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Abstract We introduce a class of rank-one transformations, which we call extremely elevated
staircase transformations. We prove that they are measure-theoretically mixing and, for any
f: N — Nwith f(n)/n increasing and Y 1/f(n) < oo, that there exists an extremely elevated
staircase with word complexity p(n) = o(f(n)). This improves the previously lowest known
complexity for mixing subshifts, resolving a conjecture of Ferenczi.

1. Introduction

It is well-known that there exist dynamical systems in which two seemingly opposite properties can
coexist: zero entropy, which implies that a system is in a sense ‘simple’ or ‘deterministic,” and (measure-
theoretic) strong mixing, which implies that sets become ‘asymptotically independent’ under repeated
application (the first construction of such a system is due to Girsanov [Gir59], see also [Roh67] and
[Pin60]). For the symbolically defined dynamical systems known as subshifts, the concept of word
complexity provides further quantification within zero entropy; zero entropy means that word complexity
function p(n) grows subexponentially, but of course one can study slower growth rates as well. Many
recent results treat subshifts with very low complexity (see, among others, [CK15], [CK19], [CK20],
[DDMP16], [DOP21], and [PS22]), showing that they must be ‘simple’ in various ways. In contrast, our
results show that such subshifts can still be ‘complex’ in the sense of having a strong mixing measure.

Using this framework, in [Fer96] Ferenczi described a subshift example supporting a strongly mixing

invariant measure whose word complexity satisfies % — 0.5. He somewhat glibly conjectured that this

was the minimal possible word complexity for such a shift, but also said that he would ‘wait confidently
r(q)

for the next counterexample.” Ferenczi also showed that such a subshift must have limsup e

i.e. its word complexity function cannot be bounded from above by any linear function.

= 00,

Ferenczi’s example was the symbolic model of a so-called rank-one system. Rank-one systems are tradi-
tionally defined by a cutting and stacking procedure on an interval with Lebesgue measure, but they are
measure-theoretically isomorphic to the empirical measure on a recursively defined subshift (see [Danl6],
[AFP17]). The rank-one examples from [Fer96] are well-studied examples called staircase transforma-
tions, originally defined by Smorodinsky and Adams, and which were proved to be measure-theoretically
mixing in [Ada98], [CS04] and [CS10].

Somewhat surprisingly, we show that a fairly simple alteration of the traditional staircase yields rank-one
systems, which we call extremely elevated staircase transformations, which have word complexity
much lower than quadratic (though unavoidably superlinear) and whose symbolic models are measure-
theoretically mixing. We prove several results about how slowly complexity can grow for such examples.

We first show that the complexity p(g) can grow more slowly than any sequence whose sum of reciprocals
converges.
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Theorem 4.1. Let f : N — N be a function such that @ is nondecreasing and ) ﬁ < 0o. Then

there exists a (mixing) extremely elevated staircase transformation where lim % =0.

This is not, however, a necessary restriction on word complexity, as we can construct some examples
with even slower growth.

Theorem 4.2. There exists a (mixing) extremely elevated staircase transformation where ﬁ = 00.
We also prove that there exist such mixing subshifts with even lower complexity along sequences.

Theorem 4.3. For every ¢ > 0, there exists a (mixing) extremely elevated staircase transformation
p(q) =0

q(log q)©

where lim inf

However, we then show that there is a superlinear lower bound of ¢qlog(q) for the complexity function.

Theorem 4.4. For every extremely elevated staircase transformation, lim sup q’;g‘gq =00

Finally, we show that extremely elevated staircase cannot achieve linear complexity even along a sequence.
Theorem 4.5. For every extremely elevated staircase transformation, lim % = 00.

In the spirit of Ferenczi’s ‘waiting confidently for the next counterexample,” we also wonder whether
there are other classes of subshifts supporting mixing measures which can achieve even lower complexity.

Question 1.1. Is there any nontrivial lower bound on complexity growth for all subshifts with a mixing

measure, i.e., does there exist f > 1 so that lim inf qz}((qq)) > 1 for all such subshifts?

Question 1.2. Is there a superlinear lower bound on complexity growth along a sequence for all subshifts

24 _ 6 for all such subshifts?

with a mixing measure, i.e., does there exist unbounded g so that lim sup 9@

We note that in Question 1.1, we chose phrasing to admit the possibility that there exist such examples

which have linear complexity along a subsequence, as this was not ruled out by Ferenczi’s results and we
do not know whether it is possible.

2. Definitions and preliminaries

2.1. General symbolic dynamics and ergodic theory

We begin with some general definitions in ergodic theory.

Definition 2.1. A measure-theoretic dynamical system or MDS is a quadruple (X, B, u, T), where
(X,B,u) is a standard Borel or Lebesgue measure space and T : X — X is an invertible measure-
preserving map, i.e. u(T71A) = u(A) for all A € B.

Definition 2.2. An MDS (X, B, i1, T) is ergodic if A = T~1A implies that pu(A) =0 or p(A¢) = 0.

A crucial usage of ergodicity is the mean ergodic theorem:

Theorem 2.3. If (X,B,p,T) is ergodic, then for any f € L*(X) with [ f du =0,
1 n—1 )
. < —3 _
du [IL X re77f o

Definition 2.4. An MDS (X, B, u, T) is strongly mixing if for all A, B € B, u(ANT"B) — u(A)u(B).
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Definition 2.5. An MDS (X,B,u,T) and an MDS (X', B, /,T’) are measure-theoretically iso-
morphic if there exists a bijective map ¢ between full measure subsets Xo C X and X{; C X' where
wu(¢p~tA) = p/'(A) for all measurable A C X and (¢ oT)x = (1" o ¢)z for all z € Xo.

Most of the systems we study in this work will be symbolically defined systems called subshifts.

