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Abstract We prove results about subshifts with linear (word) complexity, meaning that
lim sup@ < 00, where for every n, p(n) is the number of n-letter words appearing in
sequences in the subshift. Denoting this limsup by C, we show that when C' < %, the subshift
has discrete spectrum, i.e. is measurably isomorphic to a rotation of a compact abelian group
with Haar measure. We also give an example with C' = % which has a weak mixing measure.
This partially answers an open question of Ferenczi, who asked whether C' = g was the min-
imum possible among such subshifts; our results show that the infimum in fact lies in [3, 3].

All results are consequences of a general S-adic/substitutive structure proved when C < %.

Introduction

The main objects of study in symbolic dynamics are subshifts, which are dynamical systems defined
by a finite alphabet A, a closed shift-invariant set of sequences X C A%, and the left-shift map 0. We
sometimes speak of subshifts as measure-theoretic dynamical systems by associating a measure p; in this
case p is always assumed to be a Borel probability measure invariant under ¢. One of the most basic
ways to measure the ‘size’ of a subshift X is the word complexity function p(n), which measures the
number of finite words of length n which appear within points of X. In addition to being intimately
connected with the fundamental notion of topological entropy (the entropy h(X) is just the exponential
growth rate of p(n) when p(n) grows exponentially), many recent works prove that slow growth of p(n)
forces various strong structural properties of X.

The well-known Morse-Hedlund theorem [MH38] implies that if X is infinite, then p(n) > n + 1 for all
n. There are subshifts which achieve this minimal value (i.e. p(n) = n+ 1 for all n), which are called
Sturmian subshifts. We do not give a full treatment here, but briefly say that Sturmian subshifts are
defined by symbolic codings of orbits for irrational circle rotations, and in fact are measure-theoretically
isomorphic to these rotations (associated with Lebesgue measure).

Slightly above the minimum possible complexity is the property of linear complexity, meaning that
limsup p(n)/n = C < oco. This implies a great deal about X; a full list is beyond this work, but we list
a few such results here. In the following, X is transitive when there exists € X whose orbit {c"z}
is dense in X, and minimal when every x € X has dense orbit.

1. If X is transitive, then the number of ergodic measures on X is bounded from above by |C|. If
C < 3, then in fact there is only one o-invariant measure on X, in which case X is said to be
uniquely ergodic. ([Bos92|, [DOP22])

2. For all X, the number of nonatomic generic measures on X is bounded from above by |C| ([CK19])

3. If X is minimal, then the automorphism group of X is virtually Z (in particular, there are at most
|C| cosets once one mods out by the shift action) ([CK15], [DDMP16])

4. If X is minimal, then X has finite topological rank ([DDMP21])

5. X cannot have any nontrivial strongly mixing measure ([Fer96])
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6. If X is transitive and C' < 1.5, then X is minimal ([OP19)])

(In fact, the weaker condition liminf p(n)/n < oo is sufficient for some of the structure above, but as our
results don’t involve this quantity, we don’t comment on it further here.) The final item above is one
of surprisingly few results proved about subshifts with C close to 1, and understanding more about the
structure of such shifts was a main motivation of this work. In a sense, we show that for C' sufficiently
close to 1, a subshift must have structure more and more similar to the Sturmian subshifts, which achieve
minimal possible complexity. Recall that Sturmian subshifts are measure-theoretically isomorphic to a
(compact abelian) group rotation; this property is called discrete spectrum. In fact this property is
equivalent to L?(X) being spanned by the measurable eigenfunctions of o (i.e. f for which f(ox) = \f(x)
for some A). When X has no eigenfunctions at all, it is said to be weak mixing, which is in a sense an
opposite property to discrete spectrum.

Ferenczi ([Fer96]) proved that the property of strong mixing (which means that p(ANo "B) —
1(A)p(B) for all measurable A, B) cannot hold for any nontrivial measure on a linear complexity subshift.
He also gave an example of X with a strongly mixing measure and p(n) quadratic and asked whether
this complexity was the lowest possible. This was proved not to be the case in [Cre22] and [CPR23],
which provided examples first on the order of nlogn, and then below any possible superlinear growth
rate, establishing linear complexity as the ‘threshold’ for existence of such a measure. In a different
work, Ferenczi ([Fer95]) examined the same question for weakly mixing measures, where it is known that
linear complexity can occur via the well-known Chacon subshift. He there gave an example of X with
a nontrivial weakly mixing measure and C = 5/3, and again asked whether this was minimal. This was
shown not to be the case in [Cre23], where examples were given of C' arbitrarily close to (but above) 3/2.

Our main results are the following.

p(9)

Theorem 1. If X is an infinite transitive subshift with lim sup = < %, then X is uniquely ergodic

with unique measure which has discrete spectrum.

Theorem 2. There exists an infinite transitive subshift X which is uniquely ergodic, has unique measure

pl@) _ 3

which is weak mixing, and for which lim sup = =3

In [Cre23], it was also suggested that perhaps a subshift X having a nontrivial weakly mixing measure
forces lim sup @ > %; Theorem 2 answers this negatively. In fact, the examples from Theorem 2 satisfy
lim p(q) — 1.5g = —o0, in contrast to Theorem C from [Cre23|, which showed that for rank-one subshifts,
even total ergodicity implies lim sup p(q) — 1.5¢ = oco. The examples also satisfy lim inf @ =1 and for

any f(q) — oo, there exist examples such that p(q) < ¢+ f(¢) infinitely often.

The proof of Theorem 1 depends on proving a substitutive structure for subshifts with C' < %. In fact,
for any C < 2, Corollary 5.28 from [PS23] already implies that X can be generated by a sequence of
substitutions 7, on the alphabet {0,1}; this is known as having alphabet rank two. Similar results
from [DDMP21] prove that even liminf p(n)/n < oo implies finite alphabet rank. However, in general it
is not so easy to prove dynamical properties of a subshift purely from such a structure; the key of our
arguments is that when C' is closer to 1, these substitutions come from a very restricted class. We would
like to note that subshifts with p(n) < 4n/3 4+ 1 were also studied in [Abe01], where the author proved
a substitutive structure and gave some interesting examples.

Specifically, our Proposition 2.1 shows that any such subshift is induced by a sequence of substitutions of
the form 7, p, : 01— 0™+ ~11,1 +— 0™ 11 where n < 2m for m > 1 and n < 3 for m = 1. This is related
to the well-known Pisot conjecture for subshifts, which states that a subshift generated by iterating a
single substitution 7 should have discrete spectrum if the associated matrix (in which the (a,b) entry is
the number of occurrences of b in 7(a)) has largest eigenvalue which is a Pisot number (i.e. a complex
number with modulus greater than 1 all of whose conjugates have modulus less than 1).

The Pisot conjecture has been proved in some settings, including when |A| = 2 ([BD02], [HS03]) and
whenever the so-called balanced pair algorithm terminates ([SS02]). Our proof of Theorem 1 is in fact
based on this algorithm.

In our case, the substitutive structure comes from a sequence of substitutions and not a single one;
this is sometimes called the S-adic Pisot conjecture, based on the often-used term ‘S-adic’ (among other
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references, see [DLR13]) to refer to sequences obtained by a sequence of substitutions on a fixed alphabet.
This is much more difficult. The strongest result is due to [BST19], which is too long to state formally
here, but which proves discrete spectrum in a fairly general S-adic setting. They do require, however,
that the sequence of substitutions (7,,) be recurrent, meaning that for every k, there exists L so that
Ti = Ti+L fOI‘].SZSk

We cannot enforce any such condition on our substitutions, as it’s quite possible to have low complexity
for Ty, n, all distinct (for instance, consider Sturmian subshifts, which can be generated by an infinite
sequence of distinct substitutions if the digits of its continued fraction expansion are distinct). Never-
theless, due to the extremely simple form of 7,,, n, (in which both 0 and 1 are mapped to words of the
form 0%1), we are able to prove discrete spectrum.

We note that indeed our substitutive structure is in some sense Pisot; the associated matrix for 7, ,

. — . m2+4(n—m)+m . . .
is (™21 1), whose eigenvalues are VP mER - Phis matrix is Pisot when m < n < 2m. Our

Proposition 2.1 implies m < n < 2m, with the possible exception m = 1,n = 3. Though this substitution
is not Pisot, Proposition 2.1 implies that when it occurs, the previous substitution has n = m + 1, and

the composition of those substitutions has matrix (9 1) (m;;l %) = ( 32 é), which is always Pisot.

One of course should not expect that simply assuming each 7; to be Pisot should guarantee discrete spec-
trum; informally, if the second eigenvalues have moduli each less than 1 but which converge to 1 quickly,
then the ‘average behavior’ will be that of a non-Pisot number. This is essentially the construction of
our example from Theorem 2, which not only does not have discrete spectrum, but is weak mixing (i.e.
has no eigenvalue at all).

