢» and 0 so |w|| > ¢, + 1 therefore p,1(¢) = p,(¢) = 0. O
Lemma 2.14. Ifc, <{ < c¢p+ by, then pp,(+ 1) —pp(£) =€ — ¢y

Proof. Lemma 2.11 applies for 0 < ¢ < £—¢,, but not for {—¢,, < i < b,,. Lemma 2.12 does not apply. [




Mixing subshifts of minimal word complexity Darren Creutz

Lemma 2.15. If ¢, + b, < { < hy, + 2¢,, then p,(£4+ 1) — pp(€) = by,.

Proof. Lemma 2.11 applies for all 0 < i < b,, and Lemma 2.12 does not apply. O
Lemma 2.16. If h,, + 2¢, < { < hy, + 2¢,, + by, then p,(L+ 1) — p,(€) = b, + 1.

Proof. Lemma 2.11 applies for all 0 < i < b, and Lemma 2.12 applies. O
Lemma 2.17. If hy, + 2¢,, + by, < 4 < aphy + (an, + V)ey, then pp(€+ 1) — prp(£) = by,

Proof. Lemma 2.11 applies for all 0 < i < b,, and Lemma 2.12 does not apply. O
Lemma 2.18. p,(a,h, + (an + 1)c, + 1) — pp(anhy, + (an + 1)cn) = by + 1.

Proof. Lemma 2.11 applies for all 0 < ¢ < b, and Lemma 2.12 does not apply. Lemma 2.10 form (ii7)
gives one additional word in W,. O

Lemma 2.19. If a,hy, + (an +1)c, +1 < € < aphp + (an + 1) (cn + by — 1) then p,(£+ 1) — pp(€) < by,
Proof. Lemma 2.11 applies for some subset of 0 < ¢ < b, and Lemma 2.12 does not apply. O
Lemma 2.20. p(anh, + (an + 1), + (an +1)(by — 1)) — planhy, + (an + 1)cp) = %(an +1)b, (b, — 1)+ 1.
Proof. For each 0 < ¢ < b,, Lemma 2.11 applies for £ = a,h, + (a, + 1)¢, + y exactly when 0 < y <
(an + 1)i, therefore there are a total of (a, + 1)b,(b, — 1) words in W, of the enclosed lengths from
Lemma 2.11. Lemma 2.12 does not apply and Lemma 2.10 form (ii) gives one additional word. O

Lemma 2.21. If ayhy, + (an + 1)(cy + by, — 1) < £ then p,(£+ 1) — p,(€) = 0.

Proof. Neither Lemma 2.11 nor 2.12 apply. O

2.4. Bounding the complexity of quasi-staircases
Since p,(£+ 1) — p,(¢) =0 for £ > anhy + (an + 1)(cn + by, — 1), we define:
Definition 2.22. The post-productive sequence is

My, = aphy + (an +1)(cy + b, — 1) mo =0

Lemma 2.23. p,(m,) = hpt1 — hn

Proof. By Lemma 2.13, p(cp,) = ;"Z’gl(pn(ﬁ +1) —pn(0)) =0.
By Lemma 2.14, py (¢ + bn) — pu(en) = X575 — ¢4) = Lbn(by — 1).

By Lemma 2.15, pn(h +2¢n,+ 1) —pulcn +b,) = (hp + ¢+ 1 —by)by,.

By Lemma 2.16, p,(hy + 2¢5 + by) — pp(hn + 2¢, + 1) = (b + 1) (by, — 1).

By Lemma 2.17, pp(anhn + (an + 1)¢n) — Du(hn + 2¢,, + b)) = ((an — 1Ay + (@ — 1)cn — bn)by,.
By Lemma 2.20, p,(my,) — p(anhn + (an + 1)¢y) = 3(an 4+ 1)by (b, — 1) + 1. Therefore

1
pr(my) = §bn(bn — 1)+ (hn+en+1—=0by)by+ (by +1)(by, — 1)
1
+ ((an = Dhp + (an — 1)cy — bp)by + i(a" + Db, (b, — 1)+ 1

1
= apbphy + anbyc, + Eanbn(bn — 1) 4 bulby — 1)+ by — b2+ 02 102 +1=hyyq — h, O
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Definition 2.24. For q € N define
p(q) = max{n : m, < q} and B(q) =min{n : ¢ < ept1}
Lemma 2.25. p(q) < B8(q)
Proof. If B(q) < p(q) — 1 then m,q) < ¢ < Ca(g)+1 < Cp(q)—1+1 = Cp(q) < Mp(q) is impossible. O

Lemma 2.26. If ¢ < ¢, then p,(q) = 0. If ¢, < g < my then p(q) < (¢ — ¢cn + Dby, If my, < q then
Pn(q) = hnt1 — by

Proof. Lemma 2.13 gives p,({+ 1) — p,(¢) =0 for 0 < ¢ < ¢,,. Lemmas 2.14, 2.15, 2.16, 2.17 and 2.19 all
give p,(£+1) —p,(£) < by, for ¢, <€ < m,, except for Lemma 2.16 which gives p,(¢+1) —p,(£) = b, +1
for exactly b, — 1 values of £ and Lemma 2.18 which gives one additional word. Then, for ¢, < g < my,

=

cn—1

Pal@) =) (pn(f+1) - Z 0+ Z Pl +1) = pu(£)) < (¢ = cn)bn + by
0 t=cp,

Q

o~
Il

Lemma 2.21 says p,(¢ + 1) — p,(£) = 0 for £ > m,, so when g > my,, pn(q) = pn(my) and Lemma 2.23
gives the final statement. O

Proposition 2.27. p(q) < q(2 + Zi(q;(q) ) for all q.

Proof. For n such that S(q) < n, by Lemma 2.13, p,(¢) = 0. Proposition 2.9 and Lemma 2.26 give,
using that hy =1so0 1+ Zzg)l (hnt1 = hn) = hpg)41,

p(q) B(q)

o0
p@)=a+1+Y p(@+ D, @+ Y, pul9)

n=1 n=p(q)+1 n=p(q)+1
p(q) B(q) B(q)

S q + 1+ Z(hn—i-l - hn) + Z (q —Cp+ l)bn +0 S q + hp(q)Jrl + Z
n=1 n=p(q)+1 n=p(q)+1

1
and Po@)+1 = hpg) + boa) (@p) oa) + Ap(a)Cota) + 5%((1)((’9((1) —-1))
< hp(g) + Do) Mip(a) < Mip(q) (L + bp(g) < a(1+ by(q)) [

3. Quasi-staircase complexity arbitrarily close to linear

Lemma 3.1. Let {d,} be a nondecreasing sequence of integers such that d,, — 0o and dy = da =1 and
dpt1 — dp € {0,1} and d,, 11 — d,, does not take the value 1 for consecutive n.

Let {b,} be a nondecreasing sequence of integers such that b, — oo and by =3 and b, < n+ 2.
Set a, =2n% +2. Set ¢y =1 and forn > 1,

o — Mnp—d, when d,, = d,—1
" en—1 + bt when dy, =dp—1 + 1

Then {an},{bn}, {cn} define a quasi-staircase such that a"bfb+a”+,ib"+l+c”+1 < oo and

Proof. Since r,, = anb,, we have 6n? + 6 < 7, < (2n? + 2)(n + 2). Then H;:ll(rj +1) > n! so

h, > H;l;ll (rj+1)>nlso Y anbi-*-t}llnﬂbnﬂ < (2n°+2)(n+2)*+(2(n+1)%42) (n+3) < co.

n!

Since a,, +1 < %an < %bnan, then m,, < hy,41 for all n.
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For n such that c¢,41 = ¢, + by, since d,41 = d,, + 1, also d,, = d,,—1. So for sufficiently large such n,

Cn+41 _ Cp + bn _ mn—d,, + bn < 2hn—dn+1 < . 712 < 2 < 2 -
hy, hy, hy, hy, | | A R R S 2(n—1)2+2
and for sufficiently large n such that c,41 = mnt1-4,,,
Cn+1 _ Mp+1—d, < hn—dn—i-Q < 1 < 1
hn, hn, hn, Tn—1 2(n—1)242
Therefore, as » m < 00, it follows that ) % < oo and the result follows. O

Lemma 3.2. If f : N — N is any function such that f(q) — oo then there exists g : N — N which is
nondecreasing such that g(1) =1 and g(q) < f(q) and g(¢+2) — g(q) < 1 for all ¢ and g(q) — co.

Proof. Set f* ( ) = infy >, f(¢'). Then f*(¢) — oo and f*(¢) is nondecreasing and f*(g) < f(g) for all
q. Set g(1) =1 < f*(1). For n > 0, set g(2n + 2) = g(2n + 1) and for n > 1 set

B 1 when f*(2n+1) > f*(2n — 1)
g(2n+1) =g(2n) + { 0 otherwise

Then ¢ is nondecreasing and g(q + 2) — g(¢q) < 1 for all ¢. Since f* is integer-valued, if f*(2n + 1) —
f*2n—1) #0 then f*2n+1) — f*(2n—1) > 1. Then g(2n+1) —g(2n—1) < f*2n+1) — f*(2n —1)
so for all n we have

g@2n+1) = +Z (2m+1) — g(2m — 1)) Z “2m4+1) — f*@m—1)) = f*@n+1)
=1

so, as g(2n +2) = g(2n+ 1) < f*(2n —|— 1) < f*(2n + 2), we have g(q) < f*(q) < f(q) for all ¢q. If

g(q) < C for all g then f*(2n+ 1) = f*(2n — 1) eventually, contradicting that f*(¢) — oco. Therefore

9(q) — oc. O

Theorem 3.3. Let f : N — N be any function such that f(q) — co. There exists a quasi-staircase trans-

. . b2 b
formation with Y “* "+a"+ﬁ nt1tCnt

, 27 — 0 and complezity satisfying qpf((qq)) -0

Proof. By Lemma 3.2, we may assume f is nondecreasing and that f(n + 2) — f(n) <1 for all n. Then
f(n+1)— f(n) € {0,1} and is never 1 for two consecutive values. We may also assume f(1) = 1.

Set dy =dy, =1 and d,, = {3 f(n)J for n > 2. Then d,, — oo is nondecreasing. Also d,,+1 — d,, € {0, 1}

and is never 1 for two consecutive values.

Set by, = 3 for all n such that &/F(n) < 3 and b, = W f(n)J for n such that {/f(n) > 3. Then b, — co
is nondecreasing and b, < f(n) +2 <n+2as f(n) <nsince f(1) =1 and f(n+2) — f(n) <1 imply
fn) <1+ 3.

Take the quasi-staircase transformation from Lemma 3.1 with defining sequences {a,} and {c,}. As
an =2n? + 2 and b, = max(3, {/f(n)) < ¢/n, we have 2= — 0.

Since 0 < dp, 11 — d, < 1, the sequence n — d,, is nondecreasing and attains every value in N. For each g,
let ng be the largest n such that m,_4, < g¢. Then ¢ < My 41—dp, 41 SO Ng + 1 —dp,41 > ng — dp, and
so 1> dy, 41 — dp, meaning that d, 1 = d,,. Therefore Crg+1 = Mngt1—dpy 41 = Mng—dn, +1-

So p(q) = ng — dy, as Mig—dp, <4< Mng41-d,, 1 = Mny—d,, +1 and B(q) < ngy since ¢ < M g—dp, +1 =
Cn,+1- By Proposition 2.27, since ¢ > n, and f is nondecreasing to infinity and n, — oo,

B(q)
p(q) 2 + ZTL P(q) < 2 * Zn ~na” n 2 + (d"q + 1)b”q

nq

do St (@) =T f(ng)

(Q/f(nq)‘Fl)\S/f(nq)_ 2 + L + 1 =0 O

= F(ng) T Ty " Fmg) | (T
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4. Mixing for quasi-staircase transformations

The goal of this section is to prove the following.

Theorem 4.1. Let T be a quasi-staircase transformation such that Y “xtntnitenit o o gpg L

2
oo and % — 0 and a"ﬁtﬂ — 0 and % — 0. Then T is mizing.
Throughout this section, we assume that all transformations are on probability spaces. Recall that
b, — oo by definition for quasi-staircase transformations.

We first introduce some notation.

Notation 4.2. For measurable sets A and B, write

AB(A) = w(AN B) — p(A)u(B)
So {t,} is mixing when Ag(7T"" A) — 0 for all measurable A and B. The following is left to the reader:

Lemma 4.3. If A and A’ are disjoint then
Ag(AUA") = Ag(A) + Ap(A") and Ap(4)] < u(A)
and, writing xp(x) = 1p(x) — pu(B), for n € Z, \g(T™A) = [, xp o T"dp.

For a rank-one transformation 7', a sequence {t,} is rank-one uniform mixing when for every union
of levels B, Z?;al |[Ag(T""I, ;)| — 0. Rank-one uniform mixing for a sequence implies mixing for that
sequence [CS04] Proposition 5.6.

Notation 4.4. For h, < j < hy, +cp, let I, ; = TI7hH1L, 5y be the union of the (j — hy)!" stage of
the c,, spacer levels added above every subcolumn. Write

hn = hn +cp
Lemma 4.5. Let T be a rank-one transformation, B a union of levels in some column Cn andn > N.
Then for any 0 < j < hy,, and 0 <1 <1y,

1
Tn+ 1

Ap(I) = Ag(In,j)

Proof. Since B is a union of levels in Cy, either I,, ; C Bor I, ;N B = (. If I, ; C B then u([}f}j NB) =
pI) = gnly) = 2 p(ly N B) and if I, ;0B = 0 then p(I}), N B) = 0= Lypu(l,;nB). O

Proposition 4.6. Let T be a quasi-staircase transformation given by {an}, {bn} and {c,} with height
sequence {h,}. Then T is on a finite measure space if and only if > % < 0.