Definition 2.6. A subshift on the finite set A is any subset X C A% which is closed in the product
topology and shift-invariant, i.e. for all x = (x(n)),ez € X and k € Z, the translation (z(n + k))pez of
x by k is also in X.

Definition 2.7. A word on the finite set A is any element of A" for some n, which is called the length
of w which we denote ||w]||. A word w of length ¢ is said to be a subword of a word or biinfinite sequence
x if there exists k so that w(i) = z(i 4+ k) for all 1 <4 < /. When z is a word, say with length m, we say
that w is a prefix of z if it occurs at the beginning of x (i.e. k = 0 in the above) and a suffix of x if it
occurs at the end of z (i.e. k = m — £ in the above).

For words v, w, we denote by vw their concatenation, i.e. the word obtained by following v immediately
by w. We use similar notation for concatenations of multiple words, e.g., wiws...w,. When it is
notationally convenient, we may sometimes refer to such a concatenation with product or exponential
notation, e.g., [, w; or 0™.

Definition 2.8. The language of a subshift X, denoted L£(X), is the set of all words w which are
subwords of some x € X.

Definition 2.9. The word complexity function of a subshift X over A is the function px : N — N
defined by px(n) = |£(X) N .A"|, the number of words of length n in the language of X.

When X is clear from context, we suppress the subscript and just write p(n).
Definition 2.10. A word w is right-special in a subshift X over {0, 1} if w0,wl € £(X).

We note that this property is often called right special in the literature. All subshifts we examine are
on the alphabet {0,1}, and in this setting we will repeatedly make use of the following basic lemma due
to Cassaigne [Cas97].

Lemma 2.11. For any subshift X over {0,1}, if we denote by LE%(X) the set of right-special words in
X of length £, then for all positive m < n,

n—1
p(n) = p(m) + Y L7 (X)].
l=m

The classical Hedlund-Morse theorem ([MH38]) states that every infinite subshift X has at least one
right-special word for each length, and so every such subshift satisfies p(n) > n for all n.

2.2. Rank-one transformations and their symbolic models

A rank-one transformation is an MDS (X, B(X),m,T) (from now on referred to just as (X,T))
constructed by a so-called cutting and stacking construction; here X represents a (possibly infinite)
interval, B(X) is the induced Borel o-algebra from R, and m is Lebesgue measure. We give only a brief
introduction here, and refer the reader to [FGH"21] or [Sil08] for a more detailed presentation.

The transformation T is defined inductively on larger and larger portions of the space by the use of
Rokhlin towers or columns, denoted C),,. Each column C,, consists of levels I,, , where 0 < a < hy, is
the height of the level within the column. All levels I, , in (), are intervals with the same length, and
the total number of levels in a column is the height of the column, denoted by h,,. The transformation
T is defined on all levels I,, , except the top one I, ;1 by sending each I, 4 to I, q+1 using the unique
affine map between them.
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We start with C; = [0,1) with height hy = 1. To obtain C, 41 from C,, we require a cut sequence,
{rn} such that r,, > 1Vn. For each n, we make r, vertical cuts of C,, to create r,, + 1 subcolumns of
equal width. We denote a sublevel of C,, by I,[f,]a where 0 < a < h,, is the height of the level within that
column, and ¢ represents the position of the subcolumn, where ¢ = 0 represents the leftmost subcolumn
and i = r,, is the rightmost subcolumn. After cutting C,, into subcolumns, we add extra intervals called
spacers on top of each subcolumn to function as levels of the next column. The spacer sequence,
{8n,i}, specifies how many sublevels to add above each subcolumn where n represents the column we are
working with, ¢ represents the subcolumn that spacers are added above, and s,,; > 0 for 0 <7 < rp,.
Spacers are the same width as the sublevels, act as new levels in the column C), 41, and are always taken
to be the leftmost intervals in R not currently part of a level. Once the spacers are added on top of
the subcolumns, we stack the subcolumns with their spacers right on top of left. This gives us the next
column, Cj41.

Each column C), yields a definition of T' on U I5,.q; it is routine to check that the partially defined
map T on C) 41 agrees with that of Cp, extendlng the definition of T to a portion of the top level
of C,, where it was previously undefined. Continuing this process gives the sequence of columns
{C4,...,Cn,Cryiq, ...} and T is then the limit of the partially defined maps.

Though in theory this construction could result in X being an inﬁnite interval with infinite Lebesgue
measure, it is known that X has finite measure if and only if 3, - h it Sni < oo (see e.g. [CS10]). All
rank-one transformations we define will satisfy this condition, and for convenience we always renormalize
so that X = [0,1). Since X is always [0,1) equipped with the Lebesgue measure, we hereafter refer to
the MDS by just the map T'. Every rank-one transformation 7T is an invertible and ergodic MDS.

Remark 2.12. The reader should be aware that we are making r,, cuts and obtaining 7, + 1 subcolumns
(following Ferenczi [Fer96]), while other papers (e.g. [Cre21]) use r,, as the number of subcolumns.

We will later need the following general bounds for rank-one transformations.

Proposition 2.13. Let {r,} and {h,} be the cut and height sequences for a rank-one transformation
on a probability space with initial base level Cy. Then

— - n—1

H (r;+1)

1
i+ 1) and h—l;[ r;+1) = p(Ch).