1 Definitions and preliminaries

Let A be a finite subset of Z; the full shift is the set A% associated with the product topology. We use
o to denote the left shift homeomorphism on A%. A subshift is a closed o-invariant subset X C AZ.
The orbit of z € X is the set {o"z}nez. A subshift X is transitive when it is the closure of the orbit
of a single sequence z, and minimal when it is the closure of the orbit of every x € X. For a minimal
subshift X, in a slight abuse of notation, we sometimes refer to X as the orbit closure of a one-sided
sequence y € AY; this simply means that X is the orbit closure of a two-sided sequence x € X containing
Y.

A word is any element of A" for some n € N, referred to as its length and denoted by |w|. We denote
A* = Un>1 A"™. We represent the concatenation of words wy, ws, ..., w, by wiws...w,.

The language of a subshift X on A, denoted L(X), is the set of all finite words appearing as subwords
of points in X. For any n € N, we denote L, (X) = L(X) N A", the set of n-letter words in L(X).
For a subshift X, the word complexity function of X is defined by p(n) := |L,(X)|. For a subshift
X and word w € L(X) we denote by [w] the clopen subset in X consisting of all © € X such that
Zg .. - :L‘|w|,1 = w.

One way to generate subshifts is via substitutions. A substitution (sometimes called a morphism) is a
map 7 : A — B* for finite alphabets A and B. An example is the well-known Thue-Morse substitution
{0,1} — {0,1}* given by 0 — 01 and 1 + 10.

Substitutions can be composed when viewed as homomorphisms on the monoid of words under com-
position, i.e. if 7: A — B* and p : B — C*, then po7 : A — C* can be defined by (po 7)(a) =
p(b1)p(b2) ... p(by), where 7(a) = by ... by.

When a sequence of substitutions 7 : A — A* shares the same alphabet, and when there exists a € A
for which 74 (a) begins with a for all &, clearly (71 0--- o 7g)(a) is a prefix of (11 0--- 0 741)(a) for all k.
In this situation one may then speak of the (right-infinite) limit of (71 o --- o 7)(a). For example, if all
7 are equal to the Thue-Morse substitution and a = 0, the limiting sequence is .0110100110010110.. .,
and the orbit closure of this sequence is called the Thue-Morse substitution subshift.

For any subshift X, there is a convenient way to represent the n-language and possible transitions
between words in points of X by a directed graph called the Rauzy graph.
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Definition 1.1. For a subshift X and n € N, the nth Rauzy graph of X is the directed graph Gx ,, with
vertex set L, (X), and directed edges from w; ... w, to ws ... w,11 for all wy ... wpt1 € Lpaq(X).

Example 1.2. If X is the golden mean subshift consisting of bi-infinite sequences on {0,1} without
consecutive 1s, and n = 3, then Gx 3 is the following directed graph:

1000 @
0000 @ 1001
0001

There is a natural association from bi-infinite paths on the Rauzy graph to sequences in A%; a sequence
of vertices (vi) corresponds to the sequence x € A% defined by z(k)...z(k +n — 1) = v for all k.
The main usage of the Rauzy graph is that every point of X corresponds to a bi-infinite path in the
Rauzy graph. However, the opposite is not necessarily true; if X has restrictions/forbidden words of
length greater than n + 1, then there may be paths in the Rauzy graph whose associated sequences are
not in X. However, when X has low word complexity function, the set of paths in the Rauzy graph is
sufficiently restrictive to give us useful information about (but not necessarily a complete description of)
X.

We note that when X is transitive, Gx ,, is strongly connected for all n, i.e. there is a path between any
two vertices. Rauzy graphs are particularly useful for working with so-called left/right special words in
L(X).

0100

0101

Definition 1.3. A word w € L(X) is left-special (resp. right-special) if there exist a # b € A so
that aw,bw € L(X) (resp. wa, wb € L(X)). A word is bi-special if it is both left- and right-special.

For a given n, the left- and right-special words in L, (X) correspond to vertices of Gx , with multiple
incoming/outgoing edges respectively. When Gx, has relatively few such vertices, large portions of
bi-infinite paths are ‘forced’ in the sense that when such a path visits a vertex which is not right-special,
there is only one choice for the following edge. Note that if X contains no right-special words of some
length n, then any edge of G'x ,, forces all subsequent edges, meaning that G'x ,, has only finitely many
bi-infinite paths and X is finite. Therefore every infinite subshift X has right-special words of every
length, and a similar argument shows that it has left-special words of every length as well.

A particularly simple case that we deal with repeatedly is when p(n + 1) — p(n) = 1; this means that
G x n has exactly one more edge than the number of vertices, which means that it has a single vertex
r with two outgoing edges and a single vertex ¢ with two incoming edges (¢ and r may be the same
vertex), which correspond to the unique right- and left-special words in L, (X). It’s not hard to show
that when X is transitive and p(n + 1) — p(n) = 1, the structure of the Rauzy graph Gx , must be a
(possibly empty) path from ¢ to r and two edge-disjoint paths from r to £.

We will frequently make use of the following standard lemma, essentially contained in [MH38], for

estimating word complexity.

Lemma 1.4. Let X be a subshift on alphabet A, for all n let RS, (X) denote the set of right-special
words of length n in the language of X, and for all right-special w, let F(w) denote the set of letters
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which can follow w, i.e. {a : wa € L(X)}. Then, for all ¢ > r,

p@)=pr)+> > (Fw)-1).

i=r weRS, (X)

Proof. Consider the map f : Ly41(X) — L,(X) obtained by removing the final letter, i.e. f(wa) = w.
It’s clear that f is surjective and that |f~!(w)| = 1 for w which is not right-special and |f~!(w)| =
|F'(w)| for w € RS, (X). The result for ¢ = r 4+ 1 follows immediately, and the general case follows by
induction. O

The following corollary is immediate.

Corollary 1.5. If X is an infinite subshift and T C N denotes the set of lengths n for which |RS,(X)| >
1, then for all ¢ > r,

p(q) =p(r)+(q—r)+|TN{r,...,q—1}|

If |RS;(X)| < 2 for allm < i < n and |F(w)| = 2 for all right-special w with lengths in [r,q), then the
inequality above is an equality.

2 Structure of subshifts with C' < 4/3

As mentioned above, our results rely on a substitutive/S-adic structure for subshifts with sufficiently
low complexity. The substitutions in question all have the same form. Namely, for all positive integers
m < n, define the substitution
{0 — 0m=11
Tmm

1 0n 11,
When my,...,myg and nq,...,n; are understood, we use the shorthand notation
Pk = Tming O O Ty, -

Proposition 2.1. If X is an infinite transitive subshift with lim sup %q) < %, then there exists a sub-
stitution 7 : {0,1} — A* where w(0), (1) begin with different letters and |7w(0)| < |7(1)| < 2|7(0)| and
sequences (my), (ng) satisfying 0 < my < ny so that X is the orbit closure of

x(mk)’(nk) = lilgn(ﬂ- ©Tmymng @0 ka,’ﬂk)(o) = liin F(pk(()))'

In addition,
o ny < 2my whenever my > 1;
o ni < 1.9my whenever my > 4;
o n; < 3 whenever my = 1;
o ifmpyr = 1,nk11 = 3 then ng = myg + 1; and
e cvery right-special word of length at least |s(w(0))™ Y|, where s is the maximal common suffix of

(7(0))>° and (w(0))*°m(1), is a suffix of a concatenation of w(0) and m(1).

Definition 2.2. A word v is a root of w if |v| < |w| and w is a suffix of the left-infinite word v>°. The
minimal root of w is the shortest v which is a root of w.

Every word w has a unique minimal root since it is a root of itself (and all roots of w are suffixes of w).

Lemma 2.3 ([Cre22] Lemma 5.7). If w and v are words with |v] < |w| such that wv has w as a suffiz
then v is a Toot of w.

Lemma 2.4 ([Cre22] Lemma 5.8). If uv = vu then uw and v are powers of the same word, i.e. there
exists a word vy and integers t, s > 0 such that u = v} and v = v§.
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Lemma 2.5. Let u and v be words with |v| < |u|. Let s be the mazimal common suffix of v™° and v™u.
If |s| > |vu| then u and v are powers of the same word.

Proof. If |s| > |vu| then s has vu as a suffix. Since v is a root of s, v is a root of u so u = u'v’ for some
t > 1 and suffix «’ of v. Then s has u/v'v as a suffix since that is a suffix of v> and |s| > |u/v'v|. Then
uw is a suffix of s so uv = vu as they are both suffixes of s and have the same length so Lemma 2.4 gives
the claim. O

Lemma 2.6. Let v and u be words with |v| < |u| which are not powers of the same word and where v is
a suffix of u. Let s be the mazimal common suffiz of v™° and v™®u (which must be finite by Lemma 2.5).
Then s is a suffix of any left-infinite concatenation of u and v.

Proof. By Lemma 2.5, |s| < |vu| so we need only verify that s is a suffix of uv? for ¢ > 1 and of wu.
Since v is a suffix of u, wu has vu as a suffix hence has s as a suffix. If |s| > |u| then v is a root of u so
u=u'v" and wv? = v'vtv? is a suffix of v™° so s is a suffix of uv?. If |s| < |u| then u = ugs'v’ for some
(possibly empty) suffix s’ of v and ¢ > 1 (as s = s’v* has v as a root and |s| > |v| as v is a suffix of u).