Proof. Writing S,, for the spacers added above the n!* column,

1 —1
T 1rp(by — 1) (In)gcn—i-bn
rm+1 2 r,+1 h,

w(Cr)

1(Sn) = (cnrn + %Tn(bn = D)uInt1) = (C

and therefore 1(Cpy1) = p(Cn) + 1(Sn) < (14 <22 u(C). Then p(Cryr) < TTj—y (14 2% ) u(Ch),

so the claim follows from [Kno54] p.219 that [[;Z, (1 + %) < oo if and only if 3777, c;-;;bj <oo. O

4.1. Mixing along most sequences

For clarity of exposition, we state the results which follow from now-standard techniques for proving
mixing on staircases with explanations of how one could modify the corresponding proofs in the literature

- 10 -
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to our class of transformations. Detailed proofs, including all necessary modifications, are deferred to
the appendix.

4.1.1. (Weak) power ergodicity

Proposition 4.7. Let T be a quasi-staircase transformation and B a measurable set. Then

n—1

1 .
- T—% dy — 0
e [ 7 Eoxne T do
j:

The proof of Proposition 4.7 is essentially identical to the proof of (weak) power ergodicity for staircases
except that one must replace the height sequence by {h,, + ¢,} and then observe that for a union of
levels B in C,, any fixed positive integer k, and a level I in C), at least kb, above the base,

bn—1
1% . 2k
pw(TFnFen) [ A B & ™ > wT*I1nB) + =p(l)
which follows from the standard technique that p(T~* I N B) = L u(T~**I N B) provided that I is at
least ik levels above the base of the tower. From there, deducing the proposition is identical, modulo

the obvious replacement of r,, by b, throughout the proof, to the proof of (weak) power ergodicity for
elevated staircases in [CPR23].

4.1.2. Mixing between anhn and En+1

anby — 0 and % — 0 and B be

Proposition 4.8. Let T be a quasi-staircase transformation such that =

a union of levels in some fired Cn. For n > N, set

hn—1
Mgy = max_ Z |)\B(Ttln7j)|
j=0

anhngt<hn+l
Then lim,_,oc Mp,», = 0.

The proof of Proposition 4.8 follows from the standard argument for proving mixing on (elevated)

th

staircases, see e.g. [CPR23]. Consider Tanhn applied to a level I, ; in the n'" column. Since every

sublevel is pushed through at least one spacer, Ta"h”[n,j consists of a,, sublevels in T_"Lw» for each
1 <i < b, plus a, sublevels which are pushed through the top of the next column. Since b,, — oo, the

n

. bo—1 g o 1. . .
convergence of the ergodic average bi > oito T implies mixing along this sequence.
2 i=

For the sequence {knanﬁn} where 1 < k,, < b,, the resulting average %Zf;al T~ converges by

(weak) power ergodicity so these sequences are likewise mixing. The general case of times between a, h,
and h;,y1 then follows from the standard interpolation argument and Blum-Hanson trick combined with
the Block Lemma.

4.1.3. Mixing between h,, and b, h,

2
Proposition 4.9. Let T be a quasi-staircase transformation with Z—" — 0 and Z—" — 0 and B be a union

of levels in some fixed Cn. Forn > N, set

- hp,—1
Mpy=_max Y [Ag(T'I,;)|
hnSt<bnhn T

Then lim,, s ]\//.TB,n =0.

- 11 -
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The proof of Proposition 4.9 follows nearly immediately from the fact that the resulting ergodic average
for T*»" is already known to converge by weak power ergodicity.

4.2. Mixing between bnizn and anﬁn

The new techniques introduced here apply to the times not covered by the above results. For b,h, <
t < anhy,, we write t uniquely as knhy, + yn for by, < kn < a, and |y | < » (taking y,, positive in the

case when |y, | = %iLn)

4.2.1. Mixing using the previous column (mixing when |y,| > anflﬁnfl)

The first new idea we introduce is showing mixing by invoking known mixing times for the previous
tower (y, is already known to be a mixing time for the previous column in the case |y,| > apn—1hn—1).

We first explain the argument, eliding many details, then present the detailed proofs. Since k,, < a,
application of T#»"» to a level effectively gives b, blocks of a,, sublevels, each block having passed through
the same number of spacers. The dominant term in the number of spacers is ik, where 1 < ¢ < b, where
each block corresponds to a single i.

Since each block will then also have T¥" applied to it, the mixing nature of y,, can be used to show that
each block is mixed. The goal now is to prove the following.

2
Proposition 4.10. Let T be a quasi-staircase transformation such that a”'+1b’l+1té”+l+a”'b” — 0. Let B
be a union of levels in some column Cy. Forn > N, set

hp_1—1
Mp, = max max Z |)\B(Tkh"+yfn,1_j)|

bp<k<an  a,_1hn_1<y<hp—an_1hn_1 j=0

Then lim,,_, o Mg,n =0.

We remark that one could strengthen Proposition 4.10 to also include the times when |y, | < b, but we
will not need that here (and it is more natural to include those cases in a later argument).

We first establish that, for the sublevels not pushed through the top of the next column, we can replace

Thnhn+yn by an ergodic-like average preserving the value of y,. Essentially the proof is the standard
technique that sublevels pushed through the top of the next column are mixed (corresponding to the
%e term below) combined with a careful accounting of the sublevels for which that does not occur.

Lemma 4.11. Let T be a quasi-staircase transformation, B a union of levels in some Cn, n > N,

bp <k<apand0<y< iLn Let € > 0 such that Sup; >y, ( %Zf;é xgoT™* %) < €. Then
ﬁn—y b —1 k
Z AB (Tkh +yIn Z A(TY~ MInj) < —¢; and
. 7"n + 1 ’ an
j=anbp+bpni1+cnp1—cn

R
khntyp y_ %n TN~ k-1 y—hn—(k+1)€ k+1
> Pe@riny - = S Tn)| < ¢
j=anbp+bpnii+cnt1—cnthn—y £=0
Proof. For apb, +bpy1 + i1 —cn <j < hy, — y, by Lemmas A.7 and A.8,
~ an—1b,—1 - ) :
AB(Tkhn+yIn,j) _ Z Z /\B(Tkh"erI,[f;n—H])+/\B(Tkhn+y17[:g])
i=0 (=0
n—k—1b,—1 an—1 bp—2
= —ke [4an+l+k —kl—(itk—ay) pllan+itk-+1]
-y ZA Ly )+ D0 D As(T L)
=0 £=0 i=an—k (=0

- 12 -
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k
Y AR
1=0

and since k¢ < apb, and j+vy > j > apb,, using Lemma 4.5,

an—k—1b,—1 : : anp—k—1b,—1 a kbn—l
—ktl ylan+itk n y—k¢ .
S S = g S e ) = B S ()
=0 = =0 = =0
Likewise, since k€ + (i + k — ap,) < anby,
an—1 by,—2 : | an—1 bp,—2
—kl—(i+k—an) Tlan+it+k+1 o —kl—(i+k—an
O SR ) B D SHD ST LI
i=an,—k £=0 i=an,—k £=0
1 k—1b,—2 bn—2
= Ap(TY=M=r, . / T-
IR I e S A O B
i=0 £=0 =0 .
and therefore
hn—y an—1 bp,—2 k—1
—hl—(itk—ay) llan+i+k1]y| _ k(o —1) (11 i
IR SIS SPYC el DLy S SN P
j=anbn+bpt1+cnt1—cn li=an—k £=0 =0

For 0 <i <k — 1, using that 5 > ¢p41 — ¢ + bng1 + apb, and that IT[LO’]j = Int1,5,
Tkﬁn-i-yI?[:g*i] _ Tkiln'f‘y'i‘thrl—hn—i(;bn"t‘bn_l)IT[S]J_

_ phpp1+(k—i—Dhpten—cni1—i(bn—1)+y 7101 _ pphngs
=T In =T In+1,J+(k i—1)hn+cn—cni1—i(bn—1)4y

therefore, since [Ap(T"+1 Ly yr)| = | 202t~ (0g T Ap (T L T ) xp (1 )+

n+1,j n+1,5
Tn an n _ 2 (I, R .
)\B(Th"“-rr[wjl]] )| < eS| | Zt 5T (T Tg1,0)| + % whenever j' > b, 11,
bpnt1—1
Fhocty =i < | Sl 21(Int1)
Ap(THnty =il < e 1 Z AB( L1 g (hmim D)o +en—cnya—i(bn 71)+y) 1+ 1
bpny1—1 5 (I )
S . —t plk—i—1] 2pdnt1)
o Tn+1+1 Z A ( In]+cﬂ_cn+1 —i(bn —1)+ZI) + Tn+1+1
bny1—1
Ani1 ! —t 2u(Iny1)
P AB T In,‘ Cn—Cnt1—1(bp—1 + —
T‘n+1+17’n+1 ; ( It +1 7 )er) Tn+1+1
bpy1—1
an+1bn41 / 1 ., 2(Ing1;)
oT Y dpy+ —"=27
S ('rn+1 + 1)(7”71 + 1) pyten=—eng1-ia-1p brt1 ; XB 19 o + 1
and so
;Ln_y k B ‘
S S et
j=anbp+bni1+cnp1—cn =0
bn+171
k / 1 1 2
< oT™'| du+ +
Trpt1 bni1 ; X H T+l (rpa1+D(rn+1)

- 13-
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Therefore, since sup,,, ( 2 i—oXBoT™" ?) <€,
Bn_y b —1
kb k
S S DRV FEL PR
j=anbp+bnii+cnii—cn T" + Tn + (7%

Foranbn—l—cnﬂ—cn+ﬁn—y§j<ﬁn,

khnt+y71 . _ go(k+1)h,+0 B
T I”J =T Imj—(hn—y)

and since an,b, + bn+1~+ Cntl —Cn < J — (izn —y) < l~1n — 0, the claim follows from the above replacing
kby k+1,j by j— (h,—y) and y by 0. O

We are now able to prove Proposition 4.10 using the previous lemma and the mixing nature of {y,}.
Unfortunately, the proof cannot be written as directly as one might hope: one cannot just use that 7Y
is mixing on levels in C,,_; directly. Instead, the proof is essentially the same as the proof that TY~ is
mixing but applied to the blocks of sublevels. The techniques are standard for staircase mixing but care
must be taken to keep track of the sublevels so there is a significant amount of bookkeeping.

Proof of Proposition 4.10. Let € > 0 such that sup;s; ( %Zf;é xpoT™* %) < e. Write y =
Zap_1hpn1 + 2hp_1 +w for 1 < 2 < b, and 0 < 2 < a,_; and 0 < w < h,_;. Observe that if
0<i< (bp—1—2)an_1 then I,[Li]_lyj is a level in C,, below I, ., and that if (bpo1 —@)ap—1 <@ <rp_q
then I,[Li]_lyj is a level in C,, above In,ﬁn—y' Then by Lemma 4.11, as 2’;—:16 < %6,

An_1—1 ) a k bp—1(bn—1—z)an_1—1 ”
kb 41 N _ n — ke 7li
D A D DD DENNP VI (1)
7=0 =0 =0
by, —1 Tn—1
1R gl < Byt St t b b
Tn + 1 £=0 i=(bp—1—z+1)an_1 Qp Tn + 1 hn
Now observe that, via Lemma A.9, writing k' = za,_1 + 2,
hp_1—1 bp—1 (bn_1—z)an_1—1 ' 1 bp—1hp_1—1|(bp_1—x)an_1—1
S )< S L,
=0 " oy=0 ;=0 i=0
Bp_1—1 (bp—1—2)an—-1—1 (bp—1—2)an—1—1
Cp— "h i 4
<mby Ap(T¥h=nl )+ 3 AL )
b1 j=0 i=0 ) i=0 ’

which are precisely the sums (x) in the proof Proposition 4.8 (since > 1 so k' > a,,—1). Therefore

hp_1—1 _k bp—1(bn_1—x)an_1—1
PO e DD DI VG DI (#)
§=0 n £=0 i=0

Now observe that for 0 <i < a,_1; and 0 < ¢ < b,_1,

[qan-1+i] _ rpgan—1hn—1+4an—_1q(q—1)+ih,_1+iq 7l0]
In 1,9 =T " " " In 1,9

sofor 0 <i<an—1—1,88 (bp1 —2+¢q)(bp1 —2+¢—1)—gq(g—1) = (bp—1 — 2)(bp—1 —z — 1+ 2¢),

I[(bn 1—2+q)an—1+i+l] _ T(bnfl7$)a7zflﬁnfl+%anfl(bnfl7I)(bn717171+2q)+i’4n71+q+(i+1)(b'rt,fl*(E)I[qa"*lJri]
n—1,j n—1,7

SethQq:—cn—l—cn,l—(k:—i—l)f—&—%an,l(bn,l— V(br—1—x— 1+2q)+q an 10n—1(bp_1—1)4+bp_1—x

and note that |Q| < ¢, + anby, + 2a,_1b2_,. Then, since b, _1a,_ V1 + b1 — hpy = —Cn + C1 —

- 14 -
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%anflbnfl(bnfl - 1)7

y—(k+1)0—h,, l(bn—1—z+@)an—1+i] _ qrzh, 1 4wti(b,—1—2)+Q 7laan—1+1]
T Infl,j =T ! ! Infl,j

Consider j such that 0 < j 4+ Q — ap_1bp_1 < By — W — ap1bpy_q. If 240> Ap_1,
Ty—(k+1)e=hp [[(On—1—2+Q)an—1+i] _ pzh,_y plaan—1+i] _ rlaan—1+itz2]
n—1,5 - n—1,j4+Q+w+i(bp—1—x) = "n—1,j+Q+w+i(bp—1—2)—2q9—(2+i—an—1)
_ i(bp_1—x—1) 7lgan—1+i+2]
=T T I"—17j+Q+w—zq—(z—an71)

and therefore

- . 1 )
—(k+1)—hy, 7lgan—1+ily _ bp_1—z—1
)\B(Ty (k+1) Ir[zqfl,jl l]) — rnil)\B (TZ( 1— )Infl,jJrQerfzqf(zfan,l))
Similarly, if z 4+ < an_1,
Ty—(k+1)l=hp l(bn-1=et@)an—14i] _ pzh,—; plaan-1+4] _ lgan_1+i+z]
n—1, - n—1,j+Q+w+i(bn—1—2) = “n—1,j+Q+w+i(bn_1—x)—2q