Proof. Define s, = T—lﬂ Zn: 5p,; where {sy, i} (r,} is the spacer sequence so p(Cp11) = p(Cp) +snpu(ln) =
" =0

n—1 In,
u(Cn)(lJrfL—:), meaning u(Cp) = u(C1) [ (1+7%). Since hpy1 = (ra+1)hn+ > sni = (rn+1)hy, (1+

=0
n—1 n—1
22) and ho = 1, we have h,, = Hl(rj +1)(1+ ) = (Hl(rj + 1)) i) and p(Ch) — 1. O
J= J=

In order to discuss word complexity for rank-one transformations, we need to deal with symbolic models.
Suppose that T is a rank-one system as defined above, with associated {r,} and {s, ;}. We will define
a subshift X (T) with alphabet {0, 1} which is measure-theoretically isomorphic to 7. Define a sequence
of words as follows: By = 0, and for every n > 1,

Bpy1 = Bn1°m0 B, 15t 1% = [ Bl

The motivation here should be clear; B,, is a symbolic coding of the column C,,, where 0 represents levels
which come from the first column Cy, and 1 represents levels which are spacers. Define X (T') to consist
of all biinfinite {0, 1} sequences where every subword is a subword of some B,,. We note that X (T) is
not uniquely ergodic if the spacer sequence {s, ;} is unbounded (which will always be the case for us),
since the sequence 1% is always in X (T"). Nevertheless, there is a ‘natural’ measure associated to X (7T'):
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Definition 2.14. The empirical measure for a symbolic model X (7') of a rank-one system T is the
measure pu defined by
. i s Bu(i)...Bp(i +£—1) =w}
p([w]) = lim

n—00 |Bn|

for every ¢ and every word w of length /.

It was proved in [Danl6], [AFP17] (see [FGH'21] for a more general definition of rank-one which in-
cludes odometers in the symbolic setting) that a rank-one MDS T and its symbolic model X (7T") (with
empirical measure 1) are always measure-theoretically isomorphic, and so the symbolic model is measure-
theoretically mixing iff the original rank-one was. Due to this isomorphism, in the sequel we move back
and forth between rank-one and symbolic model terminology as needed. For simplicity, we from now on
write L(T') for the language of X (T), and define:

Definition 2.15. A mixing rank-one subshift is a symbolic model of a rank-one transformation that
is mixing with respect to its empirical measure.

3. Extremely elevated staircase transformations

Definition 3.1. An extremely elevated staircase transformation is a rank-one transformation
defined by cut sequence {r,} and elevating sequence {c, } with spacer sequence given by s, ; = ¢,, +1
for 0 < ¢ < r, and s,,, = 0. The cut sequence {r,} is required to be nondecreasing to infinity with

2
Z—Z — 0 and the elevating sequence {c, } to satisfy ¢; > 1 and ¢, 41 > hp+2¢,+2r,—2and > %ﬂ” < 0.

Theorem 3.2. Let T be an extremely elevated staircase transformation. Then T is mizing (on a finite
measure space).

The proof of Theorem 3.2 is postponed to the appendix.
The symbolic representation of an extremely elevated staircase is By = 0 and h; = 1 and,

rn—1

) 1
Bhi1 = ( H Bnlc"“)Bn and hpt1 = (rn + Dby + 1rpepn + 57“”(7"” -1).
i=0

3.1. Right-special words in the language of T

Proposition 3.3. Let T be an extremely elevated staircase transformation with language L(T). If
w € L(T) is right-special then exactly one of the following holds:

(i) w=1"l; or
(ii) w is a suffix of 15T =1B, 1% for some n and ||w| > cp; or

(iii) w is a suffix of 15T 1B, 1% for some n and 0 < i < 1, and ||w| > ¢, +i.

Proof. 1f 01'0 € L£(T) then there exists m > 1 and 0 < j < 7, such that ¢t = ¢,, + j as only spacer
sequences can appear between 0s. Since ¢,4+1 > ¢, + Ty, for any such word the choice of m is unique.
Moreover, since 0170 only appears in By, which is always preceded by 1+, the word 01¢m+iQ
only appears as a suffix of 1+ ([]; _, B, 16m+F)0.

Let w € L(T') be a right-special word. Since ¢; > 1, the word 00 ¢ £(T) so w does not end with 0. If
w = 1%l it is of form (7). So we may assume that w ends with 1 and contains at least one 0.

Let z € N such that w has 01% as a suffix.
Since w0 € L(T), 0170 € L(T) so there exists a unique n > 1 and 0 < i < r,, such that z = ¢,, + 4.

First consider when 4 > 0. The word w0 has 0107”0 as a suffix and that word only appears in the word
B,,+1 meaning that w0 and 1¢n+1 (H;:O B,1¢79)0 have a common suffix.
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If w has 01¢» =1 B, 192+ a5 a suffix then w1 has 012+~ B, 1¢2Ti+1 a5 a suffix but 01¢» =1 B, 1¢n+itl ¢
L(T). Therefore w is a suffix of 1°»T=1 B, 1¢» ™% and has length |Jw|| > ¢, + i+ 1 so w is of form (4ii).

We are left with the case when ¢ = 0, i.e. when z = ¢,.

The word w0 has 01°~0 as a suffix and 01°~0 only appears in the word B,,+1, and only immediately after
the first B, in Bj4+1. As the word B, is always preceded by 1¢#+!, then w0 and 1°»+' B,,1°»0 have a
common suffix.

If w has 1¢»T"» B, 1" as a suffix then w1 has 1°2+™ B, 1¢»F1 as a suffix but 1¢»+"= B, 1=+l ¢ £(T).

So w is a suffix of 1¢»*™~1B, 1 of length ||w| > ¢, + 1 meaning w is of form (i4). O
Lemma 3.4. 1° is right-special for all ¢.

Proof. Find n such that ¢ < ||1°||. Then 10 is a suffix of 1°»0 and 1¢1 is a suffix of 12+, O
Lemma 3.5. If w is a suffiz of 151t ~1B, 1 then w is right-special.