Then uv? = ugs’'v!t? has s = s’v? as a suffix. O

Lemma 2.7. Let v and u be words and s be the mazximal common suffix of v™° and v™°u. Let y and z
be suffizes of some (possibly distinct) concatenations of u and v, both of length at least |s|. Then for any
word w, the mazimal common suffix of yow and zuw is sw.

Proof. Since y is a suffix of a concatenation of u and v, so is yv. Then yv has sv as a suffix by Lemma
2.6. Likewise zu has su as a suffix. As s is a suffix of v, then so is yv. Likewise, zu is a suffix of v*>u.
Therefore the maximal common suffix of yv and zu is s (as they are both at least as long as s). O

Lemma 2.8. Ifp(q+1)—p(q) = 1 then there exists a bi-special word which has length in [q,q+p(q)], has
exactly two successors, and is the unique right-special word of its length and also the unique left-special
word of its length.

Proof. Let w be the unique right-special word of length ¢ (which must have exactly two successors) and
y be the unique left-special word and write z for the label of the path from y to w in the Rauzy graph.
Then |z| < p(Jw]). The word yz is left-special and right-special and |yz| = |y| + |z] < ¢ + p(q).

If x is a word of the same length as yz which is right-special then x must have w as a suffix. Then
x = zow and |zo| = |z|. Since there is only one path in the Rauzy graph ending at w of length |z| (due
to y being the unique left-special word), we have that z = yz.

Lemma 2.9. Let X be an infinite transitive subshift with p(q) < %q for all sufficiently large q. Then
there exist words a and b which begin with different letters with |a| < [b| < 2Ja| and p(q) < 3q for
all ¢ > |a| and where a is a root of b such that every x € X can be written in exactly one way as a
concatenation of a and b. If we define s to be the maximal common suffix of a® and a*b, there exists
t >0 so sa® is the unique right-special and left-special word of its length.

Proof. There exist infinitely many ¢ such that p(¢+1) —p(¢) = 1 by Corollary 1.5. By Lemma 2.8, there
exists a bi-special word w with |w| arbitrarily large which is the unique left-special and right-special
word of its length and which has exactly two successors. We may assume p(q) < %q for all ¢ > |w|. We
note that by [OP19], X is infinite and minimal.

Let u and v be the shortest two return words for w (meaning wu and wv both have w as a suffix) which
will be the labels of the two paths from w to itself in the Rauzy graph Gx |,,| for words of length |wl|,
with v being the shorter of the two. All bi-infinite words in X can be written in exactly one way as a
concatenation of v and u, as every such word must be the label of a path in the Rauzy graph (which
visits the vertex w infinitely many times by minimality of X), and the only two such paths have labels
v and u.




Low complexity subshifts have discrete spectrum Darren Creutz and Ronnie Pavlov

Since [u| + [v] < p(|w|) + 1 < §|w| + 1, we have 2Jv| < 3|w| + 1 so |v| < 2|w|+ 5. This is less than |w|
(since |w| > 1), and so v is a root of w by Lemma 2.3. Note that v cannot be a proper power of any
word since if v = vf then wvy has w as a suffix so vy is a root of w making vy a return word for w which
is shorter than v.

Observe that if |w| < 3Jv| then |u| < Flw| + 1 — |v| < 3|w| — §|w| + 1 so u is a suffix of w making v a
root of u. We write u = u*v® for some proper suffix u* of v (which cannot be empty as u and v start
with different letters) and define @ = v and b = u*v. Then as before, every bi-infinite word in X can be
written uniquely as a concatenation of v = a and u = ba*~!, hence the same is true of a and b (since
a =v). Clearly a is a root of b, and |a| < |b] < 2|a|] as 0 < |u*| < |a].

So assume from here on that |w| > 3|v|.

Then, by Corollary 1.5, p(2|v]) = p(2|v]) — p(Jv]) + p(Jv]) > 2(2|v| — [v]) + |v]| + 1 = 3Jv| +1 so 2EL]
contradicting our hypothesis.

Therefore there exists wg a suffix of w with |v| < |we| < 2|v| which is the unique right-special word of
its length and it has exactly two successors.

Since wy is a suffix of w, v is a root of wy. As there must also be a unique left-special word of the same
length as wg, wy extends to a bi-special word wgg which is the unique left-special and right-special word
of its length and which has exactly two successors (Lemma 2.8). Now |wgo| < |wo| + |v] since the path
from the left-special to the right-special vertex in the Rauzy graph for words of length |wg| must be no
longer than v (as wov must have wy as a suffix). Then |wgg| < 2|v| + |v] = 3|v| < |w| so wgo is a proper
suffix, and prefix, of w.

Let vy and ug be the shortest return words for wog with vy beginning with the same letter as v (and wug
beginning with a different letter). Then all bi-infinite words in X are concatenations of ug and vg. Since
v is a return word for wgg, v must be a concatenation of uy and vy which means that vy must be a prefix
of v by virtue of sharing a common first letter. Likewise ug must be a prefix of .

Since v is a suffix of w, then vvy has v as a suffix so vy is a root of v by Lemma 2.3. Write v = v'v{ for
some t > 1 and v’ a proper suffix of vg. Then vy = v"v’ so v has v'vg = vv"v’ as a prefix. But vy is also
a prefix of v so both v'v” and v”’v’ are prefixes of v. Therefore they are equal so by Lemma 2.4 both are
powers of the same word. But then v is a power of that word and it cannot be a proper power of any
word so either v’ or v” is empty and so vg = v.

If |ug| < |v| then wug is a root of wyo hence of v. Write v = v*u for some proper suffix v* of uy (which
cannot be empty as v begins with a different letter than u) and s > 1. Taking a = ug and b = v*uy,
then every bi-infinite word in X is a concatenation of ug = a and v = ba*~!. Clearly a is a root of b and
la|] < |b] < 2]al.

So we are left with |ug| > [v]. Here |ug| < p(Jwoo|) + 1 — [v] < F|woo| + 1 — %|woo| as |woo| < 3[v].
Therefore |ug| < |wog|- So ug is a suffix of w hence v is a root of ug. Writing ug = u*v® for some proper
suffix u* of v and s > 1 then taking a = v and b = u*v, just as before we have that every bi-infinite word
in X is a unique concatenation of v = a and ug = ba*~!, hence of a and b. As before, clearly a is a root
of b and |a| < |b| < 2|al.

In all cases, one of a,b is a prefix of v and the other is a prefix of v. Since u and v begin with different
letters, a and b begin with different letters. It remains to verify the claim about the maximal common
suffix s and that a may be taken arbitrarily long.

In the case when a is a root of w (and wpy was not introduced), set wgp = w and ¢ = 0. Then in all
cases, a is a root of wgg as a is either v or ug so wyg is a suffix of a®. In all cases, ba’ is the other return
word for wgg for some t > 0. Then wopa’ba® has wgo as a suffix for all £ > 0 so wog is a suffix of a>bat.
Since wyg is left-special and a and ba® are its two return words, the maximal common suffix of a® and
a®ba’ must be no longer than wgg. Therefore woy = sa® where s is the maximal common suffix of a>
and a*°ba.

Let {w¢} be a sequence of such bi-special words with |wy| increasing to co and let {a,} and {vs} be the
corresponding a and v above. Since either a = v or a = ug, and in both cases it is a root of wgg, ay is a
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root of vy.

Since wy is the unique right-special word of its length, it is a suffix of wyy; and therefore v, is a suffix
of vet1. If |ug| were bounded then there would exist L such that vy = vy, for £ > L but then vy, would
be a root of wy for £ > L so v° € X, a contradiction. So |vs| — oco. Likewise, since a; is a root of vy, if
|a¢| were bounded then for some L we would have a3® € X. Therefore |ag| — co so we may take a and b
such that for all ¢ > |a|, we have p(q) < 3q. O

The following lemma is our main tool to recursively demonstrate the structure from Proposition 2.1.
The key is control over the lengths of the suffixes from Lemmas 2.5 and 2.6.

Lemma 2.10. Let X be an infinite transitive subshift with @ < % for q > N. Let u and v be words

with N < |v| < |u| such that v is a suffiz of u and v is not a prefix of u. Let s be the mazimal common
suffizx of v°° and v™°u and let p be the maximal common prefix of u and v.

Assume that |p| + |s| < |u| + |v| and |p| + |s| < 3|v| and that every bi-infinite word in X can be written
as a concatenation of u and v. Then there exist 0 < m < n such that every concatenation of u and v
which represents a point in X has only v™ ! and v~ appearing between nearest occurrences of u and
satisfying:

e n < 2m whenever m > 1;
o n < 1.9m whenever m > 4;
e n <3 whenever m =1

and the words sv™ 2p and sv™ luv™ p are right-special.