_ ri(bp_1—x) 7l9an—1+i+2]
=T In—l,j+Q+w—zq

SO
- . 1 )
y—(k+1)¢—h, l[gan—1+d\ _ i(bp—1—x) )
Ap(T (k1) Infl,j )_7" 1)‘3 T In—17J+Q+w—zq—(z—an71)
"—

Therefore, as —£— < ba-y L

Tn—1 Tn—1 an—1

ﬁnfl_w_an—lbnfl Tn—1

> o (vl

Jj=an-1bn-1—Q |i=(bp_1—x+1)an_1

hn_1—w—an_1bn_1 bpn_1—1 an—1—2

Z Z Z )\B(Ty—(k+1)€—}~znl7[1QL%11’}1+i]) +L+1

. ° Tn—1
Jj=an-1bp_1—Q |q=bp_1—x+1 =0 "

IN

Ap—1—2—1

x—1 x—1 z—1
) . 1
< 1 / Z XB© Tilbn—1—z—1) dp + Z/ ZXB o Ti(bn—1-2) i+ T +
Tp—1 “— — Tn—1 <= — Tn—1
q=0 1=0 q=0 1=0
ap—1—2z—1 z—1
) 1 . 1
< / 1 Z xp o Tibn-1—2=1) du+/ ZXB o Tilbnr=)| gy 4 x+
Ap—1 T Ap—1 ,_ Tn—1
=0 =0
Now consider j such that }Nln_l —w+ap_1b,_1 —Q <j< }Nln_l — ap—1bp—1. Then
—(k+1)l—hp, 7laan—1+3] _ mp(z41) R ~
lhe ( ) Infl,jl - T(Z ) 1In—1,J'+Q—&-w+i(bn,1—9c)—hnfl
so similar reasoning as above shows that
Rp—1—an_1bn_1 Trn—1 ~
> > Ap(Tv= 0t 1)
j:ﬁn,lwaran,lbn,lfQ 7;:(bnfl_1"1‘1)‘177,71
ap—1—2z—1 z—1
. 1 - 1
S / 1 Z XB ° Tl(bn—lfl’*l) d‘LL + / Z XB o Tl(bnflfir) d/,L + x +
An—1 i—0 An—1 i—0 Tn—1

Note that y < Bn - an—lﬁn—l = (bn—l - 1)an—lﬁn—l + hn—l + %an—lbn—l(bn—l - 1) +cn < (bn—l -
1)an71ibn71 + 2hy,_1. Therefore z < b,,_1 — 1 and if z = b,,_1; — 1 then z < 1. When z < b,,_ — 1, both
bn_1—x >1and b,_1 —x—1 > 1 so both integrals tend to zero by Proposition 4.7. When z = b,,_1 — 1,
the first integral tends to zero by Proposition 4.7 and the second is bounded by —%— — 0.

An—1
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@l - cntanbytan,_1b2_,

Since - n
n—1 hp—1

— 0, then

hn—1 Th—1

3 3 Ap(Tv= (DRl ) g

J=0 |i=(bp_1—z+1)an_1

Therefore equation (t) gives that Z " "|AB (T’“ﬁ"+yIn_17j)| — 0 as both the above quantity and that
in () tend to 0. Since this holds unlformly over k and y in the specified range, the claim follows. O

4.2.2. Mixing for the remaining times

The times not covered by the previous cases, namely those of the form k‘n?ln + yn where b, < k, < a,
and |y,| < an—1hn—1, require more care and the introduction of many new ideas; however, the majority
of the argument is to split the sequence into cases where, in each case, a (generalization of a) standard
mixing proof technique can be applied.

The final goal of this section is to prove the following proposition which ensures mixing on all remaining
times.

Anbp+brri+cnyn
I S < 0 and

Proposition 4.12. Let T be a quasi-staircase transformation such that >

> o <00 and a" ——= — 0 and a*;bﬁ — 0. Let B be a union of levels in some fized Cn. Then

n

lim max max Ap(TH+1B)| = 0.
n—oo bp<k<an \q\<an71ﬁn71

For ease of exposition, we denote the measure of the levels which may be ‘safely’ ignored as follows.

. 4(anbn+bn n
Notation 4.13. Define 7, = 2@ +B+1+C 1)

Our first lemma effectively generalizes the known technique of splitting the tower into the rightmost
subcolumns, which will be mixed due to pushing through the top of the next tower, and those on the
left which will need to be handled differently.

Lemma 4.14. Let T be a quasi-staircase tmnsformation B a union of levels in some Cy, € > 0 such

that sup;>;,, ( %Zz;(l)XB oT™? ) ,n>N,b, <k<ap, and 0 <|y| < an— 1hn_1. Then
— ke 3 EY 1% 2y — ke
Ap(TH+vB Ap(TY~*B)| < et (1 ~ ) —_ )
( ) Tn + 1 Z ) an ) by ; hn

Proof. Consider first when y > 0. Write 8 = {anbp + bpy1 +cny1 < j < hy —y : I,; € B} and
B ={anbn +bny1+cnp1+hn —y <j<hy,:1I,; C B} . By Lemma 4.11,

bp—1
~ v n— k _ 1 ~
Z Ap(T*Hvr, ) — Z ; ZAB (TV=H1, ;) — a . Z Ap(TV=hn=(R4DEL
jepup’ =0 \'m + jes n jepB
is bounded by aig ™ § < ke ™ ¢ and therefore
e el
g (Tkh VB — o + Z Z As( TYy—kE I.;)

=0 jepuUp’

k e e k-1

ga—e+3 e Z D BT ) = = A (T V)
n n =0 jep’ "
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k
< —e4 = b _— < — —
an +2+ n+1 |ﬁ|M( ") a, — k <an6+2+

hn

so the claim follows for y > 0 as || = y — anbp — co1 < |y — k| for all 0 < £ < b, (and if y <
Anby + byy1 + cuy1 then B/ = () and since [Ag(T*"»+tYB) — ZJEBUB’ Ap(THFTvT, )| < R

2a, —2k—1 kT, (1 k)2|ﬂ’

Now consider when y < 0. Then kh, +y = (k — 1)hn + (hy, + y) so, following the same reasoning as
above and swapping the roles of 3’ and 3,

)\B(kamﬂ;B) _ On — (k—1)—1 Z Z As( T(y+h )= (k=141 J)

ot 1 =0 jepUp’
k—1+1 n k—1+1\2 k k\ 2
<+e+7+(1—+) il §e+Tn+<1—) 15
an 2 an B an an /) hy
Since in this case |3| < |y — k£ for all 0 < £ < by, then |B] < 3+ Z 61 ly — k£| so the claim follows. [

Our next lemma is a generalization of the now-standard Block Lemma [Ada98]. It is a ‘weighted’ version
of that lemma, though we emphasize that it is not the case that the weights sum to 1 but rather that
each term in the average may be weighted by a value between 0 and 1 (so e.g. the case when most of the
weights are 0 follows trivially).

Lemma 4.15. Lete > 0 and q,k,p,Q,L € N and for all0 < ¢ < L, let 0 < §, < 1. If% <€ and% <€
and |Ag(T*P'B)| < € for all 1 <t < Q then
L1

1 _
7 > 6Ap(T7HB)
£=0

< (20)2 + €

Proof. Using that T is measure-preserving and the Cauchy-Schwarz inequality,

L—1
1
L Zéf)‘B (T7%B)| = 7 Z/ Sexp o T 7% du| < /| Z&XB o TI7*) dy
l5]-1 1
pQ L 1 pQ 1°= 20
- L% Z D Z Z djpQritptXB 0T~ kpt| o pa—kipQ=ki g, 4 T2 L
p j= =
1 l&5]-1 = =
- | L | p / Sip@titpxn o T | du+e
pQ j=0 i=0 t=0
1 Lﬁj_llpfl L 9! B 1/2
k
: L%J 0 ]; i—0 / Q t=0 dipQ+itptXB o1~ vt du +€
p 1= 1= =
1 l5]-1 (Pl Q! 1/2
e > > (Qz 0jpQ+itptOipQritpurn (T (t_“)B)> +e€
pQ j=0 i=0 t,u=0
) lyq -t (=t Q2 1/2
2 k
= LLJ Z 5 02 5]pQ+z+pt)‘ (B) + Qz Z§JPQ+z+pt5]pQ+z+pu)‘B(T p(t= u)B) +e
pQ-+  j=0 i=0 t=0 t£u
1 LﬁJillp—l 1 1/2 1/2
< EN Z }; Q Qg Z 0jpQ-+itptOjpQ+itpuc tes | 5 ‘|' Q2 Z te
pQ j

t#u t#£u

Using the ‘weighted’ Block Lemma, we likewise generalize the Blum-Hanson trick (see e.g. [Ada98]) to a
‘weighted’ version.

- 17 -
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Proposition 4.16. Let T be a quasi-staircase transformation such that Z— — 0, %2bs 0 and b” — 0.
Let B be a union of levels in some column Cy,. Then

du=20

lim max E (SgXBOT tk
N—oo  0<6,<1 1<k<N

Proof. Fix € > 0. Let m such that b,, > 2[e"!], W < e and sup,,>.,, ]/\/[\B,n < € (using
ham (67]

Proposition 4.9). Take any N such that < €. Let k and dy attain the maximum for V.

Consider first the case when k > h,,. Let n > m such that h, <k < hn+1 Let p such that ( -1k <
hn+1 < pk so that pk < hpyt +k < 2hn+1 Then for every 1 < ¢ < [e71], B < qpk < [e” 12hn+1 <
bnh,, meaning that |\p(T9%*B)| < MB,n < €. Now

ple ] _phle ] _ 2hnnfe'] _A(ra+ D€ M) _ 40+ D] _ 40+ Dfe "]

N Nk S Nh ST N < 3 =7 <€

so Lemma 4.15 implies that [ ‘% Zévz_ol deXB © T*Ek‘ dp < (26)'/2 4.

Consider now when k < h,,. Let p such that (p— 1k < hm < pk so that pk < 2k, and p < A,
Then A, < qpk < [€ 1120 < bphm for 1 < g < [6711 50 |[\p(T%B)| < Mp,, < €. Since 251 <
in (6 1 < ¢, Lemma 4.15 again implies that [ ‘ * Ee 0 Yoxs o T~ du < (26)Y/2 + . 0

Since we will have need to work with times not all ranging within the same interval [h,, hn+1) (which is
all one needs to consider when working with staircases), we introduce the following notation to denote
which column a time ‘naturally wants to be thought of as applying to’.

Notation 4.17. Fort € Z, write a(t) for the unique positive integer such that iza(t) <t < fza(t)_H

The next lemma is the main ingredient in the proof of mixing for our remaining times. Given a ‘weighted’
average of times which form an arithmetic progression (meaning the times are ¢ — £k for some fixed ¢ and
k as £ ranges from 0 to L—1), the lemma states that either the average is already mixed by the previously
established facts or that the sequence of times which cannot be guaranteed to already be mixing times
has a very specific structure closely resembling that of an arithmetic progression, along with control on
the size of the gaps in the potentially ‘bad’ times £. This structure, along with the control on the size
of the gaps, will allow us to deduce mixing by dropping to previous towers in a suitable manner.

The proof breaks into cases. The bulk of them, where the average is shown to be mixed, follow from a
combination of the already established (weak) power ergodicity (similar to how mixing is deduced for
staircases) and the generalization of the Blum-Hanson trick combined with the generalized Block Lemma.
Due to the length of the proof, we include expository text throughout, italicized to distinguish it.

Lemma 4.18. Let € > 0 and set g = (2’—6_1-“671]-"_1)_1. Let L, k,q € Z with L > ¢;* and for each
0</l<L,let0<d,<1.

Let ag = max{a(q — ¢k) : 0 < £ < L}. Assume that max(MB7a0,MB7a0_1,]/\4\B,a0,/]\/v[B,aU) < € and
bag—1 > 4671651

Write k=zhay+y  for |yl < $ha, and q=Thay +7  for|r| < tha,.

- 1-
Let ko, ye € 7 such that q — Lk = kehoy +ye  with |ye| < §ha0 and define

L= {O SU<L:(ke=0 orba, <|ke| < aa,) and |y < aao_lﬁao_l}

Then at least one of the following holds:

L—-1 L—-1
1 —tk 1 1/2.
ZZZEO(SW\B(T‘J B) +Zé:EO(1—(55)6<46 ; or

- 18 -
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o there exists p € Z, t > 0 and 0 < £y < L' < L such that

- 1-
LC{ty+it:0<i<L'} and |ity—ipha0\<§hom for all0 <i< L'

Proof. First observe that if 0 < ¢ < L and ¢ ¢ £ then one of the following must hold:

° aaoﬁao <|q— k|l < BQOH (using that ayp is maximal);

° baohao < ‘q - €k| < ao&oiLao a‘nd |y£| Z a’ao—lﬁag—l;

izao <|q— k| < b%i}ao; or
e k=0 (soye=q—Llk=q) and aao_lizao_l <l|g— Lkl < izao.

FEach of the above cases falls under one of the hypotheses on times which are already known to be e-mizxed,
thus L represents the ‘potentially bad times’. As such, the proof need only focus on those values in L
since the rest are already mized. We now make this concrete.