Proof. Choose any such w. Observe that By o has B, 111°"t' B, as a subword and that has the
subword B,,+11°+1 B,1°» B,,. That word has 16ntmm=1B 10 as a subword since ¢, +r, —1 < Cp+1 and
so w0, being a suffix of 1¢» T =1 B, 10, is in L(T). Also B, has B, 11°+! as a subword which has
1¢ntrn—lpB 1641 a5 a subword which then has 1¢»T™ 1B, 11 as a subword. As wl is a suffix of that
word, wl € L(T). O

Lemma 3.6. If w is a suffiz of 1771 B, 1% for 0 < i < r, then w is right-special.

Proof. Choose any such w. SinceB,, ;1 has 1# 771 B, 14T B as a subword, 12+ =1 B, 1¢2 0 € L(T).
When i < r,, —1, B, 41 has 12T B, 1¢» T+ a5 a subword which gives 11¢» =1 B, 1¢2+1; when i = r,, — 1,
By 12 has 1627 =1 B 1¢+1 as a subword which gives 116+ 7™ =2B, 12T "11 ag r, < ¢, 1. As wis a
suffix of 1¢» =1 B 1% it is right-special. O

Lemma 3.7. Let T be an extremely elevated staircase transformation. Forw € L(T'), let n be the unique
integer such that w has 1°» as a subword and does not have 1°"+1 as a subword.

Then w is right-special if and only if exactly one of the following holds:
(i) w= el gnd ¢, < ¢ < Cnt1; OT
(i1)n  w is a suffix of 17T IR, 10T and ||w|| > ¢, + i for some 0 < i < 1y, or

(i11),  w is a suffiv of 17T =1 B, 1% and ||w| > hy + 2¢,.

Proof. The only words in Proposition 3.3 which have 1°» as a subword, 1°*+! not a subword and at least
one 0 are of the stated forms and Lemmas 3.4, 3.5 and 3.6 state that these words are right-special. The
restriction on lenw in form (i), prevents any overlap between forms (i), and (iii),; the requirement
that lenw > ¢y, + ¢ ensures no overlap with form (i),, by either of the other two. O

The largest length we need consider for a given n is then h,, + 2¢, + 2(r, — 1) — 1, explaining the
requirement on ¢, in the definition of extremely elevated staircases and leading to:

Definition 3.8. The post-productive sequence is m,, = h,, + 2¢,, + 2r, — 2.
Proposition 3.9. For an extremely elevated staircase transformation, there is at most one right-special
word of each of the forms in Lemma 3.7 and

(1)n  there is a word of form (i), only for ¢, <€ < cpi1; and

(id)n,  for each 0 < i < 1y, there is a word of form (i), for that value of i only for ¢, +i < £ <
hp + 2¢, +2i — 1; and

(#i1),,  there is a word of form (iii), only for hy, + 2¢, <€ < hyp + 2¢y + 1y
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Proof. Every w of a form in Lemma 3.7 for a given n has length ¢,, < lenw < m, < ¢,4+1 so for every

length ¢ there is exactly one n for which Lemma 3.7 could potentially give a right-special word.

1¢ is of form (4),, for ¢, <€ < cpy1.

If w is of form (i4),, itis a suffix of 1T =1 B, 1 so ||w| < |16+ =1 B, 1| = hy, + 2¢,, + 1 — 1.

If w is of form (ii7),, it is a suffix of 12T =1 B, 19+ g0 |lw|| < |12 T 1B, 1% = hy, +2¢, +2i—1. O

3.2. Counting right-special words of length ¢ for extremely elevated staircases

Lemma 3.10. Ifc, <{ <cp+1y then p(l +1) —p(f) = (€ —¢pn) + 1.

Proof. Proposition 3.9 gives one word of form (¢),, and one of form (ii),, for each 0 < i < £ — ¢, O
Lemma 3.11. Ifc, + 1, <€ < h, +2¢, + 1 thenp({ +1) —p(l) =1, + 1.

Proof. Proposition 3.9 gives one word of form (¢),, and one for each 0 <4 < r,, of form (i), O
Lemma 3.12. If hy,+2c,+1 < < hy+2¢,, 47— 1 then p((+1)—p(£) = 1, — [5(€— (hn +2c, +1))] +1.
Proof. Proposition 3.9 gives one word of form (7),, one word of form (#ii),, and, for 0 < i < r,, one of
form (#7) for 0 < i < ry, only if £ < h,, + 2¢,, + 2¢ — 1 so only when @ = ¢ — h,, — 2¢,, — 1 < 2i — 2 so only
when i > [(x + 2)/2]. This gives exactly r, — 1 — [2/2] words of form (i%),,. O
Lemma 3.13. If hy+2c,+71, < €< hp+2c,+2r, —3 then p({+1)—p(l) = r, — f%(ﬁ— (hn+2c,+1))].

Proof. The proof of Lemma 3.12 holds here except we do not get a word of form (ii7),,. O
Lemma 3.14. If m, < { < cyy1, then p({ +1) —p(¢) = 1.

Proof. Proposition 3.9 gives only the word 1¢ of length ¢ > m,,. O

3.3. Counting words in the language of extremely elevated staircases

Proposition 3.15. IfT is an extremely elevated staircase transformation and ¢, < q < ¢py1, then
p(q@) < plen) + (¢ —cn)(rn +1) < g(rn +1).

Proof. From Lemmas 3.10-3.14, for ¢;, < ¢ < ¢;41 it always holds that p(¢+ 1) — p(¢) < rp, + 1 s0

p(q) = plea) + Z (C+1) = p(£) < plen) + (@ — o) (ra + 1)
l=c,
and, since r,, < r, for all m < n,,

Cn Cn

p(cn) = (p(f + 1) - p(ﬁ)) < (rn + 1) = Cn(rn + 1) O
=1 =1

Proposition 3.16. For an extremely elevated staircase transformation, p(my) > hpi1.