Proof. For brevity, whenever we refer to a ‘concatenation’ in the following, it is a concatenation of u, v
which represents a point of X or a subword of such a point. We again note that by [OP19], X is infinite
and minimal, and so no concatenation can contain infinitely many consecutive v. Similarly, if there was
only a single number of v which may occur between nearest occurrences of u, then X would be finite,
contradicting our assumptions. So there are at least two different numbers of v which can occur between
nearest occurrences of u.

Suppose for a contradiction that wv®u and wvYu and uv*u all appear in some concatenations and that
x <y < z. We may assume that x is the minimal value such that uv®u appears in a concatenation. Since
uv®u and uvYu are necessarily preceded by v* (due to = being minimal), then v*uv®u and v*uv®v both
appear in concatenations (as y > z). By Lemma 2.6 (as v is not a prefix of u, they cannot be powers of
the same word), s is a suffix of every left-infinite concatenation. This means that v"uv®u and v uv™v
are both preceded by s in the bi-infinite concatenations they respectively appear in, and so sv"uv”® can
be followed by either u or v, meaning that sv®uv®p is right-special (since the letters appearing after p in
u and v are distinct by maximality of p).

Likewise, v"uv¥u and v*uvYv appear in some concatenations (due to z > y) so sv*uv¥p is also right-
special. By Lemma 2.7, the maximal common suffix of sv®uv®p and sv*uvYp is sv*p. Therefore there
are at least two right-special words of length ¢ for |sv®p| < £ < |[sv*uv®p| (namely, the unequal suffixes
of sv*uv”p and sv"uvYp of length £). Then, since |p| + |s| < |v| + |u| < 2|u|, by Corollary 1.5

p(|sv*uv”pl)
|svTuv®p

|svTuv®p| — |svTp| _ zlv| + |ul I Ul ul

> 1+ .
|svPuvTp Pl + [s] + 2z[o] + |u| 2Jul + 2z[v| + [u]

The final expression is increasing for x > 0, hence is at least % (its value at = = 0), contradicting our
hypothesis that p(q)/q < % for ¢ > N. Therefore such z < y < z cannot exist so there are only two
distinct values 2 and y. Writing = m — 1 and y = n — 1 then shows that v™ ! and v"~! are the only
words appearing between occurrences of u in a concatenation.

By similar reasoning as above, we observe that sv™ luv™ !p is right-special and that sv™ 2p is also
right-special since sv™ 'u appears in a concatenation and it has sv™ 2 n—2

v as a prefix and sv" “u as a
suffix. Again by similar reasoning as above, their maximal common suffix is sv™ !p.
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Suppose |sv™ lup™=1p| <
ool

|sv™ipl < £ < |sv™ Luw

|sv™~2p|. Then there are at least two right-special words of length ¢ for
p| so, by Corollary 1.5 and the fact that |p| + |s| < |u| + |v] < 2|u],
m—1, ,m—1

p(|sv™ tuv™ p|) 14 (m — D)fo] + |ul 14 (m— Do +]u] _ 4
|som—Typm—lp| = Ip| + |s] +2(m — 1)|v| + |u] 2(m = Dfv] +3ul — 3

which contradicts our hypothesis.

So instead |sv"2p| < [sv™ luv™1p|. Then there are at least two right-special words of length ¢ for

|sv™~1p| < £ <|sv""2p| so, by Corollary 1.5 and the fact that |p| + |s| < 3|v],

p(lsv"2p)) (n—m 1ol (n—m-Dpp| | n-m-1
|svn=2p| T |pl +s] + (n —2)[v] ol + (n—2)v] n+1
Consider first when m = 1. If n > 4 then ”_ni:’_‘l_l = Z—_% > % > % which contradicts our hypothesis.
Now consider when m > 1. If n > 2m+1 then ";’f;l > 2"21;3:_*111;1 =505 > 2(2§+2 = % contradicting

our hypothesis. So n < 2m when m > 1.
Finally, consider when m > 5. Suppose n > 1.9m. Then
n—m-—1 S 1.9m—m—-1 09m —1 S 45-1 1
n+l ~ 19m+1  19m+1~95+1 3

contradicting our hypothesis. So n < 1.9m whenever m > 4. O

Proof of Proposition 2.1. We prove by induction that such sequences exist, using the notation v :=
7(p—1(0)) and ug == m(pe—1(1)).

By [OP19], X is minimal. Write s; for the maximal common suffix of v;® and v;°uy and pj for the
maximal common prefix of vy and wug.

Our inductive hypotheses are the following:
e all x € X can be written as concatenations of u, and wvy;

e vy is a suffix of ug and is not a prefix of wug;

Ipk| + |sk| < min(lvg| + |ugl, 3[vk|);

® U = (T O Ty ny © 0 Tiny_y ni_y)(0) = m(pr—1(0)) and up = (70 Tony 1y 0+ 0 Ty s my_, )(1) =
7(pr—1(1)).

p(9)

Since lim sup == < 4

3, eventually p(q) < %q. Lemma 2.9 gives v; and u; with vy a suffix of u; and
|v1] < |u1| < 2|v1| which start with different letters such that every infinite word is a concatenation of
uy and v. By Lemma 2.5, |s1] < |viu1] < 3|vi|. As uy and v, begin with different letters, p; is empty.
Therefore the base case is established by setting 7(0) = v; and 7(1) = u;. Lemma 2.9 ensures that
p(g) < 3q for all ¢ > | (0)].

Given v and uy, by Lemma 2.10 there exist 0 < my < ny such that every infinite word is a concatenation
of vpyp1 = v?k_luk and ug1 = v,:,”"_luk. Observe that ug1 = v,’;’c_luk = (m(pr_1(0)))"* 17w (pp_1(1)) =
(k10" 1)) = 7Pt 1 (T, (1)) = (pp(1)) and simailarly w4 = (e 0)).

N —Mg

Clearly vy is a suffix of up41. If viy1 were a prefix of ug41 then uy would be a prefix of vy, uy, but

that would make v a prefix of ug. So vg11 is not a prefix of ugy1, and pr1 = vzlk_lpk.

By definition, sgi; is the maximal common suffix of (i and VRS Uk+1- We can rewrite these as
y = ...ukv,:”’rluk and z = ...vkvzn’“fluk. These share a suffix of vzn’cfluk, so we must just find the
maximal common suffix of the portions with this removed, i.e. 3y’ = ...us, a concatenation ending with
ug, and 2’ = ... v, a concatenation ending with vg. But ¢’ then agrees with vp°u on a suffix of length
|uk|+|sk| > |sx| by Lemma 2.6 and 2’ agrees with v;° on a suffix of length |vg|+|sk| > |sk| by Lemma 2.6,
meaning that 3’ and 2z’ have maximal common suffix sg. Therefore, s 1 = skvzn’“_luk = SkpUg+1. Lhen,

IPet1] + [sk+1] = [pr| + [sk] + 2(me — Dfve| + [ur] < (2my — 1)|vk| + 2|uk| = 2[vgy1]| + vk
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and since |vgy1| + |vg| < |ukr1| and |vg| < |vg41], the inductive hypotheses are verified.
Lemma 2.10 gives that n; < 2my when my > 1 and ng < 1.9m; when my > 4 and that n; < 3 when
my = 1.

Suppose that mp = 1 and ny = 3 and ng—1 > mi—1 + 2. By Lemma 2.10, the words sxvipr and

sk_lei‘lrzpk and spurpr are right-special. By Lemma 2.7, the maximal common suffix of spvgps
and spurpr 18 sppr. Using Lemma 2.6 and that pr = v,:q_’cl‘lflpk_l, both spvipr and spuipy have
sk_luk_lv,:l_"l‘rlpk_l as a suffix. By Lemma 2.7, the maximal common suffix of either of them and
sk_lei‘llﬂpk_l is then sk_lv,:l_’“l‘lflpk_l. Therefore there are least |spvipk| + [skvep| — |skpr| +

|Sk—1v;:f_1171pk—1| - |sk_1v;n_’“1‘171pk_1| right-special words of length at most |spvgpg|-.
Since py = v 'pr—1, sk = sp—10% and |pr_1| + [sx—1| < 3lvk—1],
il + sk = (mr—1 — D|vg—1| + [vi| + [Pr—1] + [sk-1] < |vk| + (mr—1 + 2)|vg—1]| = 2Jvg| — |ug| + 3|vg-1].

Therefore, since nip_1 > mp_1 + 2,

nk72
1 —mp—1 — 1)|vg— - 1
p(|8kvf —zpk‘) > 1+ |vg| + (ng—1 — mp_1 )|vE—1] S 14 |ok| + |vk—1] 14
|skvp* " pr| [vk| 4 [pr] + |5k 3log| — |uk—1] + 3lvg—1] 3

contradicting our hypothesis. So if my =1 and ny = 3 then ng_1 = mg_1 + 1.