Since Ag(T'B) = A\g(T"'B),
® Gnohay < |q— lk| < hogs1 implies [Ap(T9%*B)| < Mp a;
° baoﬁao <l|g—tk| < aaoﬁao and |ye| > aao_lfzao_l implies |)\B(Tq’EkB)| < MB@O;
o Ny < g — lk| < bagha, implies [Ap(T9~*B)| < Mp a,; and
® Gng—1hag—1 < |q — lk| < ha, implies |Ap(T9"*B)| < Mp ay—1.
Therefore, by hypothesis, for £ ¢ £, it holds that |Ag(T9"*B)| < e.
In particular, if |£]| < €L then

L—1 L—1
1 ek 1 1 1
7 > 6 As(TB)| + 7 > (1—de)e < T+ £ (L= L) et e < 3e
£=0 £=0
so the first possible conclusion will hold.
The main idea is to consider the fraction Ey and break into cases. We begin by approximating ;Ly with
ag «Q
the closest fraction ¥ that has denominator less than b, 1L (and then do the same to approzimate FLT ).
ag
Let p,t € Z with 0 < t < bg,—1L such that .ﬁy — ]t)‘ < b and either (p = 0,t = 1) or p,t are
(o) ap—1
1
relatively prime. Then let u € Z such that |=— — % < %
g

In the case when % has a large denominator and large numerator, we ewpect that T distributes sub-
levels somewhat evenly across many levels and so we can apply either (weak) power ergodicity or the
(generalized) Blum-Hanson trick.

In the case when ¥ is very small, Lly| < ﬁag so the set of £ for which |ys| = q— Ly is less than bao,lﬁao,l
should be a consecutive set of integers (as there is no ‘wraparound’ coming from Ly ).

In the case when £ has a small denominator, we expect T to send most of the sublevels into the same
small set of levels. This the arithmetic progression like structure conclusion of the lemma. The idea (in
a later lemma) for handling this case is to ‘drop down’ to an earlier column, similar to in Section 4.2.1.

For ¢ € L, since ¢ — lk = kgizao + ye for |ye| < aao_lﬁao_l and since
q— Ltk = (They + 1 — E(zﬁa) +y) = (z = £2)hg, + (r — y)

it follows that r — fy must be of the form ngiza) + o4 for some ny, 0y € Z where |o;| < aao_lﬁao_l. Then
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|r — by — nehoy| < Gap—1hag—1 SO ’rﬁ_—@ — ng‘ <3 1 - Therefore
(VO -

<l+ £t 1,2
Lbag 1 b(xofl 2t baofl

r— Ky
P

u— fp
t

—ne‘é

—/ —¢
u—fp - y‘+
t Frag

The above calculation shows that “%ep is always very close to an integer when € € L. This will play a
key role in establishing the claimed structure of L in the case when L has small denominator.

We now split into cases.

bay—
Case: t < —=2=L and [p| > 0

u— Ip

1 1 1 1
Forl e L, boe +27 < 5t+§t =7 so [lu—€p—nygt| < 1. As those are integers,

then u — €p = nyt. Let €y be the minimal element of £. Then (¢ — £y)p = (u — £op) — (u — €p) =
(ng, —mne)t. As p and t are relatively prime, then ¢ must divide £ — ¢y so every £ € L is of the form

—ngl <

- t
¢ = ly+ti for some 0 < i < L. Also |ty —pha,| < Lo ha0 <1

for 0 < i < L so L has the structure of the second conclusmn.

— hg, meaning |ity —ipha, | < ha0

ba

Case: =°=L <t < L and |p| >0

In this case y = Bhay £ 55Pay = Plag—1hay—1 S0 we can deduce mizing from having already es-
~ Do

tablished that (most) such times are mizing (and that most times in the progression are of that form).

2 + 1
bag—1 2t bao 1

u—ﬁp(modt)<b ~t or u— {p (mod ?)

u — p <

For ¢ € L,

—ny so |u — fp — net| < 52 -t which means that
@ —

4) t whenever ¢ € L.

Since p and t are relatlvely prime, the map Z — Z/tZ given by z — zp (mod t) is cyclic and onto.
So at most, 3 8 1t choices of 1 < ¢ <t can be in L. Likewise, for any range of ¢ values of £, at most

t [%] Then

t choices of ¢ (out of the ¢ possible) can be in £. Therefore |£| < 2

o—1

8
bag—1

I£] <

8 t’VL-‘< 8 (L+1t) < 5 (L+ L) < 4eeoL
bao 1 t bao 1 bag 1

Therefore, as [Ag(T9*B)| < ¢ for £ ¢ £, we have | >~} 65/\B(T‘1‘“€B)‘ + LS 1= b)) <
1L+ €+ € < deeo + 2.

2t

Case: < —
Ip| boe 1eoL

In this case, p being very small means y is very small so {€ : 0 < ¢ < L} already satisfies the claimed
structure (and L is a subset of that).

2t 2t
For 0 <{¢ < L, then |fp| < < —— =2¢t  so
bag—1€0  de~leg e
14 1
Y §€‘~y —p‘—l—Z’p‘S +‘< + 2¢ < 3e
h‘ao h@o t t baoflL t baofl

Forall 0 <i < L, then |i-1-y —i-0-hay| = |iy| < 3eha, < %ila(, Therefore the second possible
conclusion of the lemma holds with L' = L and £y =0 and ¢t = 1 and p = 0.

From here on, we may then assume that L<t and Ip| > bzﬁ
ag—
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Our goal now is to apply the (generalized) Blum-Hanson trick combined with the Block Lemma. The
complication is that, unlike for staircases, there is no single choice of the power to use in the Block
Lemma to reach mixing times but there are at most 1/e possible values.

For 0 < j < [e!], define po = p (mod t) and Djt1 = [i—‘ p; (mod t)
Suppose that et < p; and pj41 < p; — et for all 0 < j < [e"*]. Since p; > e, (il < [e7']. Then

1 _ B
fpio] (pil] [P(e—tlpﬂ < [e 1171 < L < t. Therefore p;; 1 = fpio] fpil] fpij]po for j < [e71].

Since pj41 < p; —et, then pj1 < pj—et <pj_1 —2et < ... < p—jet. Then pro—1) < p—[e et <p—t.
But then et < py < pre-17 < p—1t < 0is a contradiction. So there exists 0 < m < [€71] such that 0 < p,,
(since po # 0 as p and ¢ are relatively prime) and either p,, < €t or py, > pm—_1 — €t.

We now establish that in the bulk of the cases remaining, we can apply the generalized Blum-Hanson
trick using p.,, to determine the power used in the Block Lemma.

Case: < pm < €t

(1[)—1

Set g = [ £ —1- (pol We may assume m is the minimal choice such that p,, < et so p; > et
forall 0 < j < m. If—>e L then t > ¢! pj > € Let = t is a contradiction, sop—jge I for all
0<j<m. Then g < ( 1m < [e=1]le7 -1,

. _ . . 1 .
For 1 <i < [(2¢)71], then A < ipm < [(26) Met < §t+et so igp (mod t) € [bajflt’ (3 + e)t).

ap—1

Then there exists n;, w; € Z so that igp = nt + w and w € [b 2 ~1, (% + e)t).
ag—

-1
- |igy igp ig 2T 1 . S wis 1
Since |==—= — =—| < < < we have |igy — njha, — —hq,| < —— SO
@ t Lbagfl Lba(),l baofl’ v t 0 baofl
, - w; ~ 1 - 2 1 - 1 - -
‘Zgy - nihag > Jhao - 7}1/&0 2 hao - hag = hao > aaoflhaofl
t bag—l bao—l bao—l bao—l

and likewise |igy — ni~a0| < ( + e)hao + 5 ha0 < hao Ao — JLQO 1.

Since igk = zgzha0 + gy, then igk is of the form v; hao + ¢, for v;, y; € Z where aq,— 1ha0 1< g <
Py — Gag—1hay—1. Therefore |A\p(T9*B)| < Mg o < € (or instead |Ap(T*B)| < Mp ay-1 < €
when v; > aq,)-

Since g[(2¢) "] < 2[¢ 1] [ < [e]7'L < €L, by Lemma 4.15 (with p = g and Q = [(2¢)7']),

L—1 L—1
1 1
7 Y Ap(T7*B)| + 7 Y (1= dp)e< (26)/2 +e+e< e/
=0 =0
2t 2t
Case: ———— < pn <
bao—160L ~ P bay—1

Let g € N minimal so that gp,, >

5=t Then gpn, < 72— (if not then (g — 1)pm > 52— — ;2

ag—1 bag—1

contradicts that ¢ is minimal). For 1 <i < [e71],

2t 1 t t 26t
< igpm < 4[e”! <zt meaning ig [ -‘ {-‘ p (mod t) € [ 7)
op—1 |— ~| bao—l 2 Pm—1 Do ( ) b()éo—l 2

Set go = g[5 t,ﬂ fzf—o] By the same reasoning as in the 3
all 0 < j < m. Then

t t 4t 1 _ 4t b EoL -1 _ -1
= el = < ——]e < — 0 e el = 9¢gLle 1l T < e
g0 g ’me—l-‘ ’Vpo-‘ bao Pm I— .I o bao 2t [ .| 0 [ W

2’11 < pm < €t case, fé] < [e 1] for

2t
0—1

Since iggp (mod t) € [ba , %), Lemma 4.15 then gives the first conclusion.
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Case: 0 < pp, < and t < egbpg—1L

2t
bao—l €QL

Set g = [ b -+1< +1=2¢L+1. For1<i< [e!], then ;2 <

igpm < € —‘(260L+ l)m <t Slnce g( -] fp%} < (2oL +1)[e 1l 11 < [e71]72L,
then, using the same reasoning as in the above cases, Lemma 4.15 gives the first conclusion.

2¢q b(,o 1L
-1

Unfortunately, there is one remaining case for which no choice of p will allow us to apply the Blum-
Hanson trick. However, in this case, we can establish that the potentially bad times L themselves have
arithmetic-like structure with control over the gaps.

Case: 0 < Pm < m and t > €0ba0 1L

Since |p| > 72— and p,, < b27 it follows that m > 0. Set g = [-——]--- (pio] <

ba07160 e’ Pm—1
[e-1)fe 11 = Seg'[e71172 < €2¢y". Since gp (mod t) = p,,, then there exists an integer v > 0
(since m > 0) such that gp = vt + py,. Then |gp — vt| = pp < 3 2

ag—1€0L"

For £ € L, recall that there exists ny € Z such that |u — €p — ngt| < % +3 2t - Let /¢ minimal such
ag—

that £y € L. Since [p| > 5 then ;1 < Leg |P|L 0
aO

1€0L’

u—fp u—Alop| 1 4 (t—Lo)lp| , 5 Llp| p|L 560\ [p|L
— < - = 24 Do
Ine =ne| < 1= r T ST T S +2 t

; -1
Then, since by,—1€0 > 4™,

2t 5ep 2
— ngy vt — (ng — < Jng = ng|——— < (1
(0 = )t = (s = e Jopl < e = sy < (1450 ) -2y
= ol + ol < glpl + 22
bao—lﬁop b(xo—lp 2P

and

(0 = ot = o0 = o) = o e = = £9)) = (s, = o) < o (14 52 )

aofl

5ot Bglp| B[t e 1t 5e2ey 5e3
< < < < < —
boe s~ boy 1 b Ipl T Ipl < = Il
€  De€g 56
Therefore |(ng — ne,)gp — v(lo — £)p| < st Ip| so [(ne —ney)g —v(lo — £)] < 1. As
these are integers, then (ngy — ng,)g = v({y — ¢) for all Z € L. Set g* = gcdi"g oy and vt = s
Then g* divides g — £ for all £ € L so every £ € L is of the form £ = {g + ig*. Also for 0 < < L,
. o ihay | 9y ‘ iha ( 9p g
gy — v hey| = ——— |7 —v| < ——— ‘——v)—i—
lig”y o gcd(g,v) | hq, ged(g,v) \I't bag—1L
~ 2 eyt 24 €% - 2462 - ol
< Lhq 0_) = ha hao < (2¢ + € )ha
0 (b%leoL + ba01L> €0ba071 0 604651671 0 ( €+ € ) 0

so the second possible conclusion holds with g* for ¢ and v* for p.
The above cases cover all possibilities where p,, < et. Therefore we may assume from here on that

Pm > Pm—1 — €t

t
Set p* = {p 1J DPm—1 = L}j DPm—1—Pm-1=Pm +t —Pm-1 >t — €t
m— m—

The remaining cases follow along similar lines as the cases where p, < et.
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Note that p; > et for all j < m by the minimality of m so we again have that ﬁ < e tforall j <m.
J
2t

Case: t —et <p" <t —

0((]71

For 1 <i < [(2¢)7'], 3t — et < ip* (mod t) < ¢t — 72—, Then i|
[e7%)

-1 Pm—1

is nonzero and at least ;2 - away from every multiple of ¢. Since e L] (pio] <
ag—
[e=177< TegL < €L, as above Lemma 4.15 gives the claim.
2t

Case.' t— —_—
ap—1 baofleoL

<p <t-—

2t
ap—1

Let g € N minimal such that gp* (mod t) < L. As in the case where ;—2t

bog 160l SPm <3
g < 2¢pL and then similar reasoning as there using Lemma 4.15 gives the claim.

7

2 .

Case: t — m <p < t and t < EobaoL
Set g = [m] < 2€0L + 1. Then ng* (mod t) - %(t — *) =t o—1 and
igp* (mod t) >t — [e"1](2e0L + 1)7]: so again similar reasoning gives the claim.

Case: 2t dt>epd L and |p| >
ase: t — bao_Tol, < p <tandt €00qy—1L an |p| m

Set g = |-~ [5-=1 ;] < ’—6_1-“671]_1. Then p* = gp (mod t). Here, as above, m # 0 so

Pm—1 Pm—2
there exists v # 0 such that vt —

2t
bag—1€0

< gp < vt and the same argument as in the 0 < p,,, <

ag— 160L

case shows that the second possible conclusion holds.
Therefore the claim is proved as all cases have been covered. [

For clarity of exposition, we introduce notation for the amount of the leftmost subcolumns which will
not be pushed through the top of the next tower upon application of 79~ However, we will declare it
to be 0 if ¢ — ¢k is already known to be a mixing time.