Proof. By Lemma 3.10, p(c, +r,,) — p(cn) = 37 (rn 4+ 1). There are 7, — 2+ ZQ(T"Q)(TH —[5]) words
from Lemmas 3.12 and 3.13 of lengths h,, + 2, +2 < ¢ < h,, + 2¢,, + 27, — 3, therefore p(h,, + 2¢,, + 21, —
2) — p(hp +2¢, + 1) = r2 — 4. By Lemma 3.11, p(hy,, +2¢, + 1) — p(c, + rn) =(rp+1)(hn+cn—10+2)
S0
1
p(hy + 2¢p, + 27, — 2) > irn(rn + )+ +D(hpten—rn+2)+ ’I”72L — 4> hpt. O
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4. Mixing rank-one subshifts with low complexity

Theorem 4.1. Let f : N — N be a function such that —) is nondecreasing and Y -+ T < 0 Then

there exists a (mizing) extremely elevated staircase tmnsformatzon where lim ?qu =0.

Proof. The function g(¢) = min(f(q),¢*/?) is nondecreasing as it is the minimum of two nondecreasing

£ f@ 1/2
q

functions and % is the minimum o and ¢'/* so is also nondecreasing. Replacing f(q) by g¢(q) if

necessary, we may assume that f(g) < ¢*/? for all ¢.

Note that M — 00 since it is nondecreasing and if f(q) < Cq then ) ﬁ >(1/C) Z% = oo0.

i wtf()<t 3and%(l)2t2forq2xt.

Set 71 = 2 and ¢; = 1. Given r, and ¢y, let ¢,, such that z;, <c¢, < 2,41 and set

Set 1 = 1 and choose z; such that Z

Cn
Cnt1 = My and 71 = {725 (£(+1+i)c >—‘

Since 141 > flent1) | >

- t - — 00, we have that r, nondecreasing to co.
n n

t?
tn

Let ny = inf{n : ¢, > a4} so that t,, =t for ny <n < ngqq. Since f is increasing,

=< [ — m—Am  Tmel) n—-
el Tn 1 tn71({:(nci)cnf1) el f(Cn) el t—cn_, f(Cn)
0o cp—1 " oo Mt1 cnt1 " 0o Cngpq 1 "
<> =2 2 2 T )
n=14¢=c, _1 f(g) t=1 n=n:+1l=cp_1 () t=1 fl=cp, f(g)
S 9D D) PR
- f(0) t?
t=1 /l=ux; t=1

Since hn-‘rl > rn(hn + Cn) and 2r, < hm

Cnt1 hyp + 2¢, + 2r, — 2 2(hy + cn) 1
< < _— = 7 _—9 _
hn+1 o Zn: Tn(hn + Cn) o Zn: Tn(hn + Cn) zn: Tn

and therefore 3 £ < oc. Since f(q) < 7*2,

RN R o R et

Fn - hntifl(cn - Cn—1)2 B hnC% B E - < n—1

2
Cn — Cp—1 n—1

n

as o=t < ,Cl” ~ — 0. Then the transformation 7" with cut sequence {r,} and elevating sequence {c,}

satisfies all the conditions required to be an extremely elevated staircase so Theorem 3.2 gives that T is
mixing on a finite measure space.

Given ¢, choose n such that ¢, < ¢ < ¢,+1. Using the fact that @ is nondecreasing (and so ¢ > ¢,

implies (c") < i )) and tends to infinity, by Proposition 3.15,

ple) _gqlrn+1) _ ¢ f(en) g (1 flen) 1
O Tt G ey Bt Rl ] Cowrirs 1702—;1“)
g (1 flg 1 11
< f(q)(tn R —+2) = o ToE +2f(q) =0 0
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4.1. Even lower complexity

It is natural to wonder whether the hypothesis of Theorem 4.1 is necessary. This is, however, not the
case: there exist mixing elevated rank ones with even lower complexity.

Theorem 4.2. There exists a (mizing) extremely elevated staircase transformation where ﬁ = 00.

Proof. Fix O <e<1andsetr,=/[(n+ 1)(log( + 1)) —1 and ¢; = 1 and ¢,y = m,. As

hp > H ’I”'J > H (j + 1) = n! we have ; — 0. By the integral comparison test, Z— < oo.
Then Z b < 00 followmg the same reasoning as in the proof of Theorem 4.1. So, by Theorem 3. 2,
the extremely elevated staircase transformation T with cut sequence {r,} and elevating sequence {cn}
is mixing on a finite measure space.

Then ¢, +r, < hy, forlargensoc, = hyy_1+2¢,_1+2r,1—2 < Bhn 1. Since 1/ is a decreasing positive

function for z > 0, a Riemann sum approximation gives Zq atl q > fbill L dz =log(b+1)—log(a+1).
Employing Proposition 3.15,

=1 ™o Py 1 &
ST D Sz Dl =2 > -
q=2 p(q) n gq=cn+1 ( n g=cp +1 ’I" + 1 n Tn + 1 q=cn+1 q
Cn+1 +1 1 hn 1 (’l"n,l + ]-)hnfl
e () oz (g3,) > o )
—Z7~n+1°g en _;rn—i—lOg 3hn_1 —;rn+1°g 31
1
1 1 e _ 1) —log(3
> Z mTI 1og(n+1))1+f( og(n(log(n)) ) —log(3))
1
> 1 — log(3
Z 10g(n + 1))1+€ ( Og(n) Og( ))
1 1 1
-y B es) Y :
— (n+ 1)(log(n + 1)) log(n + 1 — (n+ 1)(log(n + 1))+
and the left sum diverges as € < 1 while the right sum converges as € > 0. O

4.2. Even lower complexity along sequences

We are able to achieve even lower complexity for mixing subshifts along a sequence of lengths:

Theorem 4.3. For every € > 0, there exists a (mixing) extremely elevated staircase transformation

plg)  _
q(logq)s 0.