Since s1v! is the unique right-special and unique left-special word of its length for some ¢ > 0 (Lemma
2.9) and u1vt and v; are the two return words for s;vf, we have that ¢t < m; — 1 as u; is always followed
by v!. Since sjv! is left-special, ujv’s;v! must appear meaning that ¢ = m; — 1. Therefore any right-
special word of length at least |51v{"171| must have 311{"171 as a suffix. As the return words for syv;
are vy and ulvf“_l, then every right-special word of at least that length is a suffix of a concatenation

of u; and vy.

Finally, since vy, is in the language for all k, there exists a two-sided sequence containing z("#):(") =
lim vj,. Then since X is minimal, X is the orbit closure of z:("*):(nx) O]

Remark 2.11. In future arguments, for any subshift X satisfying the structure of Proposition 2.1, we use
the notation of the proof, i.e. ur = m(pr—1(1)), vi = 7(pr—1(0)), px is the maximal prefix of vy and wuy,
and sy is the maximal suffix of v7° and v°u. In addition, as shown in the proof of Proposition 2.1, the
sequence (py) satisfies the recursion pyy1 = vlznrlpk = vpPk+1, the sequence (s;) satisfies the recursion
Sk+1 = SkUk+1, and |pg| + |sk| < min(|ug| + |vg|, 3|vg|) for all k.

Remark 2.12. By induction on k, each substitution 7 o py is uniquely decomposable, in the sense
that each © € X can be decomposed uniquely into words (7 o py)(a) for a € {0,1}. For k = 0,
this follows from Lemma 2.9 since w(0) = v; and (1) = u; were constructed using that lemma. If
7 o pi is uniquely decomposable, then every x is representable uniquely as a concatenation of (7 o pg)(0)
and (7 o py)(1), and then the same must be true of (7 o pry1)(0) = (7 0 px)(0)™+171(7 0 pr)(1) and
(70 prr1)(1) = (7o pi)(0)™+1 71 (7 0 pi)(1) (since each of these contains (7 o pi)(1) exactly once.)

3 Subshifts with C' < 4/3 have discrete spectrum

Theorem 1. If X is an infinite transitive subshift with lim sup pla) o %, then X is uniquely ergodic with

. . . 4
unique measure which has discrete spectrum.

Our proof relies on first proving exponential decay of some quantities, which will later be used to verify
discrete spectrum via so-called mean almost periodicity.

Proposition 3.1. Let X be the orbit closure of (™) (") where (my), (ng) satisfy the conclusions of
Proposition 2.1. Then there exist €, which converge to 0 exponentially so that for every k,

(g1 + D|m(0)| TIE, (ns — my)
(70 pr+1)(0)]

< €.

- 10 -
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Proof. We first set some preliminary notation. Define a; = 1 and ay = nx_1 — mg_1 and by = my for
k > 0. Note that by Proposition 2.1, all by, and ay, are positive; a1 < by whenever by > 1; ar1 < 0.9bg
whenever b, > 4; and ag4+1 < 2 whenever b, = 1. We also define dj, = |(7 o px)(0)|, and note that (dy)
satisfies the recursion

dgy1 = bey1di + agpg1di—1 (1)
where d_y = |7(1)| — |7 (0)| and do = |7 (0)].

For ease of notation, define
8 = ajp1dj1
;=

d;
and observe that, by (1),
By = ajradj @j+2 _ %42
! dj+1 bj+1 + &j+1d37;1 bj+1 + 6]'
a1d71 d71
Note that 8y = % = o Then
k k k
[m(O)ar---are1r _ [7O)] 37 @41d5-1 _ |7 (0)] _
di T ody 11 d;  d foll8; =115 @
j=0 J j=1 j=1
Claim. 0 < 8; <2 for all j > 0.
Proof. Since aj41 <b; +1 for all j, 8; < fjié <1+ bij <2 O
Claim. If a;4; < b; then §; < 1.
Proof. Since 8j_1 >0, 8; = bjijl;_l < a@l <1 O

Claim. If aj4; = b; + 1 then at least one of 8; <1 or ;5,1 < 1.

Proof. When a;1 = 2 and b; = 1, by Proposition 2.1, 7 3 cannot occur for consecutive values so we

have a; < b; so B;—1 < 1. Since 8; = WQ_l > 1, we have 8;8,_1 =2—-5; < 1. O

This implies H?:l By < B <2

By the assumptions on (my) and (ny), we see that agy1 < bx when by > 1 and a1 < 2 when by = 1
and agy1 < 0.9b; when by > 4. We now break into several cases.

Case 1: If b; > 4 then 3; < 0.9.
Proof. 1f b; > 4 then, as d; > b;d; 1 by (1), B; = “=4H=4 < 0.9. O
Case 2: If Aj4+1 < bj < 4 and bj_l < 4 then ﬁj < 0.96.

Proof. If aj 1 <bj <4 and bj_; < 4 then by (1),

dj =bjd;j_1 +ajdj_o < bjdj_1 + (bj71 + 1)dj,2 <bjdj_1+dj_1 +dj_2 < (bj + 2)0]/];1 < 6dj_1.

Then, again by (1), using that a;+1 < bj,

idi_ 1 1
459 2>bj+72aj+1+6.

=b, + —21=
dj,1 J dj,1 6

- 11 -
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Therefore, since a1 < b; <4,

5, — ajy1d;_1 - a1 _ <1+ 1 )_1 < <1+1)_1 —0.96 ]
J dj ajy+1 + (1/6) 6aj+1 24 R

Case 3: If aj 1 < b; <4 and b;_; > 4 then at least one of 8; < 0.96 or 3;53;_1 < 0.5 holds.

Proof. Consider when a;41 <b; <4 and bj_; >4 so ;-1 < 0.96. Suppose §3; > %. Then

oo

S < Qi1 bj < 4
9 bj+Bi-1 T bj+Bi—1 T 4+ B

so 84+28;_1 <9s0 Bj_1 < % Then 3;8;—1 < Bj—1 < 0.5 since aj+1 < b; implies §; < 1. So at least
one of §; < % < 0.96 or 3;3;_1 < 0.5 must hold. O

Any j where ajy1 < b; is covered by Case 1if b; > 4 and Case 2 or 3 if b; < 4. The only remaining case
is then a;11 > b;, which happens only if a;11 = 2 and b; = 1.

Case 4: If aj41 = 2 and b; = 1 then at least one of 5;3,_1 < % or 3;8;—1B8j—2 < 0.52 holds.

Proof. Consider any such j. By Proposition 2.1, 7y 3 cannot occur consecutively so a; < b;_1, and so
j — 1is in one of Cases 1-3. If 3;_; < 0.96, then
Bji—1—1 096 -1 48

20851
- —1 <14 BT
115, -1 Thor1 S o961 1

3., — _ %itl .
ﬁjﬁj*l bj“!‘/Bj—lﬁjil

If B;_1 > 0.96, then j — 1 must be in Case 3 and 3;_18;_2 < 0.5. Then

2 1 1

i—18j—2 < < < 0.52. O
1+6j—1ﬁj 16] 2

BiBi-1Pj-2 = 1+8,1~ 14096

Claim. For all k£ > 1,
k
48\ F/2
[15<2(5) -
j=1

Proof. All j > 2 are in one of the cases above, and so at least one of the following hold: 5; < 0.96,
BiBj—1 < j—g, or fBjBj—18j—2 < 0.52. For every k, we can group the product H§=1 B; into products of
one, two, or three consecutive terms bounded from above in this way, with the possible exception of 8y

or B182. As 0.96 < % and 0.52 < (%)3/2, and since 8132 < 1 whenever 31 > 1, this yields
k
48~ /2 48 /2
- = 2(—) . O
]1;[16] < 51(49) = “\19

(nrt1+Dde ~ (20641+2)dy,
di+1 - brt1dy

Since ng11 < 2mypy1 + 1 = 2bgy1 + 1, we have =2+ ﬁ < 4, and so

49

k k
mia (O TLizy (ni i) _ miady [r(Olan - own _y 7r g g (48) ”
diy1 d+1 dp, - !

j=1

Defining e, := 8(45)*/? completes the proof. O
Proof of Theorem 1. Our technique for verifying discrete spectrum of X is by using mean almost peri-
odicity, which requires a definition. The upper density of A C N, denoted d(A), is lim sup wn”}l

It’s easy to check that upper density is subadditive, i.e. d(AU B) < d(A) + d(B) for every A, B.

- 12 -
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A subshift X is mean almost periodic if for all € > 0 and all z € X, there exists a syndetic set S so
that for all s € S, z and o®z differ on a set of locations with upper density less than e. It is well-known
that mean almost periodicity implies discrete spectrum; see for instance Theorem 2.8 of [LS09].

Examples of aperiodic but mean almost periodic subshifts are given by the Sturmian subshifts and also
so-called regular Toeplitz subshifts. Since our hypotheses are satisfied by Sturmian subshifts, their mean
almost periodicity follows as a corollary of our proof.

By Proposition 2.1, X is the orbit closure of

x(mk) (me) = lim (7T ©Tmi,ny © Tmamg © - 'Tmlmnk)(o) = lim (’/T © pk)(o)
k— o0 k— o0
for some 7 : {0,1} — A* where m(0),7(1) begin with different letters and |7(0)| < |7(1)| < 2|x(0)| and
some sequences (myg), (ng) satisfying 0 < my < ng < 2my, or (myg,ng) = (1, 3).