Notation 4.19. For {,q,k € Z and n > 0 such that |q — lk| < BHH, let d be the unique integer such
that |(q — Ck) — dhy,| < $hy, and define

Ve = an

mak [ =l i (b, < |d| < ay or d=0) and |(q — k) — dhn| < an_1hp_1
0 otherwise

Our next lemma is an application of Lemma 4.14 to precisely the set of potentially bad times £ in the
previous lemma. The critical point here is that when we split 77~%(0+t) B into a bl baoo average, the

resulting new ¢ and k for each j is the same over all ¢. This relies in a crucial way on the bounded gaps
and arithmetic structure established in the preceding lemma. Since Lemma 4.14 does produce an error
term, the v terms are necessary bookkeeping devices to ensure the total error is bounded.

Lemma 4.20. Let ¢ > 0. Let q,k,t,p,ly, L' € Z with £o,t, L’ > 0. Set ag = max{a(q— k(o +it)): 0 <
i< L'}.

Assume that by, —1 > 267! and SUDy>p,, (f ’ 1”01 xpoT™"

Let y,z € Z such that k = zhao +y with |y| < %

Assume, for 0 < i < L', that |ity — ipizao hao

For each i, let q—k({p+ti) = kiizao+y¢ with |y;| < % . Assume that |ko| < aq, and |yo| < aao— 1ha0 1.
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Then for each 0 < j < by, such that |ki| < aq, and |y;| < aao,lﬁao,l, there exists qj, hj € Z such that
a; =max{a(g; — hji) : 0 <i< L'} < g and for every 0 <i < L',

bag—1
)\B(TQ7k(€0+it)B) _Tag f}/ao,q,kbi Z )\B(quihjiB)
L —

Teo +1 Lo+t

bag—1
@0,q,k @o,q,k 1 @;,q;,h; 1
§(1_7500+it)6+7£012‘tb7 Z (1_%] ! ])E‘FTao"‘i& b .
[e7s) . o — o —
7=0

Proof. We first use the bounded gaps property to write a concrete expression for k; and y;, specifcally to
write ¢ — k(lo + ti) as a multiple of h, plus a remainder term where the remainder term and multiple
term are linear functions of i.

Since |yo — ity + ipﬁa0| < aao,lfzao,l + %ila(, < %fzao and since

q— (g +it)k = q — lok — it(zhay +Y) = kohay + Yo — itzha, — ity
= (ko — itz)izao + yo — ity = (ko — itz — ip)?zao + yo — ity + z'pizao

then ki =ko—itz—1ip and y; =yo— ity + z'pfz%.

From the linear expressions, we can define what the new powers q; and h; are and show that they are
independent of the choice of 1.

For 0 <j <bqy,set g =yo—jko and h; =1ty fpfzao —jt—jp and then

yi — kij = yo — ity + ipha, — (ko — itz — ip)j = (yo — koj) — (ty — phay — jtz — jp)i = q; — hyi
Since |k;| < aa, and j < ba,, then |g; — hji| = |y, — kij] < aao,lﬁa(,,l + b, < iLaO. Therefore
a; < ap— 1.
Consider first ¢ such that k; = 0. Then for any j, ¢ — (bo + it)k = y; = y; — kij = ¢; — hji so

bay —1

) 1 0 )
Ap(T1~ ot By = " Ap(T% ="' B)
(e 75) JZO

Since fyZ)O_ﬂf =1 (as k; = 0),
bag —1
1

@0
/\B(Tq*k(ngrit)B)_ Tag VZJOJ}%Zki Z )\B(Tqrh_,»iB) —1_
Tag + 1 bay =

Te 1 1

0
< <
Tao + 1 a/Oé(] bao aa()flbaofl

so the claim holds for 7 such that k; = 0.
From here on, assume k; # 0.

Neat we bound the error term that will come from Lemma 4.14. For j such that a(q; —h;i) < o9 —2, this

is straightforwardly bounded by aill which we will later insist be summable. The v terms appear
ag—Lrao—

1b
ezactly for j such that a(q; — hji) = ap — 1.

= hji| hag-— 1
For i, j such that a(g; — h;i) < ag — 1, we have 9, — | < —20=l .
aQ h’a() aao—lbag—l

For 4, j such that a(g; — h;i) = ap — 1, let d; ; be the unique integer such that |g; — hji — di7ji~za0_1| <
ap—1,q;,h;

17 . . 5 _ aag-1—|di ;]
5hao—1. Then |d; ;| < aq,—1 since |q; — hji| < ag—1hag—1 + Gaybay 5O 7; = % Then

|‘Ij~_hji| < (|di,j|"f1)hagfl - |dij|+1 - 2|d; ;| < |dijl e (177%—1,%,@) €
2

- [
hao h'ozo aao—lbao—l aao—lbao—l Aog—1 2
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Therefore, for every ¢ with |k;| < as, and k; # 0,

1 ety 1 el 1
Yi — i] ( a;,q;,h;
_ I 1— o VRS J) €+
bao jgo haU boco =0 ! aaoflbaofl
By Lemma 4.14,
)\B(qu(fothi)kB) |k”| Z B Tyflw B)
rao +1
bao_ .
oy Ikl 1R kgl
— =~ «
Gy bag =0 Py Aoy ’
: ,q:k ag — ki
Since ;%" = a# then
A (19 (0HORR) — Tk Z (T M9 B)
ag
el 1
> ’VZ]O#%%IC bi (1 - rY:l] A J) €+ b + (1 - ,yz)ofitk) €+ Tay O
[e7y) ao‘() o

=0

Our final lemma addresses the situation when the potentially bad times themselves form a controlled
arithmetic progression. In essence, it says that such a progression of potentially bad times can themselves
be shown to lead to a ‘weighted’ average with (much) smaller gaps. The reason for the weights becomes
apparent in the proof: 1 — 7 of the tower is already known to be mixing and ~ of the tower might
potentially not be. The proof is really just combining our previous lemmas without new ideas but
performing necessary bookkeeping and sum rearranging.

Lemma 4.21. Let € > 0 and set g = (2[e 1|l 1*1)~L. Let L k,q € Z with L > ;" and for each
0<{l<L,let0<d<1.

Let g = max{a(q —¢k) : 0 < ¢ < L}. Assume that InaX(MB@O,MB7a0_1,]\//.TB,QO,]T/.f137aO) < € and
bag—1 > 46_1661 and SUPy>b,,,, (f‘m =0 XBOT i) <s3.

Then either
L—1

Z SeAp(T* B)

1

ZZ (1—4y) € < 4e'/?
=0

or there exist integers 0 < t, L’ < L and, for each 0 < j < bq,, there exist hj,q; € Z such that
a; =max{a(g; —hjl): 0 <l < L'} < o and

= =,
Z Z 5@)\B(TqiekB) + Z (1 — 5@)6
£=0 £=0
1 bay—1 1 L—1 1 L-1
<3 > < 7 > Licrbug ot As (T B)| + 7 > (1 - ]1£<L/5zo+eﬂZf£’gk) 6)
@0 j—g £=0 £=0
ba - —1
1 \ aJ,q],hJ 1
T e Z 1> Lecabeg (1- )et oot
—0 —0 aao—l Oto—l
Proof. Write q — tk = kgilao + yp with |y,| < %Bao. Define

L= {0 <l<L:(ke=0orby, <lki| <aa,) and |ye| < aao_lﬁao_l}
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By Lemma 4.18, we may assume from here on that there exists p € Z, t > 0 and 0 < ¢y < L’ < L such

that £ C {€o+it:0<i < L'} and |ity — ipha,| < 3
from Lemma 4.18.

By Lemma 4.20 applied to each ¢y + t7,

Z 6Zo+ti)\B(Tq_(€0+ti)kB) <
Lo+ticel

Lo+tiel

1
+ 20 G | (L= i) e+t

Lo+tiel

be
< Z 5zo+m‘72)04’3’t Z Ap(T% " B)

Lo+ticel
1 bag—1
0,9,k ;5,45
+ g 5fo+tz’y[0+zt b E (1 % 7
Lo+tieLl 7=0

Then, since (1 —9) +0(1 —v) =1 — o,

Y Strup(T00FIRB)

Z 6Zg+t2

Bao for all 0 < 4 < L’ as otherwise the claim follows

ban—1
e S s
—|— 1 b
7=0
bag—1 )
Z (1 v h’) €+ Tag + ———
=0 Aay—10a0—1
145k
Z 5£o+tz < 'YZ)O_F% ) €
Lo+ticel

7)€+ Y O (Tao+1)

Aoy —100 —
Lo+tiel a0 —1%a0—1

+ ) (1= dupri)e

Lo+tiel Lo+tiel
bag—1
< i 5 ) aqu,k/\ (qufhjiB) + _5 0,9,k ¢
b Lo+tiVeg+ti "B fo+t17eo+tz
Q0 =0 |Lgt+tiel Lo+tiel
bag—1 1
a;j,q;,
§ : 5€o+tﬂeo+zt b E , (1 % J) €+ E Oeg+ti <Ta0 + ab)
Lottiel 7=0 Lo+tiel ap—1VYap—1

Since A\g(T~*B) = Ap(T*B), then for £ ¢ L, [\g(T?**B)| < € as it is bounded by one of Mg 4,,
Mg ao—1, MB.ag Or Mp o, For o+ ti ¢ L, since ’yZ)"jr%’ik =0 and |Ap(T9~ () B)| < ¢, then

‘§£o+ti>\B(Tq7(eo+ti)kB)’ + (1 = dpyqti)e < e= (1 - 5eo+thfJ}%’ik) €

Therefore, again using that VZ)Oiqt;'k

L'—1 L'-1

=0 for by +ti ¢ L,

Z 5eo+ti)\B(Tq—(€o+ti)kB) + Z (1 _ 6£0+n_)6

=0 =0

bag—1|L'—1

Do |2 v As

=0 | i=0

< 1
ba,

L'—1 1
@0,q,k
+ Z 640+“Wo+tl b

aj,q5,h

bay—1
> (1 o
=0

L'—1

| 5 (1 st

L'—-1

1
)6+ Z Oto+ti (Toco + aao—lba0—1>

Rewriting the sums over 0 < ¢ < L’ as over 0 < £ < L with the indicator function Ty,

1 L'—1 ‘ 1 L'—1
I > Separidp(T R R | 4+ I >
i=0 i=0

baofl L—1

1 1
<5 D |7 2 Meen B4 An (T B)
@Q

7=0 Z 0

— Opg-+ti )€

L-1

23 ecns (1= Gyt )
Z 0
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L-1 bao_l
1 [e k]- aj,qj,h; 1
S st $ (s
=0 @0 j—0 Geg—10ap—1

Since |A\g(T*B)| < € for £ # £y + ti as then £ ¢ L

Z#£0+ti Z;ﬁéo+ti Z#[o—‘y—ti
L—-1 L—-1 L—1
L-r 1 1 1 i
=7 ‘=1 D e= 72 (-Tecr)e=+ (1 — Lo Oug+eegeite ) €
=1 =0 (=0

Therefore the claim follows from the triangle inequality by splitting 0 < £ < L into {fp+ti: 0<i < L'}
and {0 <l < L:0#Ly+ti}. O

We are now ready to prove mixing for the remaining times. The method of proof is to apply Lemma
4.21 iteratively in the sense that that lemma either gives that the average over the k powers is already
mixed or that it can be reduced to a convex combination of ‘weighted’ averages of the same form Lemma
4.21 applies to. This iterative process must either terminate, in which case mixing is shown, or reach a
point where the powers appearing the average are smaller than L, in which case mixing follows from the
‘weighted’ (weak) power ergodicity already established (it is crucial here that L not decrease).

Proof of Proposition 4.12. Fix € > 0 and bet €0 = (2[e~1] " 1+1)=1. Using Propositions 4.8, 4.9, 4.10
and 4.16 and that ) 7, < oo and ) < 00, there exists N such that

o by > 4de™ 661;

nab

e sup,,~n_1 Mpm <€

sup,,>n Mpm < €

e sup,,~n Mpm <€
° ZZONTn<€'
° > N 1a < ¢ and
1 m—1 —j5k 2
® SUD,;,>py 1 SUDg<, (I‘EZg:O xpol ™ ’ dﬂ+m> < g

Take any n such that b, > iLN+1. For b, <k < a, and |¢| < an_lfzn_l, by Lemma 4.14,

Z)\ (T % B)

bn,—1

— > Ap(T""B)

£=0

k
—e—i—Tn + 2e

‘/\B(T’“ﬁ”*qB)‘ <

n

Set L =b,,. By Lemma 4.21,

Lfol )\B(TQ_MB)’ < 4€'/? or there exists gy, ky, L', £y, t such that

L—1 boco_l L—1 _
1 —kt 1 1 1=kl 0,9,k
L ; Ap(T""'B)| < . ZZ < Z Locppi Ap(T% " B) +7 ; ( — Decrvgyite ) €
1 el 1
yr,qr ik,
b Z T Z ]16<L 750047357@ (1 — Ve et ) €+ Tag + a b
ao o= ag—1VY%ap—1

The first average above consists of terms which are exactly of the form that Lemma 4.21 applies to.
By Lemma 4.21, some of those terms are bounded by 4€'/? and the rest likewise split into a convex
combination of terms of that same form so our aim is to iterate this process. At each stage of this
process, the ‘error bound’ increases by 7o and —— (for strictly decreasing o) and by a term similar to
the ‘extra €’ term above involving two ’s.
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Let £/ = {0 < ¢ < by, : ap > N and Lemma 4.21 does not bound the ¢’ weighted average by 4¢'/?}.
Then

bay

-1

1 ——

bag > ( Z]lkL’Wothe)‘ (T~ B)
=0

Z (1 =Ty, Oﬂ;@ ) > < (1 — |b£/> 4e'/?