where lim inf

Proof. Set a = [(1+4¢€)/€]. Since a > 1, the function z® is increasing so a Riemann sum approximation
gives 07, o> IS Yoo dp = (n— 1)1+O‘/(1+a) An easy 1nduct10n argument shows 77 o < plte,
So writing d = 1/(1 + «), we have d(n — 1)+ < 27:11 @ <nt

Construct T inductively by setting 11 =1 and ¢; = 1 and, for n > 1,

o hy,
r, =2" —1andc¢, = [W—‘

Then2%§2#+i<oo. Since

n—1 n—1 _
H (rj+1)= H 27" = 255517 we have 241" < H ri+1) < on'"

j=1 j=1
By Proposition 2.13, we then have that for some constant K, gd(n—1)"** <h,<K- 27" Then

r3 230" _ d(n — 1)1+ — 3p~ NG
?_W%O simce e :d<1fﬁ) (n71)734)00
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To see that T is an extremely elevated staircase transformation (hence is mixing on a finite measure
space by Theorem 3.2),

14+e€ 1+e€
M _ 3hy, < 3hn(n+1) _ 3(n+1)

— 0,
Cnt1 ~ Ppg1/(n+ 1)+e — 7nhn Tn

We may apply Lemma 3.14 to get p(cn11) = p(mn) + (¢ny1 — my). Then Proposition 3.15 gives

p(en+1) < Cntl (hp + 2¢n + 21, — 2)(r, + 1) < Cn4l g 2¢p, + 21, 1
thrl hn+1 (Tn + 1)hn hn+1 hn

Since log(c,) > log(hn) — (14 €)log(n) > log(24=D""") — 21og(n), using that ae > ((1+€)/€)e = e+ 1,

1 -1 14+a\e € -1 e+ae
lim in fw > liminfw(nn% > liminf%
de¢ -1 1+42¢ 1\ 1+e
> liminf(nn% zliminfd€<1— E) (n—1)° = 0.
Therefore () () L
. P(Cn . biCn) .. n
limsup ————— <limsup —~= limsup ———— <1-0=0. O
P cn(log(en))e — P hn, P cn(log(cn))e —

4.3. A lower bound on the complexity

Our constructions, however, do not attain complexity as low as ¢log(q):

Theorem 4.4. For every extremely elevated staircase transformation, lim sup qlc(ag)q =00

Cn41

Proof. Since T is extremely elevated, co > = - >3 G +1)h =3 iy L - By Proposition 3.16,

p(mn) > h7L+1 > Tn + 1
my log(my,) — 3hy,log(3h,) — 3log(3h,)

(%)

By Proposition 2.13 there exists a constant K such that h,, < KH _1 r;j 80 log(h,/K) < Z] h log(rj)

Consider first when r,, < n? for infinitely many n. Write r,, + 1 = (n + 1)log(n + 1)2,. Then z, — oo
since 3 ;- < 0o and 2, <n+ 1 as we have assumed r,, < n?,

n—1 n—1
> log(r;) = > " (log(j + 1) + log(log(j + 1)) + log(z;)) < Y _ 3log(j + 1) < 3nlog(n).
; = =1
So, as z, — 00,
lim inf ot 1 > liminf (n+1)log(n + L)zn = lim inf no_ 0.
log(hy,) 9Inlog(n) 9

Now consider when r,, > n? for all sufficiently large n. Then as log(z) < /3 for large = and log(h,,) <
nlog(n + 1) + log(K), as r, is increasing,

2/3 4/3
n 1 . . n 1 . . n . .
lim inf Tn + > liminf L > liminf ——— = liminf In_ > lim inf o 0.
IOg(hn) n log(rn + 1) nr}l/?’ n n
In both cases, we have lim inf % — 00. By equation (x), this completes the proof. O

4.4. Linear complexity is unattainable even along a sequence

Though the complexity along a sequence can be lower than glog(g), it cannot be linear:

Theorem 4.5. For every extremely elevated staircase transformation, lim 2 (qq) = 00.

- 10 -
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Proof. Let € > 0. Then there exists IV such that for n > N, we have °”+7" < € (since T is on a finite
measure space) and 7, > 1/e (since 1, — oo is necessary for T to be mlxmg).

For ¢ > my_1, choose n > N such that m,_1 < ¢ < m,,.
If my—1 < q < 2(¢y, + 1) then, using Proposition 3.16,

q  2(cnt+rn) T 20en+rn) T 26

p(q) S p(Mmp—1) - ho, 1

For ¢, + r,, < g < hy + 2¢,,, by Lemma 3.11, p(q) — p(cn +10) = (¢ — ¢ — )7y Then for 2(c,, +1,) <
q<hn,+2c,+1,
pa) o

(qfcnfrn)rn > (17 Cn +7Tn
qa q -

) > 1 >—1
T =T .
q "= T 9

For h,, + 2¢, + 1 < g < my, we have p(q) > p(h,, + 2¢,,) > (hp + ¢, — 7). Provided e < 1/4, we have
(I—€)/(142¢) > 1/2 so for hy + 2¢, < g < My,

o 1 + Cn_rn o
p(q) > (hn 4+ —Tn)rn s l—¢ 1 > i
q My 14—2““%—1 1+2 € 2
Taking € — 0 then gives (—) — oo as for all sufficiently large g we have Tq) > 2% O

A. Mixing for extremely elevated staircase transformations

For our proof of mixing, we do not need the full strength of extremely elevated staircase transformations
and so will define a more general class:

Definition A.1. A rank-one transformation is an elevatgd staircase transformation when it has
nondecreasing cut sequence {r,} tending to infinity w1th — 0, and spacer sequence given by s, ; =

¢n+ifor 0 <i<r, and s,,, =0 for some sequence {c,} such that ¢,41 > ¢ + 7 and Y, S trn +T" < 0.