We again use the notations a1 = ny —my and di, = |(7 o p)(0)| as in the proof of Proposition 3.1.

For any k£ > 0 and p € N, define the words

Yokp = ((m0 pr)(0))7(m 0 pi) (1), 20,k,p = (0 pr) ()((7 0 p1)(0))",
Yukp = (0 pr)(1))7 (0 pr)(0), 21,5, = (70 p&) (0)(( © px)(1))".

We will prove the following by induction:

Yik.ps Zik,p differ on fewer than 2|7 (1)|pas ... ar41 locations (¢ € {0,1}). (3)

The base case k = 0 trivially holds, since the lengths of yo.0.p, 20,0,ps ¥1,0.p; 21,0,p are less than 2p|mr(1)].
Assume now that (3) holds for some k — 1 (and all p).
Consider first the case when nj < 2my.

Then by definition of 7, n,, if we write u = (70 pr_1)(1), v = (70 px_1)(0), m = my, and n = ny, then
Yo kp = (vmflu)pvnflu and 20.kp = Unflu(,vmflu)p.

Since v is a suffix of u, write u = v’v. Then, using that m < n < 2m,

n—1 :(,Um 1,7 )pvmflvnfm

Yok,p = (V™ ) u'v U= vmfl(u/vm)pvnfmu

= ™M 1(u/vn mv2m n)pvn—WLu7

20.0kp = ,Unflu(,vmfl )p _ ,Umflvnfm(u/vm)pu _ @mflvnfm(ulv2mfnvn7m)pu

mfl( n—m, /, 2m-— n)pvnfmu'

=v v uv

Since |u/v™ ™| = [v™"™/|, this means yo k., and 2ok, differ at a number of locations equal to p times
the number of locations where w'v™ ™™ and v ™/ dlffer Clearly u'v™ ™™ and v~ ™/ differ on the same
number of locations as v/'v™ ™ ™v = ww™ ™™ and v "u'v = V™ ™y differ. Since V™™ = 2 k-1 n—m and
V™Y = Yo k—1,n—m, the inductive hypothesis gives that they differ on fewer than 2|7 (1)|(n—m)ay - - - ay,
locations. Then yo x, and zq,, differ on fewer than 2|7 (1)|p(n — m)ay - - - ay locations. Since apt1 =
n — m, this proves the claim. Similarly,

Yikp = (0" )P e = 0" (W 0™)P T 0
=™ —1 L m(u/vmvn m)p lu/Umu_,U 1(Un—nLu/vvn)pu7
St = V" (0" ) = 0L ) = 0 (P,

SO Y1.k,p and 2y i, differ on fewer than 2|m(1)|pa; - - - agx+1 locations.

Consider now the case when n, = 3 and m; = 1. Here
(0 px)(0) = (w0 pr—1)(1), (m 0 pr)(1) = ((m 0 p-1)(0))?(m 0 p—1)(1)

By Proposition 2.1, ng_1 = mg_1 + 1 so we have (70 pr—1)(1) = (70 pr—2)(0)(7 0 pr—1)(0).

First consider when my_1 > 1. Here (7 o pr_2)(0) is a prefix of (m o py_1)(0) so there are words

- 13-
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g = (moprp—2)(0) and h such that (7 o pr_1)(0) = gh and (7 0 pr—1)(1) = ggh. Then (7 o pi)(0) = ggh
and (7o py)(1) = (gh)*ggh so

yo.k.0 = (990)? (ghghggh) = ggh(9gh)"~ ghghggh
20,0 = (9hghggh)(ggh)? = ghg(hgg)"~" hgghggh
which differ on two pairs of gh and hg and on p — 1 pairs of ggh and hgg.

Our inductive hypothesis does apply directly to gh and hg, however gh and hg differ on the same number
of letters as ggh = (m 0 pp—2)(0)((7 © pr—2)(0))™ =+~ (m 0 pp_2)(1) and ghg = ((m 0 pp_2)(0))™*~*~ (7 o
Pr—2)(1)(7 0 pr—2)(0). Those words differ on the same number of letters as (7 o pr—2)(0)(7 o pr—2)(1)
and (7 o pgp—_2)(1)(7 0 px—2)(0), and by hypothesis they differ on fewer than 2|7 (1)|a; - - - a1 locations.
Similarly, gggh = (7 © pr—2)(0))™*1 (w0 pp_2)(1) and ghgg = (( 0 pr—2)(0))™*1 (7 0 pp—2) (1) ((7r 0
pr—2)(0))? differ on the same number of letters as (o pr_2)(1)((7 0 px_2)(0))? and ((7 o px_2)(0))?(7w o
Pk—2)(1) which by hypothesis is fewer than 2|7 (1)|2a; - - - a1 locations.

Therefore yo 1, and zg ,p differ on fewer than 2-2|w(1)]aq - - - ag—1 +2(p— 1)2|7(1)|as - - - ax—1 locations.
Since aj, = 1 and ag41 = 2, they differ on fewer than 2|7 (1)|pa; - - - ar+1 locations. Similarly,

Y1k = (9hghggh)?ggh = ghg(hgghghg)”~'hgghggh

21kp = 99h(ghghggh)? = ggh(ghghggh)?~* ghghggh
differ on two pairs of gh and hg and on p — 1 pairs of hgghghg and ghghggh. As hgghghg and ghghggh
differ on two pairs of gh and hg, the total number of differences is 2p times the number of differences
between gh and hg. Since gh and hg differ on fewer than 2|w(1)|a; - - - ap—1 locations, and since a; = 1
and ag+1 = 2, Y1,k,p and 21 p differ on fewer than 2|7(1)|pay - - - ax41 locations.
Now consider when my_1 = 1. Here (mopg_1)(0) = (mopg—2)(1) so (mopr_2)(0) is a suffix of (mropg_1)(1).
So there are words g = (7 0 pg—2)(0) and h such that (7 o pp_1)(0) = hg. Then (7 o p;)(0) = ghg and
(7 0 pi)(1) = (hg)*ghg so

Yo.k,p = (9hg)Phghgghg = gh(ggh)?~' ghghgghg
20,k,p = hghgghg(ghg)” = hg(hgg)?~'hgghgghg

which differ on two pairs of gh and hg and on p— 1 pairs of ggh and hgg. Since gghg = (70 pj_2)(0)?(7o

Pr—1)(0) = (7 0 pr_2)(0)*(m 0 py—2)(1) and hggg = (7 © py—2)(1)((7 © pr—2)(0))?, by hypothesis they
differ on fewer than 2|7(1)|2a; - - - ax—1 locations. Then, as above, yo k., and zo,, differ on fewer than
2|m(1)|pay - - - ap41 locations. Similarly,

Y1.kp = (hghgghg)? ghg = hg(hgghghg)?~ " hgghgghg
21kp = ghg(hghgghg)” = gh(ghghggh)?~' ghghgghg
differ on 2p pairs of gh and hg so y1 x,p and z1 i, differ on fewer than 2|7 (1)|pa; - - - ax+1 locations.

We will now prove that X is mean almost periodic. Fix any k, and as before, define u = (7o pg_1)(1),
v = (7o pr—1)(0), m = my, and n = ng. Choose any y € X; by minimality of X, y can be written as
a bi-infinite concatenation of the words (7 o p;,)(0) = v tu and (7 o p)(1) = v Lu. We may assume
without loss of generality that y contains v™~u starting at the origin, since any syndetic set S as in the
definition of mean almost periodicity for y also works for any shift of y. Since d = |[v™ ul, let us write

y=... ™ gt Tl Ty L
Ud’“y = .. oyl
where each 7j, is either m or n. We can rewrite as
y=... 0" (" T wo T
oty = ... ML Ty )M (vt My )™

n—m

The words inside parentheses are unequal exactly when i; = n, in which case they are the pair uv ,
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n—m n—m

v u. Since the lengths of wv and v" "™y are the same, this means that the only differences
in y and 0%y occur within pairs uo™ ™™, v ™u. By (3), the number of differences in any such pair
is bounded from above by 2|7 (1)|(n — m)a;i...ar = 2|7(1)|ay ...ak+1. When y is partitioned into its
level-(k + 1) words (7 o px41)(0) and (7 o px11)(1) (and 0% is partitioned at the same locations), each
partitioned segment contains exactly one such pair uv™ ™", v~ ™. Since each such segment has length
at least |(m o pr11)(0)] = dgs1,

Q({t () £ (ePy)(0)y) < ATWlar-- G,

dpy1

For ease of notation, we define D, = {t : y(t) # y(t + q)} for every ¢; by the above,

2|7(1)|ay .. a/kak;+1
dr41

a(Dﬂlk)

Now, fix any k and consider the set

Sy = {Zpidi s r>k0<p; <nip +1}-
i=k

We claim that Sy is syndetic. To see this, note that n;y1d; > d;11 for all @ since d;11 = m;41d; + (n; —
m)di—1 < miprd; + (my 4+ 1) di—1 < myprd; +di + dim1 < (mig1 + 2)d; < (ni41 + 1)d;, and so a simple
greedy algorithm shows that for all M € N, there exists s € S with M < s < M + dj.