@o

IS k
+ E Z (1 — ]1€<L/7400_;_€57( ) €>
(=0

h \

|z:’ 1 15
bag L] 2 L

el

k k),
Z Lo g8y Ap (T ~** B)

Therefore, applying Lemma 4.21 to each ¢’ weighted average, since ayr < g — 1 (and suppressing the
explicit dependence on ¢ of L”, ¢, t' for clarity),

ZAB Tk B)

1 1

aao—lbag—l aag—lbag—l

(1 ‘b |> 467 + Tag T Tag—1 7+

ag,q,k Q4 Ky —k Y
7 E Z<L”]l%+t,£<L/’yfo-i-t(%-l-t’é)’yéf)—i-t'[ ¢ )\B(qul,éll vt B)
L-1

RPN (

veL! O‘f’ 2'=0

1 a K/
0,0,k Qg qel R gr
+t7 (1 = o< Loy o< ieg 1100400 Ve v ) €
=0

—1
«o,q,k Déz’aQe/’kz/
E E E <11€<L "Veo+te (1_'}’@
el O‘i’ Y

0,9,k Qpt qu/qu/ Qg1 ot g1 kg g1
+ ]16<L//]1£6+t/€<L/’Y€0+t(él +e0) Ve e (1 — Y, €

bag |E’|

We now consider the ‘extra €’ terms resulting from this process. At this stage, there are two such terms.

Now observe that

L—1
1 o « K K k
0,9, o591 5Ky «,q,k Oyt 3Gyt Ky Qprt et g17 5Kt g1
L Z (]1’3<L'7€o+te (1 e ) F Lecrr Lo ea Voo iey +1e) Ve e (1 e ))

L”—1

l Z ”YZf’ﬁiek (1 - az,’qe“kz,) 7 Z Ly +t/5<L/’Y£o+t(z’ ) (1 V?i’%’k”ﬁ”’q” ot W)
e#’ +t'i £=0
<L’
and that the sets of the original 0 < ¢ < L the two sums range over are disjoint. The left sum in the
above is precisely those ¢ for which we do not need to continue iteratively applying Lemma 4.21 (as they
are exactly those which that lemma will bound by 4e!/ 2). The right sum in the above are those ¢ for
which the iterative process will need to continue.

I 01

The key point is that the terms on the right have the form v(1 — ~'y") rather than just v(1 —~").

Continue iteratively applying Lemma 4.21 until all terms are bounded by 4e'/? or have ke or,. < L,
which must occur as o decrements at each application of the lemma and if koo > L = b, > hy4
then oy g > N + 1 (and the hypotheses of the lemma hold as long as o ¢/, > N).

If the process terminates with one or more terms having k values less than L then the already established
weighted weak power ergodicity (Proposition 4.16) tells us those terms are already bounded by e.

If k¢r ¢, < L then, by the seventh requirement on the choice of N, as L = b,, > iLN+1 > by,

L—1
1 —Cky o1 €
§/|L§X30T e dp < %

1 L—-1
Z Z )\B(Tqél'e”’“‘76}65/’[”"“B
=0
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The ‘extra €’ terms weighted by v terms will be of the form
YL =)+ A=)+ AT =) = (1= Dy )

where m is the number of applications of Lemma 4.21 needed for that ¢ (this is written carefully in the
case of two applications above).

-1 1/2

Then ’% Z!@L:o Ap(T? ¥ B)| is bounded by a convex combination of terms less than 4¢!/2 plus a sum of

g’s< kzoungedf by Z?:fN }’Tl'n f< € plus a sum of % terms bounded by ZZOZ N ﬁ < € plus an average over
< ¢ < L of terms of the form

,y(xo (1 _ ,y(xel,y(xy/ . ,Yaz(m) ) €
which are all bounded by € as 0 <y < 1. Therefore

1 L-1

7 > Ap(T77HB)
=0

<4e? fetete meaning that )\B(Tki“’""qB) < 4€'/? 4 5¢ O

4.3. Proof of mixing

Proof of Theorem 4.1. By Propositions 4.8, 4.9, 4.10 and 4.12, for any B which is a union of levels in
some C, limp 0o max;, _,j, . [Ap(T*B)| = 0. As unions of levels generate the measure algebra, T is
Renyi mixing hence mixing. O

5. Non-superlinear word complexity implies partial rigidity

Theorem 5.1. Let X be a subshift with word complexity p such that lim inf @ < 00. Then there exists
a constant 0x > 0 such that every ergodic probability measure p on X is at least dx -partially rigid.

5.1. Word combinatorics
Notation 5.2. For z a finite or infinite word and —oo < i < j < 00,

x5 = the subword of x from position i through position j — 1
Notation 5.3. [w] = {z € X : 2| ) = w} for finite words w.

Notation 5.4. For a word v and 0 < q < ||[v||, let v"/1*! be the suffiz of v of length q.

Let vt/ 10l = y%1vly™ for n € N.

Definition 5.5. Let w € £L(X) be a word in the language of a subshift. A word v € £(X) is a root of
wif wv € L(X) and |Jv|| < |Jw| and w is a suffix of v°°, i.e. there exists ¢ = ?/||v|| with p > ||v|| such that
w = v?. The minimal root of w is the shortest v which is a root of w.

Every word has a unique minimal root as it is a root of itself.

Lemma 5.6. If uw = wv and ||v|| < ||w|| then v is a root of w.

Proof. As w has v as a suffix, w = w'v. Then uw'v = vw = wv = wWov so vw’ = wv. If W] > v,
repeat this process until it terminates at w = w”v™ with ||w”|| < |Jv||. Then uw” = w”v so w” is a suffix
of v. -

Lemma 5.7. If uv = vu then u = v§ and v = v§ for some word vy and t,s € N.

Proof. If ||u|| = ||v|| then wv = vu immediately implies u = v. Let

V = {(u,v) : wv = vu, ||v|| < ||lu||, there is no word vy with u = v§ and v = v} for s,t € N}
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and suppose V # (. Let (u,v) € V such that [lul| is minimal. As |ul| > ||v||, wv = vu implies
u = vu' = u”v for some nonempty words v, u”. Then vu'v = uv = vu = vu''v so v/ = v’ and v’ = v'v.
If [|u'|| = ||v|| then «/ = v so u = v? contradicting that (u,v) € V.

Consider when |[u'|| < |jv]|. Since [|¢/| < ||u|| and |lv|| < ||lu||, the minimality of ||u| implies that
(v,u') ¢ V. Then v = v} and u' = v* for some word vg and n,m € N. So u = v) ™™ meaning (u,v) ¢ V.
When ||v]| < ||u']|, we have (v/,v) ¢ V so v’ = v§ and u = vj™™. So V = (). O

Lemma 5.8. If u and v are both roots of a word w and uu is a suffic of w and ||v|| < ||u|| then there
exists a suffiz vy of v such that u = vy and v =vy* for some n,m € N.

In particular, if v is the minimal root of w and u is a root of w and wu is a suffiz of w then u is a
multiple of v, i.e. there exists n € N such that u = v™.

Proof. Writing v’ and v’ for the appropriate suffixes of u and v, we have w = u’'u’ = v'v? for some t, ¢ € N.
Then u = ugv® for some proper (possibly empty) suffix ug of v and 1 < a < ¢q. So u/(ugv®)t = v'v?

meaning that u'(upv®)'"tug = v'vI7% As t > 2, |07 = ||/ (uov®) " tug|| > |Juov@uol > |lvuo so,
as ug is a suffix of v, then v'v?~% has ugv as a suffix. This means vug = ugv so Lemma 5.7 gives vy such
that v = vf and up = v{* so u = U(T+a". If v is the minimal root then v = vq since vy is a root of w. O

Lemma 5.9. Let w be a word with minimal root v. If 0 < i < Z|w|| and T'[w] N [w] # O then i is a
multiple of ||v]|.

Proof. Let u be the prefix of B of length i and vy be the suffix of B of length i. For z € T*[w] N [w],
then [_; || = uw = wvg. By Lemma 5.6, then vg is a root of w. As [jvg|| =i < 3|lw||, w has vovg as
a suffix. By Lemma 5.8, since v is the minimal root then vg is a multiple of v. O

5.2. Language analysis

Proposition 5.10. There ezists C,k > 0, depending only on X, and £, — oo and, for each n, at most C
words By, j so that Xo = {x € X : every finite subword of x is a subword of a concatenation of the By, ;}
has measure one.

Let hy, j = || By j||. Then max; hy, ;j < kl,, and min; h,, ; — co. Let

Wg, , = Wnj={x € Xo:x can be written as a concatenation such that x(g, ;) = Bn ;} C [Bnj]

n,j
There exists c,, j < kby, such that the sets TiWn,j are disjoint over 0 <i < ¢y, ;.

For j such that h, ; > %én, Cnj > %En.

For j such that hyj < 0y, ¢nj = hy ;. For such j, also W, ; = T [Bf:j/hn’jBn,j] and By, ; is the

.. én/h,w-
minimal root of B,"; """ By, ;.

Zn/hnvjl

gt as a suffiz and does not

If v € ThiW, ; "W, ;s for j # 3 and h, ;v < %én then x(_ 0y has B

have Biz/,h"'j/Bn,j/ as a suffiz.
Proof. Since lim inf ? < 00, [Bos85] Theorem 2.2 gives a constant k and ¢, — oo such that p(¢, +1) —
p(4n) < k and p(¢y,) < kf,,. We perform an analysis similar to Ferenczi [Fer96] Proposition 4.

Let G4 be the Rauzy graphs: the vertices are the words of length ¢ in £(X) and the directed edges are
from words w to w’ such that wa = bw’ € L(X) for some letters a and b and we label the edge with the
letter a. As p is ergodic, exactly one strongly connected component has measure one and the rest have
measure zero so we may assume G, is strongly connected.

Let V;]RS be the set of all vertices with more than one outgoing edge, i.e. the right-special vertices. Let
B, be the set of all paths from some v € V,/*¥ to some v € V* that do not pass through any v” € V5.
Then every v € Vj is necessarily along such a path. Given any word w in £(X), there exists z € X such
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that zjg ) = w so w is the label of the path from the vertex corresponding to x_, ) to the vertex
corresponding to Z[jju | —q,|w|) hence is a subword of some concatenation of labels of paths in B,.

The labels of the paths between right-special vertices are nested: B,y is necessarily a concatenation of
paths in B, since words corresponding to elements of Vql_ﬁ necessarily have right-special suffixes. There
are therefore recursion formulas defining By in terms of B, though we do not make use of this fact.

Writing outdeg(v) for the number of outgoing edges of a vertex, ZUE‘/ZRS (outdeg(v) — 1) = p(¢, + 1) —
p(ln) < k meaning that [V;S| < k and therefore Zvevﬁs outdeg(v) < 2k. Therefore |B,, | < 2k. No
path in By, properly contains a cycle so || B| < p(¢,) < k£, for any label B of a path in By, .

Let BY be the set of all concatenations of paths in B, of total length at least %En and at most k¢, not
properly containing any cycles. As such a path contains no cycle properly, it has at most |By, | < 2k

segments from some vertex in V;fs to another, so there are at most K = Zfil(Qk)t such paths.

Let B¢ be the set of all concatenations of paths in By, of total length less than 3¢, which are simple
cycles. Then |B| < K as each path has at most 2k segments and at most 2k choices for each segment.
Every bi-infinite concatenation of paths in B, is necessarily a concatenation of paths in B¢ U B¢,.

Let B be the label of a path in B and let v be its minimal root. Suppose that ||v|| < 2¢,. Then the
vertex at which the path corresponding to B ends is the word v//I?ll as it must be a suffix of B. Let
B’ such that B = B'v. Then ||B'|| = ||B| — ||v|| > 2¢, — ||v|| > £,. Then the path corresponding to
B reaches its final vertex twice as B’ has suffix v/»/II?ll corresponding to that vertex. This means the
path properly contains a cycle which is a contradiction. So all labels of paths in B¢ have minimal root of
length at least 1¢,. By Lemma 5.9, then T°W,, ; N W, ; # 0 for 0 < i < %||B|| only when i is a multiple
of [[v]|. Set ¢, ; = min(||v|, 2||B||) > 4¢,, and then TW,, ; are disjoint over 0 < i < ¢, ;.

Let B be the label of a simple cycle beginning and ending at the word w. Since B is the label of a path
beginning at w, every appearance of B as a label in x € X is preceded by w, i.e. W C T*[wB]. Since
B either has w as a suffix or B is a root of w by Lemma 5.6, B is a root of wB. Let v be the minimal
root of wB and write B = B’v. Then wB’ has v as a root and |[wB’|| = ¢, + || B’|| so wB’ has suffix
v/l If B’ is nonempty then the path corresponding to B passes through its final vertex before the
path ends, contradicting that it is a simple cycle. So B = v is the minimal root of wB.

Then Lemma 5.9 implies that T*Wg N Wp # 0 for 0 < i < 1||wB|| only when i is a multiple of ||B|. So
if || B|| > 3£, then set ¢, ; = min(||B|, 3 |wB||) > 3£,. If | B|| < 14, set ¢, ; = | B||. For such B, since
Wp C T [wB], we have that every occurrence of B as a label of a path is preceded by w = Btn/IBI
Moreover, if z_,, |y = wB then x| ) is the label of a path beginning at the vertex w and ending
at wso x € Wg.

For z € Wg, if x(_s,0) has B&/IBIB as a suffix then the path reaches w prior to the final B in
that suffix. As no word B’ appearing in the concatenation is the label of a path properly containing
a cycle, this means the word preceding x|y = B in x must be B, i.e. x € T‘Z""’“B”[B@"/“B”B] SO
z e TIBIWg N Wg and « ¢ TIB Wy N Wg for every B’ # B as the path for B’ does not properly
contain a cycle.