This is the same class as the more natural s,,; = e, + ¢ for a sequence {e,} required to satisfy no
condition beyond e, > 0 (and > i > j<n€j < 00 to ensure finite measure). In particular, traditional
staircases, corresponding to e,, = 0, are in the class of elevated staircase transformations.

Proposition A.2. Let {e,} be a sequence of nonnegative integers. Let T be the rank-one transformation
with cut sequence {r,} and spacer sequence {5,;} given by 3,; = e, +1i for 0 < i < r,. Let T be
the rank-one transformation with cut sequence {r,} and elevating sequence {c,} given by ¢1 = e1 and
Cntl = €py1 + 2;;1(6]' +7j) = ent1 + ¢ + 1 and spacer sequence given by s, ; = cp+1 for 0 <i <y,
and sy, =0. Then T and T generate the same subshift (and are measure-theoretically isomorphic).

Proof If B,, are the words representing the 3, ; construction and B,, those of T' then By = By =0 and

Bhi1 =112, B,1¢n" and B,, = (HT"*1 B,1¢nt)B,, and we claim that By41 = Byyq12=16773) for
all n > 1. The base case is

T1 7‘1—1 7‘1—1
By = HBlleﬁri _ ( H Blle1+i)31161+n _ ( H Bllcl+i)Bllel+r1
i=0 i=0 i=0

as claimed since ¢; = e;. Assume the claim holds for n and then

Tn+1 7‘n+1*
Bn+2 = H Bn+116n'+l+i = ( H B 1€”‘+1+i)én+116"'+1+Tn+1
=0
Trt1—1

H B _HlZl 1(ej+r_f)+en+1+i)Bn+112;":1(e_7»+rj)+en+1+rn+l

- 11 -
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’l‘n+171

, ntlg 4o
H Bn+1].c"+1+l)Bn+1].zj:1 (ej+75)
=0

so the claim holds for all n. As this means every subword of B,, is a subword of B,, or Bp+1 and
conversely (with B, rather than B, 1), the languages of the transformations are the same. O

The proof of mixing is very similar to that of [CS04] for traditional staircases; our proof is self-contained.

Theorem 3.2 is a special case of:

Theorem A.3. Every elevated staircase transformation is mizing (on a finite measure space).

‘2
Remark A.4. The requirement that —" — 0 is not necessary but one would need to bring the more
complicated and technical techniques of TCSlO in to prove it.

The remainder of the appendix is devoted the proof of Theorem A.3.

Proposition A.5. Every elevated staircase transformation is on a finite measure space.

Proof. Writing S,, for the union of the spacers added above the n!* column,

1 T 1rp(r,—1) Cn+Tn
= — — = — < = -
w(Sn) = (cnrn + 2rn(rn D)p(Inet) <Cn — + 5 i1 ) w(l,) < I w(Ch),

and therefore 1(Cr1) = p(Cr) + u(Sp) < (14 22 ) u(Cy).. Then p(Crr) < [Tj=y (14 ZE2) u(Ch),
meaning that log(1(Chn+1)) < log(u(Ch)) +327_, log(1 + %) As egffa — 0, since log(1 + x) ~ « for
x =~ 0, lim, log(u(Crt1)) S log(p(Cy)) + Z]o‘;l % < 0o gives that T is on a finite measure space. [

From here on, assume that all transformations 7" are on probability spaces.

Lemma A.6. Let T be any rank-one transformation and B be a union of levels in some column Cy.
Then for anyn > N, 0<a < hy, and 0 <1i <r,,
1

19 A B) — w1 yu(B) =
p( Ly N B) = p(1, ) u(B) |

(1(In,a N B) = p(Ina)pu(B)).

Proof. Since B is a union of levels in Cy, it is also a union of levels in C,,. Therefore I,,, C B or
Ina N B = 2. When I, € B, we have u(Ifk 1 B) = (i) = igullna) = 725n(ln. 1 B) and

when I, , N B = @, we have u(I%, N B) =0 = p(I,.. N B). O

Lemma A.7. Let T be an elevated staircase transformation with height sequence {hy}. Let I, , be the
ath level in the nt" column C,, for T. Let B be a union of levels in a column Cn with N < n. Then for
k such that ki + $k(k —1) < a < hy,

% + 2
ZXBOT"” R — )(B) dp+ 2 (1),

l(TF0nten) (1, ) B) = p(In.o)u(B)] < / ntl

In,a

T+ 1
Proof. Write I,, , as a disjoint union of all the sublevels of I,, , so that

(THnF ) (1,0) 0 B) = (L) B)| = |ZH (TPt (1,) 0 B) = L), p(B)-

Now for i < r, T (If) = T=i=en (155Y) and so Tho+en (1}),) = T=1(1%5"). Applying this & times,
for i < r, — k, we get ThUmten)(1H)) = p=i=(+ D)= —(ith=)([TFY = p—ki=3k(=1)([TH) g for

- 12 -
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ki+ik(k—1)<a<hy,

Tn

(T (L 0) 0 B) = plLna)p(B)| = | ) (T + e )(11),) 0 B) — (1)) u(B))

=0
rn—(k+1) ki1
< T—ki=5k(k=1) ([li+Ky A BY — (TR (B L.
I3 wr DA 0 B) B + L)
rn—(k+1)
= [i+F] [i+] kE+1
= > T i tage—ry OV B) = (L, gy (B TnJrlM(Ima)-
=0
By Lemma A.6 then
u(TFPten) (1, ) OV B) — (L) 10(B))|
rn—(k+1)
! k+1
< |Tn +1 ; N(In,afkifék(kfl) mB) _M(In,afki—%k(kfn),u(B” + mﬂ(-[n,a)
n_(k"l‘l)
1" . ka1
= Tki=3k (=1 (7, )N B) — (L 0) (B Ina
T X AT 0 B) B + )
1 & n k1
< T—kz—fk(k—l) I, )N B) — u(l, . B D) I
_|Tn+1;u( (In.a) N B) = plna)n(B)| + 2. — = o)
1 - 2% + 2
< T—ki—kG=1) _ 3|4 I, -
—/ rn+1;XBO : wB)|dp+ = ilIna)
e -

Definition A.8. A sequence {t,} is mixing for 7" when for all measurable sets A and B,

lim p(T"ANB) = u(A)u(B).

n— oo

Definition A.9 ([CS04]). A sequence {¢,} is rank-one uniform mixing for 7' when for every union

of levels B,
B —1

3 tn _ —
Jim Z;) (T (In.a) N B) = p(Ln.a) p(B)] = 0.