Finally, choose any s = >\, p;d; € Sk. For any ¢1,0s € N, Dy, ¢, C Dy, U (Dg, — ¢1) since ¢t € Dy, 4o,
implies at least one of y(t) # y(t+ 1) or y(t +£1) # y(t +¢1 4+ £2) , and so d(Dy,+¢,) < d(Dg, ) + d(De,).
Using this repeatedly implies

_ - 2l (1)[niq1a1 ... a; 1
1D = (D) < Y opillDg) < 3 ArIon e
i=k 1=k v

t (i1t D|m(0)]ar-aits
dit1
Then d(Ds) < i, 2|‘:(01))|‘61 Since (¢;) is summable, the right-hand side becomes arbitrarily small as

k — o0, and so X is mean almost periodic, and therefore has discrete spectrum. O

Proposition 3.1 implies tha < ¢; for a sequence ¢; which is exponentially decaying.

Remark 3.2. We remark that in fact this proof yields an explicit formula for an eigenvalue of X.
Namely, define a sequence (¢x) by c—1 = 1, ¢g = 0, and the same recursion cg11 = bgr1¢k + Gp+1CK—1-
Basic continued fraction theory implies that fl—i approaches a limit «, and that for all &,

k
ko ‘ ¢ G| _ [m(O)ar .. apsr [ (O)|TT;y (ni —mi)
dy dp  dit1 drdi+1 drdr+1 '
k
Therefore, the distance from drya to the nearest integer is less than W}M, which decays

1
exponentially by Proposition 3.1. If we define A = 2™ then A% = X (T,e)Ol approaches 1 with
exponential rate. By definition, |(mopg)(1)| = di+ (nk —mk)dk,l. The distance from (ny —my)dg_1c to

ngm(0)| TTEZ) (s —mi)
di
Therefore, Al(7°P)I approaches 1 with exponential rate as well.

the nearest integer is less than , which again decays exponentially by Proposition 3.1.

From this, an essentially identical argument to that of Host from [Hos86] (see also p. 170-171 from
[Quel0]) shows that A is an eigenvalue (in fact a continuous one). (His argument was for a single
substitution 7, but the construction can be done virtually without change with 7% replaced by 7 o py.)

We can even represent o (and therefore ) in terms of generalized continued fractions. If we defined

an alternate sequence (e) by the same recursion with e_; = 0 and ¢y = 1, then Z—’; is just the kth
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convergent to the generalized continued fraction

aq 1
/8: =
as ny —ma
h+—"—-— mg4+—-—-—-—
Qa, No — M
by 4 0 g+ 222
by + - ms+ -

In particular, z—’; — . Since c_1 = 1,¢9g = 0,e_1 = 0,67 = 1 and ¢, di and e are all defined by the
same (linear) recursion, dy = d_ic + doey, for all k. Then, as d_; = |7(1)| — |7 (0)| and dy = |7 (0)|,

B
w5+ |w(0)[(1 = 5)

. c ) e -1 _ _
a:hmd—::hm(d,l—i—do(i—1>> :(d,1+d()(ﬂ 1—1)) 1:

Therefore, the eigenvalue A can be written as exp (2m (\w(l)\ﬁ+|w(0)|(1—5)))'

4 A weak mixing subshift with C' = 3/2

Theorem 2. There exists an infinite transitive subshift X which is uniquely ergodic, has unique measure
which is weak mizing, and for which limsup %q) = %

The complexity estimates in Theorem 2 will follow from a general formula for word complexity of subshifts
with the structure from Proposition 2.1, which may be of independent interest.

Proposition 4.1. Let X be the orbit closure of z("%):("s) for & and (T .mi) Satisfying the conclusions
of Proposition 2.1. Then there exists a constant K such that for k > 2,

k . —2 m -1
(@)=11 +2 =1 - mj — 12|Ulj| + K if Iskvp*"prl < g < |57€+1vk+§r1 Pr+1]
= Z - : —1 -
2q — [skv™ " k| + 20520 (ng —my — D|oj| + K if [spo™ ™ pkl < g < [siop™ pal.
Proof. We claim first that the words po, := limsppr = limslvg--mkv?’rlv?ﬁfl_l--~1171"171 and
skv,?’c_zpk for k > 0 are right-special.
Since vg11 = Uzl’“_luk and ug1q = ng_luk, Dht1 = v,’cn’“_lpk. By induction then pg1q = v,’cn’“_l gl

-1

as pp is empty. By Lemma 2.6, sipy, is a suffix of sg1pry1 = spv, " ukvzlrlpk. As |sky1| > [skl, this

shows p., exists and is left-infinite.

By definition of py as the maximal common prefix, py7(0) and py7(1) are both in the language since each
of u and vi must have one of them as a prefix and they cannot have the same one. So py is right-special
for each k (as (0) and (1) begin with different letters) hence ps, is right-special. That syvp*>py, is
right-special follows from Lemma 2.10.

Next we claim that every right-special word is a suffix of py, or of ska’F2pk for some k > 0.

Since every right-special word of length at least |slv{"’1_1| is a suffix of a concatenation of u; and v, any
right-special word with sops = 8107 " Tu0f ™! as a suffix is of the form zuyv7™ ™! where x is a suffix
of a concatenation of u; and v;. If 2 were not a suffix of a concatenation of vy and uy then uwjvju; for
r # m1 — 1,n; — 1 must appear somewhere in x but this is impossible by definition of 7,,, »,. So every
right-special word with sops as a suffix is of the form xps where x is a suffix of a concatenation of v and
us.

Assume that any word with sip. as a suffix is necessarily of the form zp, where z is a concatenation of
ur and vg. Let w be a word which has sk1pr+1 as a suffix. Since spy1prr1 = Skka’,]U;nkilpk which
has sgpr as a suffix, w = ka+1v?k71pk where z is a suffix of a concatenation of u, and vy. If z were
not a suffix of a concatenation of uy41 and vg41 then somewhere in zvg there must appear UR VLU for
r # ng —1,my — 1 or v}, for t > ng — 1. But this is impossible by definition of 7,,,, »,. By induction,
then for all k, any word with suffix sipy is of the form zpy where = is a suffix of a concatenation of uy,
and vy.
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Since vy, is a suffix of u for k > 1, write ux = u;vi"‘ for £, > 1 maximal. Note that s; has vi’“ as a suffix.

Let w be a right-special word with |w| > |s1p1|. Take k > 1 maximal so that w has sgpi as a suffix.
By the above, w = zp; is where z is a suffix of a concatenation of u; and v in any left-infinite word.
Choose t > 0 maximal so that v,tcpk is a suffix of w.

Suppose w is not a suffix of skv,t;e’“pk. Then ukvzfz’“pk must be right-special since all letters to the left of
s are forced to come from uy by maximality of £;. As the pr must appear as a prefix of both v and uy,
then ukvz_z" uy, and ukvz_e"" vi are in the language so t — ¢, = my — 1. But then w has v,i"k_lpk = D41

as a suffix, contradicting the maximality of k.

So w is a suffix of skvz_e"pk. Suppose t — £, > ni — 1. Then w has vgk_1+é’“pk as a suffix. As w is
right-special, this requires vZ’“fHZ’“ v be in the language. But that is only possible if uj has vﬁ’““ as a

suffix, contradicting the maximality of ¢j.

So t — £, < ng — 2. Then w, being a suffix of skvzfekpk, is a suffix of skvzrzpk.

Finally, we establish the complexity function is as claimed. Since po, has sgi1pr+1 = skvkﬂv?rlpk
as a suffix, by Lemma 2.6, it has skukv?’“_lpk as a suffix. By Lemma 2.7, the maximal common
suffix of ps, and skv,’;’“_ka is then sk’uznk_lpk. Likewise the maximal common suffix of skv,?"'_zpk and
sk/v,?,""'_zpk/ for ¥ > k is skvzn’“_lpk as vg+1 has ug as a suffix. Therefore each skv,’zk_ka provides
(ny — 2 — (my, — 1))|vg| right-special words (with lengths in (|sxvy™* ' pil, [sgvp*~?px|]) which are not
suffixes of poo. Set K = p(|sapa]) — |s2p2| and the claim follows. O

Proof of Theorem 2. Define any increasing (ny), (my) so that ny = 2my, for all k, m; = 1, and the
sum Y, (ny)~' < co. Then define 7 to be the identity, define 7, n., Pks @k, bk, ck, di as in the proof
of Proposition 3.1, and note that ay11 = ng — my = my, = by, for all k and Y, (b))~ < co. Just as
before, di, = |pr(0)| for all k, and we wish to impose the additional condition that dj is prime for every
k > 1. This is easily achieved via induction. First, dg = d; = 1, so da = bad; + as2dy = ms + 1, which
can clearly be chosen prime. Then, assume that dj is prime, and recall that dx41 = bipy1di + ar+1dK—1-
Both ag41 = by and di_; are positive and less than the prime dj, (since dy = brdg_1 + ardi—2 and dj_o
is positive for k > 1), meaning that dy and axi1dg_; are positive and coprime. Then by Dirichlet’s
theorem, there exist infinitely many choices of bg11 so that diy; is prime. As long as the sequence (by)
is chosen large enough at each step, we will maintain the condition Y, (by) ™! < oc.