Let B} = B UB;. Then |B| < 2K = C for all n and every word in £(X) is a subword of some
concatenation of labels of paths in B}. Let R,, be the set of all labels of paths in B;;.

Let Dy = {B : |B]| < M and B € R,, infinitely often}. Then |Djps| < oo as there only finitely many
words of length at most M (as non-superlinear complexity implies finite alphabet rank [DDMP21]). Let
X be the set of x € X such that for infinitely many n, x cannot be written as a concatenation of labels
in B} without using at least one label in Dj,.

For © € Xy, there exist infinitely many ¢ such that « has Bj* as a subword for some B; € Dy, and

ry — oo (since the label B, is preceded by the word BtLZ"L/(”Bt”)J). As |Dyy| < oo, there exists B such
that B; = B infinitely often. Then B"* is a subword of x for r; — co meaning x is periodic. Therefore
Uar Xar € {periodic words} so p(J,; Xar) = 0 as p is ergodic hence nonatomic and a periodic word of
positive measure would be an atom (there are at most countably many periodic words).

Define {B,, ; } to be the set of all labels of paths in B}, which are in R, \U,; P If liminf, min; || B, ;|| <
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oo then B, ; = B for some fixed B infinitely often (as there are only finitely many words of up to some
fixed length). But then B € Dy gy, a contradiction, so lim,, min; || B, ;|| = co. As Xo = X \ U,; Xnr, we
have pu(Xo) = 1. O

5.3. Measure-theoretic analysis

nj_l

Definition 5.11. Let C), ; = U T'W, Whj-

Definition 5.12. For j such that ||B, ;|| < 3¢, let
Cr /R, " Zn han,j
Zny = 1B B\ (B, B

ln/h
n,J

0, /h

= {il' e X: x[07gﬂ,+hn1_j) =B ™3 Bn,j and Tl—h, P 7& an g ij}

Proposition 5.13. For j such that || B, ;|| < 34, the sets T Z, ; are disjoint over 0 < a < LM JJ.

Proof. For 0 <a <b < L#"?J and z € T%n.i Zn,j N Tbhn,; Zn.j, writing z = £, — LJ—"J I, we would

n,J

have (. (at1)h, ;,2—ahn ;) # Bnj DUt Tp_pn, ;o) = Bf;,j which is impossible. O
Proposition 5.14. For j such that | B, ;|| < 1€, the sets T'Z, ; are disjoint over 0 < i < cy ;.

Ln /hn i bn/hn,;
Proof. Lemma 5.9 as By, ; is the minimal root of B," B, ; and ¢, ; < K <3 ||B By, ;1. O

Definition 5.15. For j such that ||B,, ;|| > 3£, let, for 0 <i < ¢, ;,
Inji=TWy;
and for j such that || B, ;|| < 34y, let, for 0 < i < ¢, j,

L]

In,j,i:Ti( L Tah"’jZn,j)

a=0

As T is measure-preserving, (I, ;) = u(In j0) for all n, j and 0 < i < ¢, 5.

cn,j_l hn,j—l
Definition 5.16. Let C,j = | | I ;. For j such that ||By || < 3n, let Cpj = | | T'Wi,
=0 =0

Proposition 5.17. For j such that | B, ;|| > 1¢,, we have w(Cr j) > = 1(Chj).

hni  ~ ke,
JN(Cn,j) <

‘ Iy (é J) = Qk#(én,j)- O
n,j 5tn

Proof. i(Chj) < b jitl(Wh j) = h jii(In j0) =

Proposition 5.18. lim, max;{u(I, o)} = 0.

Proof. For j such that || B, ;|| > 10, we have 1 > u(Cy ;) = cnji(In j0) > bnp(Inj0) and £, — oo.
For j such that || B, ;|| < 3¢,, we have 1 > u(Cy, ;) = hy jpu(In j,0) and minj hy, ; — cc. O

Proposition 5.19. T"n. Wh,; C Uj, Wy and Xo = Uj Chj-

Proof. Every x € Xy is a concatenation of words of the form B,, ; so every occurrence of B, ; is followed
immediately by some B, ;; and Z[0,00) = uB1 By - - - for some u a suffix of some B,, ; and B, € {B,, ;}. O
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Proposition 5.20. Let E C W, ;. Then there exists j' such that u(T"i ENW, ;) > &u(E).
Proof. T""E = Th»ENT"iW, ; C Th»EN Uj Wh,j» and there are at most C choices of j'. O

Lemma 5.21. p(W, ;) > i,u(én’j).

e/h

Proof. For j such that ||B,, ;|| < 3£,, by Proposition 5.10, T~ W, ; = [B,"/""’ B, ;] 2 Zy ; so

=
‘ -
—_

HWi) 2 1(Zn ) = g —plly0) = e p(Coy) =
! ! Lh{jﬂ*l o i ty

and for j such that ||B,, ;| > 3¢,, we have u(W, ;) = L (Cry) > ﬁ#(én,j) since ¢, j < kby,. O

Cn,j n

Proposition 5.22. If u(T"i W, ; VW, j1) > 6u(Wyjn) for j # 5 then u(Chp i) > 5201(Chjrr).

Proof. For j' such that h, ;; < fn, Proposition 5.10 states that, as j # 5/, for x € T/ Whyj N Wi,

Z,L/h

the word z(_ o) has B, "/ ™" as a suffix but does not have B,"/, "' B, j as a suffix. Therefore

T=En (Thms Wi ; A Wi 1) C [Bﬁ ] By ) \ Tho! (B4 B 1] = Zn,j,. This means that u(Z, /) >

w(Thi Wy s N Wy, ) > (Wi, ) S0

. ey, ln
#(Cri) = byt 1) = b (| 77 | + 1) Zuir) = I o= 6p(Wor )
n] n,J

p(Coyr) = 57 (G )

> 50

(1(Crojrr) > £n6——

Cn g f
For j’ such that hy, jo > £(,, using Lemma 5.21 and that u(W, ;) > 6u(Wy, ),

~ 1 l, .1 ~ 1
1(Crjr) = Cnj (Wi jr) = Cnjr (W jn) > e jr6—1u(C i) > §5ﬁﬂ(cn,j“) = o

1
Proposition 5.23. For j such that || B, ;|| < 10, we have p(T""71,, ;o N I, j0) > gﬂ(fn,j,O)-

Proof.
T D50 (Vo) 2 || T Z05) = | | il(Zay) = Te o J ni0) = 5hIng0) O
a=1 ] +

5.4. Partial rigidity
We employ ideas similar to Danilenko’s [Danl6] proof that exact finite rank implies partial rigidity:

Proposition 5.24. If there exists > 0 and j, and t, — oo with u(Cy;,) > & (or ,u(an’jn) > 6 when
applicable) and p(T* 1, ;. N1, j.) > 6p(l, 5, ) then (X, p) is 252-partzally rigid.

Proof. Let A =Wy ; for some fixed N and J. Define o,, = {0 <@ < ¢y, —hng:In;, i C A}

For j, such that h,; > Kn, if x € Inj,: N Wn s then N By j, and zpo ny ) = Bn.s
meaning that (B, Jn)[m_,rhNJ) By, s. This implies that T*W,, ;, C Wy ; provided ¢ < hy, j, — hn,J.

. . L/,
For j, such that h,, ;, < %Zn, ifw €l , "Wnythenz; iy /n, ;)= Bn,j/n 7mand (o py. ) = Bn,s
SO (Bf;}aln’j")[@FHLN,J) = BNJ which implies I’”Jm’i - WNJ provided i < h"hjn - hNJ.
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Therefore (|ay,| + hn,g)u(l ,Jn,O) > uw(AnCnj)
(lon| + ) n(Wh 5,) = ,u(AﬂC'n ) 2 lon|n(Wh j,,

For m < ¢p j,, u(TanJnAC’n_,jn) < 2mp(ln,j, 0)s
applicable) therefore

2
~ -m __ 1 -
/ |]]-Cnvjn o ]]-C”Jn

Therefore for M < ¢, ;,,

Y

ot | (I j, 0)- Likewise, if ||By ;. || < 34, then
using o, = {0 < i < hy,j, —hng: T'W, ;, C A}

and likewise M(Tmén,jAén,j) < 2mu(W, ;) when

~

dpp = 2p(Chj,) = 2u(T™Cr j, N Crj,) < 2mp(Ij, 0)

M
1 =
|27 YT AN Coy) = p(AN Gy, )| =

M
’ Z (ANT™C, ) — (AN Chj)

m=1
| M ) ) M
S M mz::I |:“(A NT™Cpj,) — u(AN Cn,Jn M Z / |11 Gpin T = - ]lén,]-n| dp
1 & . 2 \1/2
S M’rnzzzl (/ ‘]lén,jn oT - ]lényjn| M) S M Z \/2m/’l/ n,9n,0 S \/ZMM(I"M_%HO)
The mean ergodic theorem gives M such that [ | Z%_ TaoT™ |"dp < (26u(A))? so
1 — - - 1
1 o AN G = (G| =] [ 5 Do Lao T () di
m=1 Chn in m=1
M M
1 1 2 /2 1
< =3 tao T = ()] dp < ([ |52 3 14T = () du) < Sou(4
<[ dap X taer -l s ([ 3 a0 - uaf au) " < fouta)

For n large enough that c,, j, > M and \/2M u(1,, j, 0) < $6u(A) (Proposition 5.18 states u(I, j, 0) — 0)
then |u(ANC ) — p(A)u(Crj) < 1611(A). Then

p(T AN A) 2 w(T (AN Coy,) N (ANCoy,)) 2 Y pT" T 0 N T g, 0)

1€y,

= lan(T* 3,0 N In g, 0) = |om|8pu( T g, 0) 2 8(u(AN Crj,)) = hv,api(In ., 0))

> 5 ((A(Cr,) — 508(A)) ~ S, splTn s, 0)
> §(u(A)S — Sou(A)) — b, (T 7%):56%( ) — oo gL g 0)

with the same applying to C, ;. when applicable. Therefore for fixed N and J and 0 < ¢ < hy, s,

»Jn
4 , 1 1 ;
lim infu(Tt"leN,J N TlWN’J) = lim infu(Tt"WN’J n WN’J) > §§2ﬂ(WN,J) = i(SQp,(TzWN’J)
and since the sets T'Wy ; generate the Borel algebra, i is %(52-partially rigid. O

Proof of Theorem 5.1. We aim to apply Proposition 5.24. Set ¢ = W which depends only on X.

There exists ag such that p(Cp q,) > & since X = U; Cnj- I Braoll < 14, then p(@n ao) = (Cray) >

= and Proposition 5.23 implies (770 I, 40,0 M Lna0.0) > 2M(In a0,0) SO take t, = hy, 4, and j, = ao.
Now consider when || By, q,|| > 3¢, so Proposition 5.17 implies 1(Chq0) > 55 1(Choay) = 525

By Proposition 5.20, there exists a; such that p(T"aw0 W, o0 N Wy a,) > éM(Wn,ao)- If a1 = ag then
u(Cmal) = M(Cn ao) > 2— and if a1 # ap then Proposition 5.22 implies ,u(Cn,al) > iﬂ(én,ao) > ﬁ.
Proposition 5.20 then says there exists ay such that

1

(T e (Thmoeo Wisao M Whay) N1 Wia,) 2> 02 =144

Wn,ao)
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and then Proposition 5.22 gives u(é’n,az,) > c} M(Cn ao) = ﬁ.
<

C such that u(C’nM) 2 4kzée+1 Z 4kzcl'c+1 and

Repeating this process, we obtain a, for 0 <
5 b 1
Whac ﬂ Tx *Wha,) > cC 1(Wi.ae)

I1f any of the a, are such that h, ,, < %En then Proposition 5.23 implies u(Th"v“'ZIma[,o N 1na,0) >
51(In,a,,0) 80 take t, = hy o, and j, = ap.

If hypo, > %En for all 0 < ¢ < C then, since there are at most C' choices of j, for some ¢ < s we must
have a4 = a, so setting j, = a4 and ¢, = 25:1 hna.,

z=q
1 ot c-1 1
,U(Ttnln,jn,omln,jn,O) = M(TZZ:Q sz Wn,aqun,as) > M(Wn,acm ﬂ TZZ:Z mes Wy, az) cC M(Wn,ag)
£=0
1 ~ 1 1 1 1 1 1 ~
A Whiao) = #(In,a = n,a0) = — > — 2> ———u(Cy;
S ILL( 5 0) /‘L( s 0’0) Cn7a0 lu’( s 0) hn a0 Zk‘C g ch E ch ( Jn)
1 1 1 1 4, 1
I, > (I
= &0, 2ko it Unno) 2 prape 5 o) = gragiIn. o)
we then have ,U,(Tt"_[n’jm(] n I"»jmo) > Wu([nd” ())
In all cases, by Proposition 5.24, we have that (X, u,T) is 752 partially rigid. O

Acknowledgments The author thanks Ronnie Pavlov for introducing him to this question and for
numerous enjoyable discussions. The author thanks the referees for many helpful suggestions for improv-
ing the clarity of exposition, in particular for the suggestion to move the parts of the proof of mixing
which follow from standard arguments to the appendix in order to focus on the novel techniques and for
suggesting adding significant exposition in and around the use of said techniques.

A. Proofs of mixing properties

We conclude with detailed proofs of mixing for sequences for which the mixing proof is essentially
standard arguments for staircase adapted to our notation.

A.1l. Mixing between anh, and fan

Lemma A.1. Let T be a quasi-staircase transformation. Then for any n and 0 < ¢ < b, and k,i >0
such that i + k < a, and any j > kt,
khy, pllan+i] _ rllan+itk]
T = 1

Proof. There are ¢, + {MJ = ¢, +{ spacers above IT[eaw +il oo Thn][eanﬂ] — qllantitl] gipooo itk < an,

n,j—~
there are also ¢, + ¢ spacers above each I [Zj”tfv] for 1 < v < k so applying Tt repeated k times,

the claim follows. O

Lemma A.2. Let T be a quasi-staircase transformation, k € N, B a union of levels in some Cn and
n>N. Ifk <a, and kb, < h,, then

hp—1

p 1
> Pz, < [l

3=0 "

b,—1

Z xpoT M

£=0

k+1 kb,
+

d
ah O hn
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Proof. By Lemma A.1 and then Lemma 4.5, for kb, < j < h,,

bp—1la,—1
h -h lan,+i chp TITn
|)\B(Tkhn1n,j)| _ Z Z >\B<Tkhnl7[l7j +])+>\B(Tkh 11[1,31)
=0 i=0
bp—1a,—k—1
S|X X AT ok D)
b,—1a,—k—1
La,+i+k
=12 2 sl L5 ak + V(L)
bp—lap—k—1
< " 1 bnk+1
= n j— In
;: ;THJFI gk )
bp—1la,—k—1
< " bnk +1
= Ap(T~™I, n I,
le > AT My + )
£=0 =0
bp—1 bp—1
< b k—l—l 1 k+1
_ (T, )| 4 2o ~ I3 (T u(I,
rn+1ZB A+ bZB n.g)| + n()
by —1 bn—1
k+ 1% k+1
= Z/ xp o T~ dp| + (I)S/ . D xpoT ™| du+t (1)
bn I, I |”n 2o n
Therefore
hp—1 . hp—1 .
S BT L)< S (T L, )| + kb (1)
j=0 j=kbn,
hp—1 bp—1
o 1 ¢ _ k+1
<> (/, o 2 xmeT ™ (Im)) + kb pu(1n)
j=kbn, n.j £=0
1o k+1 kb
< 7 T*kl d N~ non [
_/bn;—;xBo pr L B

Proposition A.3. Let T be a quasi-staircase transformation and k € N. If T* is ergodic then {k:izn}
and {khy} are rank-one uniform mizing.

Proof. Since Z—“ — 0 and a,, — oo there exists N such that for all n > N we have k < a,, and kb,, < h,,.

That {kﬁn} is rank-one uniform mixing follows from Lemma A.2 since T* is ergodic, b,, — 00, @, — 00
and % — 0. Then

hn—1 hn hn—kcn

kcn R kcn
> PB(T L, < > (T )| + o= > (@) + 70
= j=ken " =0 "
as = — 0, k is fixed and {khy} is rank-one uniform mixing. O

Lemma A.4 ([CPR23] Proposition A.13). Let T be a rank-one transformation and {c,} a sequence
such that 7= — 0. If k € N and {q(hyn + cn)} is rank-one uniform mizing for each ¢ < k+1 and {t,} is
a sequence such that by, + cn, <ty < (¢4 1)(hpn + ¢n) for all n then {t,} is mizing.

Lemma A.5 ([CPR23] Proposition A.16). Let T be a rank-one transformation and {c,} a sequence
such that 7 — 0. If {q(hn + cn)} is rank-one uniform mizing for each fized q and kn — oo is such that

n—1 )
% <1 then for any measurable set B, [ |% S xpoT 7| du — 0.
j=0
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Proof of Proposition 4.7. AsT is ergodic, Proposition A.3 with k = 1 gives that {ﬁn} is rank-one uniform
mixing, hence mixing, so 7' is totally ergodic. Then Proposition A.3 gives that for each fixed k the
sequence {kh,,} is rank-one uniform mixing so Lemma A.5 gives the claim. O

Proposition A.6. Let T be a quasi-staircase transformation, B a measurable set and Q > 0. Then

max _ |Ag(T'B)| =0
hn+cn <t<Qhn

Proof. As in the proof of Proposition 4.7, for each fixed k the sequence {kﬁn} is rank-one uniform mixing
so Lemma A.4 gives the claim. O

Lemma A.7. Let T be a quasi-staircase transformation. Let n >0 and 0 <z < b, and 0 < g < ay,.
If0<i<b,—zand0<i<a, —qandj> %anx(x—l)—f—qac—l—ix—i-ﬁ(xan—l—q) then

(xan+q)hn pllanti] _ pl(l+z)an+itq]
T ITLJ =1 n,j—sanz(z—1)—qr—iz—L(zan+q)
Proof. If x = 0 then Lemma A.1 applied with ¢ in place of k gives the claim. So we can write
xan +q=(an — 1)+ (x — Day, + (¢ +1)
and assume all three terms on the right are nonnegative.
Using Lemma A.1,
(an—l)hn [ﬁan +i] _ pllan+itan—i] _ p[(£+1)an]

T L = L e = Injt(an-ie

Now observe that, by Lemma A.1 with 0 as ¢ and a,, as k, for any 0 < v < z and any a,v < z < hy,

Tan;"n I"[;jgn] I[(v""l)aﬂ]

so applying that z — 1 times forU:€—+—1,6—1—2,...,6—1—:3—17

(z=1)anhn [(Hl)an] _ glt+z)an]
e I —(an—1)f 1 ,j—(an—i)é—(x—l)ian—%x(m—l)an

since Zvﬂéﬁ v=2(+z)(l+x—1)—10(l+1) = (x—1)(+ tz(z—1). Then applying Lemma A.1 one
final time with ¢ + ¢ in place of k,

T((I-H)hn [[(Hx)an] _ [(t+x)an—+q+i]
nj—(an—i)l—(z—1)lan—Sx(z—1)an n,j—(an—i)l—(z—1)lan—2x(z—1)an—(z+£)(g+1)
[(t+z)an+q+i] 0

n,j—alan—Sx(z—1)a, —vi—xq—Lq

Lemma A.8. Let T be a quasi-staircase transformation. Letn >0 and 0 <z < b, and 0 < q¢ < ay,.
IfO<t<b,—xz—1anda, —q<i<a, and j > Japz(z+1) + gz + 1) +i(x + 1) + l(za, + 1) then

(zan+q)hy, pllan+i] _ 7[(t+z)an+itd]
T [n)j - In,j—%anx(x+1)—(q+i—an)(x+1)—€(mn+q)

Proof. The same proof as Lemma A.7 except we write za,, + ¢ = (a, — i) + za, + (¢ + i — ). O

Lemma A.9. Let T' be a quasi-staircase transformation. Let B be a union of levels Cn. For n > N
and kphy, < tp, < (kp + 1)hy,,

hyp—1 hp—1 hyp—1
S (T L) < > As( TR T, ) + eI + 37 DTt ADhag )
7=0 x=0 x=0
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Proof. Write t,, = knhn + 25 for 0 < z, < hy,. Then

hp—1 hpn—2zn—1 hp—1

ZMBT"I N< S PeT L) +en@)+ S, el L)
j=0

Jj=hn—zn+cn

hp—2zp—1 hp—1 ~
< Z |AB( Tk"h gtz A+ eap(ln) + Z |/\B(T(k"+1)h"In,jJrzn—ﬁn)|
j=0 J:ﬁnfzn
hp—1 i hp—1 i
< T (@ L )| + enp(In Z Ap (Tt DR, ) O
=0

Proof of Proposition 4.8. Let t,, attain the maximum in Mp ,. Ift,, > (r,, — 1)iLn then hypq1+cpp1—tn <
Cny1 + 2hy +cp + %anbn(bn —1) so

hn+1—1 hn+1_1
S BT L)l < D e L)l + (g + et — t)p(Tna)
j=0 j=hntit+cnt1—tn
t7L_C'n+1_1 1
= Cna1 + 20, + crsanb, (b, — 1
< Y D@ L )+ znbn| iy
=0 ’ hn+1

since {hp41} is rank-one uniform mixing.

So we may assume t, < (rp, — 1)7171 and therefore write t, = knhn + 2, for an < kn, < rm — 1 and
0< 2z, <hy. By Lemma A.9,

1 An—1 ho—1
Z Ap(T" "Ing) < Z IAB( Tk Fin )| + enp(l Z IAB( T(k +Dh ")
7=0 =0 =0

We will show the sum on the left tends to zero; the same argument with k, + 1 in place of k,, gives the
same for the right sum. As ¢,u(I,) — 0, this will complete the proof.

Write k, = zpa, + ¢, for 0 < ¢, < a, and 1 < z,, < b,. Observe that

hp,—1 - hp—11bp—xp—2a,—1 - )
ST @L< 31 ST ST Ap@ e 1T 4 20, b (L) ()
3=0 j=0 =0 i=0
hp,—1 an,—1 ) 1
+ ) Z > AT ) ()
j=0 |¢=b,—z,+1 i=0 "

We handle the sum (**) first and return to the sum in (%) shortly.
For 0 </ < b, and 0 <i < a,, we have that

[lan+i] _ mp(Lan+i)hn (0]
In,O =T In,2€(€ Dan+il

b2

since $0(¢ — 1)ay, + il < apb? + apb, < hy, (as e = 0).
For b, —z,+1 </ <b, and 0 <i < ay,, sincex+¢>0b,+1,

knh, + (bapn, +)hy, = (xpan + gn + Lan + 1) (hy, + cp)
> (bnan + an)ﬁn
= (bpan + D)hy + bpancy + (an — Dby + ancn > hpy
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since %anbn(bn —1) < hy. Also,
~ ~ 1 1
knhy + (bayn, + )by, + 56(6 —Dap, +il = ((xp +Oan +qn +1)(hn +cn) + 56(6 —Da, + ¢
1
< 2bpan (hy + cn) + ib"(bn — Day, + anby, < 2hpyqq

Since a sublevel in I, is a level in I,,11 and {h, 41} is rank-one uniform mixing (Proposition A.3),

hp—1 bn—1 an—1 n+1_1
2 2 P LETh< 3T AT )| = 0
7=0 ¢=b,,—z,+1 =0 y=0

As 2aphpp(Ing) < 213:1? < b% — 0 and 7, — oo, it remains only to show that the sum in (x) tends to
zero. Observe that

bp—Tn—2a,—1 bp—xn—2an—qn—1
Ean i in B Tllan i
5 iy S ey "
=0 =0 £=0

£=0 i=an—qn

First, we address (f): set y, = %ana:n(xn —1) + gnxyp. Fori < a, —q, and £ < b, —x, — 1, we have
Yn + 1Ty + lhy < 3anb? so for j > 3a,b?, by Lemma A.7 and Lemma 4.5,

bp—Tpn—20an—qn—1 bp—Tn—2an—qn—1

knh [éan+z _ [(¢+zn)an+itgn]
2o 2 AP =) 3 ATt
=0 =0

bpn—Tpn—2an—qn—1 bpn—rpn—2an—qn—1

= Tni-l Z Z AB(In,j—y, —izn—tk,) = 1_~_1 Z Z Ap (T~ =iwn=vn

£=0 =0 £=0 =0

Then, summing over all 3a,b2 < j < hy,

hyp—1 bp—Tn—2an—qn—1
S e
j=3anb?
hn—1 1 bp—Tn—2an—qn—1
_ —Llkp—iTpn—Yn .
DN o= U DR DR o)
]:3anb2 ¢=0 =0
bp—xn—2|an—gn—1
S Z )\B (szkn*’bwnfyn In,j)‘
j=0 /=0 i=0
1 by —xn—2 an—gn—1
< T*[knfiwnfyn d
Trant1 Z / Z xee 8
=0 i=0
an—gn—1
_ (bn — Tp — 2)(0% - Q’n) / 1 Z XB © T—izn du
Tn + 1 an — Qdn i=0

1 an—qn—1

Z xp o T "

=0

Gp — dn

< min (an_qn,/ du)
an
(bn 1

since - Jj) < 5o and JIxB| dip < 1. For a subsequence along which z,, < a, — ¢,, Proposition 4.7
implies the integral tends to zero. For n such that a, —q, < x, < b,, the quantity on the left is bounded
by L= — 0.

Qn

-39 -



Mixing subshifts of minimal word complexity Darren Creutz

For (1): set yl, = $an@n(zn + 1) + (¢ — an)(zn + 1). By Lemma A.8 and Lemma 4.5, for j > 3a,b2,

bp—xn—2 an—1 [[ ] bp—xn,—2 anp—1 [(Z ) ]
§ § ko b an+7 § : 2 : t@n)an+itqn
)\B T I )\ In] yh,—i(xn+1)— an)
1=0p—qn 1=Qn—Gqn

bp—xn,—2 an—1

S sy

s

1 1
= T + 1 Z Z )\B(Invj_yiz_i(xn"‘l)_ekn) = T + 1

=0 1 =Qn—qn £=0 1=Qn—qn

Similar to the sum (), then

hp—1 bpn—Tn—2 ap—1

S S S i)

j=3anb2 1=Qn—Qqn
hp,—1 bpn—Tn—2 ap—1
= 2 2 2 e )
j=3anb? i=an—qn
anp—1
(bn — Tn — 2)Qn / 1 < i(Tn+1)
< T—izn d
bn - 4dn T 2 n i
e (38 g (o [EE s )
T+ 1 dn =0 Gnp =0

and along any subsequence where z, + 1 < ¢, this tends to zero by Proposition 4.7, and for ¢, <
Ty + 1 < by + 1, the quantity on the left is bounded by 2o — (), completing the proof. O

A.2. Mixing between h,, and b, h,,

Proof of Proposition 4.9. Let t,, attain the maximum in ]/\/TB,H. By Lemma A.9, writing t¢,, = knhn + 2n
for 1 <k, <b, and 0 < z, < hy,

hn—1 hn—1 B —1
Z IAs(T'" 1, ;)| < Z A5 ( Tk,th7t_rnx)|+cnp Z A (Tkn+ DR n_r )l
j=0 =0
By Lemma A.2,
hn—1 by —1
N 7 3 _ kn+1  knby
Z N (ThPn, )] < ™ Z xgoT ke du+ T2y Zon 5o
J=0 " =0 n

since k, < b, so Proposition 4.7 implies the integral tends to zero. Similar reasoning for k, + 1 < b,

then completes the proof. O
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