Let X be the orbit closure of z("#):("¥) X is minimal by construction so by [Bos92], X is uniquely
ergodic with unique measure p.

Suppose for a contradiction that X is not weak mixing, and so there is an eigenvalue A # 1 with
measurable eigenfunction f. Our method is again based on the Host’s arguments from [Hos86], where
he showed that the existence of an eigenfunction can be used to obtain Diophantine conditions involving
the lengths of substitution words, which can be viewed as heights of Rokhlin towers.

One can define Rokhlin towers by By = [pr(0)], hi = |pr(0)|, and T}, = U;tal 07 By; since my, ny — 0o,
w(Ty) — 1. By Remark 2.12, X is uniquely decomposable so the levels of the towers are disjoint. Then,

for each k, define
hr—1

1) = X iy (L, 7 )t

7=0
ie., fi(z) = (u(Bk))*l(ijBk f du) for x € 07 By, and fi(z) = 0 for = ¢ Tj.

By the Lebesgue Differentiation Theorem, as u(Ty) — 1 and u(0?By) — 0, fix converge almost every-
where to f.

Observe that g% = ¢lPr(O)l takes every occurrence of py(0) to an occurrence of py(0) except for those
which are immediately prior to an occurrence of pp(1) in some pg11(0) or prs1(1). Then for all ¢ > 0,
ode+t takes all occurrences of pi(0) appearing in a pi1+(0) to an occurrence of pi(0) except possibly for
those appearing in a pp4+(0) immediately prior to a pr1¢(1).

Let {ir} be any sequence such that 0 < i, < 0.5(myy1 — 1). Then as above, for all t > 0, gir+tdr+t
takes all occurrences of pi(0) in a pg4+(0) to an occurrence of p;(0) except possibly for those appearing
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in a pg++(0) less than i+ occurrences before a pgy+(1) in some pgy+41(0) or prie41(1). We also note
that since ngyir1 = 2mgri11, at least one-third of the pi(0) appearing in any x € X are part of some
Pr+(0). Therefore,

™ 0] 1 [ 0) = D (o) )

so, since iyt < 0.5(mpr — 1),
plot+ e (07 By) N (07 By)) > ¢ (0! B).

Then fy,(o%+t%+tg) = f,(x) for a set of measure at least #4(T%). Since f, — f almost everywhere and
w(Ty) — 1, there is then a positive measure set such that for any sufficiently small e > 0 and almost
every x in the set, there exists k so that for all ¢, |f(o?*+t9k+tz) — f(x)| < e. Therefore N+ — 1.

We will prove that this is impossible. Define r € (0,1) by A = e?™"; then (irdyr) — 0 whenever
0 < i < 0.5(mgy1 — 1), which implies that for large enough k (say k > ko), (dpr) < 0.05(mpyq — 1)L
Clearly r cannot be rational, since all d are 1 or prime. Since Sngy1 = 10mgr1 < 20(mgy1 — 1),
for k > ko, (dpr) < 0.2(ngy1)~!. This implies that for all & > ko, there exists ¢, € Z, so that

‘7“ — %‘ < O.Q(dknk+1)_1 < O.Z(dk_H)_l. (Recall that digy1 = bry1di + apr1di—1 < 2bg41dg = ngy1dy.)
We will prove the following: for all k > ko,

/ / /
Crg1 = D41y + QrgrCy g (5)

Assume that k > ko, and denote the right-hand side of (5) by ¢/, ;. Then,

/ /
r— | < 02(djsr) " and |r— FL| < 0.2(d) 7Y, (6)
dk; k—1
and so J
dpgrr — ¢ =L < 0.2, (7)
dy,

We can simplify

d d— dg—
G = e (b + L) iy — anidp| = |charp et — apgich | (8)
dy, dy; dy,
By the second inequality in (6),
0.2 dy— 0.2bxdj—
lak1di—17 — aps1ch_,| < Pet1Bet _ Pl <02, 9)
dg dg,
Similarly, by the first inequality in (6),
d— 0.2 dp— 0.2bydy—
apgrdp_1r — Chpig —— a2 L MRS < 0.2, (10)
di, dkt1 di+1
Therefore, by the triangle inequality and (8)-(10),
d
C;% — | <04,
Combining with (7) via the triangle inequality yields
|dis1r — ciiy1] < 0.6. (11)
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Recall that by definition,

dry1

< 0.2(dgy2)™", and so ‘dk+1r — c§€+1‘ < 0.2

C/
’r — <0.2. (12)

diy1

diy2

Finally, (11) and (12) imply that ¢;,, = ¢}, (since they are both integers), completing the proof that
(5) holds for k > ky.

Since r is irrational and — 7, we may also assume without loss of generality (by increasing kq) that

"ko 7& ”1+k0

FR Then, it is easﬂy proved by induction that for all k& > ko,
°0

/ /
Cr  Ck+1

|a1+;€0 e Qpy
dp,  dipr

didi 41

o /
= [€1 ko ko — Cp D1+ko

We abbreviate Q = |¢] , dk, — ¢}, d1+k,|, and note that @ # 0 by the assumption that ;é Slihg

di14kg
can now bound the distance from above using that aj;1d;—1 < dj:

k
i B C;e—i—l _ Qa14rg - - - Apt1 _ Q H ajr1d;_1 S Q ﬁ ajr1d;_1 (13)
d  dis1 dipdp 41 dgo—1dp+1 2y dj dgo—1dp+1 2y dj
Note that
dj _ bj + Cljdj_g S bj + bj_ldj_g < bj —|—1 < bj bj (1 —b]-_l)_l.
(lj+1dj,1 Qi1 aj+1dj,1 aj41 (ljJrldj,l i1 Ajy1 — 1 b -1
Therefore, the product HJ ko % is greater than H;’iko (1 - %)7 which converges to a positive

limit L by the assumption that Zb,;l < 00. Combining with (13) yields that there exists a positive
constant K = dl?Ll so that for all & > ko,
0

K
di41

/ /
G Gk
di  di+1

(14)

However, recall that |r — ;—’;| < 0.2(dgng+1) "t meaning |rdgi1ng41 — cpngs1] < 0.2 so cfngsq is the
closest integer to rdgiing41. Since (0.25n;41dgr) — 0, this implies there exists k; > ko such that
[rdg+1nk41 — cngt1] < 0.5K. Then |r — ;—i| < 0.5K (ngy1dy) L. Since djy1 < npy1dg, then |r — ;—’;\ <
0.5K (dgy1)~". Then for k > ki,

/
rrn_i

dy,

/

< 0. 5K(dk+1) and < 0. 5K(dk+2) < 0.5K(dk+1)71,

dk+1
which contradicts (14) by the triangle inequality. Therefore, our original assumption is false and X is
weak mixing.

It remains only to show that the complexity function satisfies the claimed bounds. Since |p1| = 0 and

by Remark 2.11, pgi1 = v;nrlpk, we have |py| = Zf 11(mJ 1)|v;| and therefore, since n; —m; = m;,

k

k
> (nj—my = Dl =Y (my = Dfoy] = (mg — 1)ve| + [pxl-

j=1 j=1

By Proposition 4.1, then

OSkanmk 2pk|)::|skvi0nk pk|4—(rnk = Dvk| + |pk| + K =1. 5|3kv2nlk “pr| = 0.5(|sk| — [px]) + K
k—
Since [py| +[sx| < 3Jvg| and my, — oo, lim w = 1.5. Proposition 4.1 implies that the limsup
Skv Pk
of %q) is achieved along some subsequence of |spv,* ™~ pk| so lim sup (q) — 15 0
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Remark 4.2. The examples in Theorem 2 also satisfy p(q) — 1.5¢ — —oc and lim inf % = 1. For any

f(q) — oo, such a subshift exists which also satisfies p(q) < ¢ + f(¢) infinitely often.

Proof. By Remark 2.11, sp11 = $,vk41, 50 we have |sg| — |px| < |sk|—|vk| = |sk—1| = 0o so p(q) —1.5¢ —
—o0. By Proposition 4.1,

k—1
(™ D) = o " tpel + Y (ng = my = Dlog| + K = o pe| + |px| + K
j=1

and |pg| < 3|vk| so since my — oo, liminf@ = 1. Now let f(q) — oo be arbitrary. For all k, if vy

and pj, are given, we can choose by, = my, large enough so that f((my — 1)vg| + |pk|) > |px| + K, which
implies that p([vy™ 'pg|) < o™ 'pr| + F(vi " prl). O
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