Proposition A.10 ([CS04]). If {t,} is rank-one uniform mizing for T, then {t,} is mizing for T.
Proof. Every measurable set can be arbitrarily well approximated by a union of levels. O

Theorem A.11. Let T be an elevated staircase transformation with height sequence {h,} and k € N
such that T* is ergodic. Then the sequence {k(hy, + c,)} is rank-one uniform mizing for T.

Proof. By Lemma A.7, for a such that ki + 1k(k — 1) < a < hy,, since ki + $k(k — 1) < kry, + k2,
hp—1

Z |U(Tk(hn+cn)(ln,a) N B) — u(In,a)(B)]
a=0

hn,—1

< (bt + L)+ > (/I

a=krp+r2

< (ko + K2)u(L) + /

1 - 2k + 2
T*kl**k(kfl) _ B ‘d I
TnJrl;XBO 2 w(B)|dp+ S lln.a)

g ki k(b 2%k +2
> xpoT Rk ”—u(B)‘dquhn () p(In),
=0

rn+ 1 Tt 1

- 13-
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using that the levels are disjoint. Clearly (kr,, +k?)u(l,) < khﬁ + 5—2 — 0 and h, Ekﬁu(ln) < fkﬁ — 0.

That T is measure-preserving and the mean ergodic theorem applied to T* give

/

1
T +1

o —ki—1 _ 1 g —ki
ZXBOT Wi g h(k 1)_M(B’|d/$§/‘mZXBOT F _N(B)‘dﬂ
i=0 n i=0

s(/

Corollary A.12. If T is an elevated staircase transformation then T* is ergodic for each fized k.

1 ' ) 2 1/2
+IZXBOT_I“—M(B)‘ d,u) —0. O
i=0

Tn

Proof. Using Theorem A.11 with k = 1, since T is ergodic we have that {h, + ¢, } is uniform mixing,
hence mixing by Proposition A.10. The existence of a mixing sequence for T implies T is weakly mixing
hence each power of T is ergodic. O

Lemma A.13. Let T' be a rank-one transformation and {c,} a sequence such that ;> — 0. If ¢ € N
and {q(hyn, + cn)} and {(g+ 1)(hy, + ¢,)} are rank-one uniform mizing and {t,} is a sequence such that
q(hn +cn) <tn < (q+ 1) (hyp + ¢pn) for all n then {t,} is rank-one uniform mizing.
Proof. For 0 < a < q(hy, +¢n) — tn + by, we have 0 < t,, — q(hy +¢p) < tn +a—qlhp + ¢n) < hy, 0O
T (In,a) = Ttn+a(ln,0) = Tq(hn+an)(In,tn+a7q(hn+cn))-
For (g + 1)(hp +¢n) —tn < a < hy, we have 0 < ¢, +a— (¢+ 1)(hn + ¢n) < a < hy, so
T (In,a) = T (In0) = TODOF (4o i1y (hten))-

For a union of levels B in Cy and n > N,

hp—1

Z |/~L(Tt" (]n,a n B) - M(Ima)M(B)l
a=0
Q(hn"l‘cn)_tn"rhn_l
< Z |/L(Tq(hn+cn)ln,tn+a—q(hn+cn) N B) = p(Ln)w(B)| + cnp(In)
a=0
hn—1
+ Z |M(T(q+1)(thrcn)In,tn-i-a—(Q-i-l)(hn-‘rcn) N B) — u(In)u(B)|
a=(q+1)(hntcn)—tn
hn—1
< Y (@t ren) 1, 0 B) = (L) u(B)] + enpa(1n)
b=0
hn—1
+ > @ @Bt 1A B) — (T u(B)| — 0
b=0
since {q(hn +cn)}, {(g+ 1)(hn + ¢,)} are rank-one uniform mixing and cpp(l,) < 3= — 0. O

Proposition A.14. Let T' be a rank-one transformation and {c,} a sequence such that ;> — 0. If
k € N and {q(hy + cn)} is rank-one uniform mizing for each ¢ < k+1 and {t,} is a sequence such that

ho +cn <t, < (k+1)(hy, +cpn) for all n then {t,} is mizing.

Proof. Since t, < (k+ 1)(hy, + ¢,), there is some ¢, < g such that g, (h, +¢n) <t < (gn + 1)(hn + cn)-
Let {t,;} be any subsequence of {t,}. Since g, < k for all n and ¢ is fixed, there exists a further
subsequence {tnjk} on which gy, is constant. By Lemma A.13 and Proposition A.10, {tnjk} is mixing.
As every subsequence of {t,} has a mixing subsequence, {t,} is mixing. O

- 14 -
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Lemma A.15. Let T be a measure-preserving transformation. If for each fived £ € N, {{t,} is mizing,

L
then for any € > 0 there exists L and N such that for allm > N, f\ XB o T *n — u(B)|du < e.

Proof. Take L > 2/¢? and N so that |u(T%" (B) N B) — u(B)u(B)| < €2/2 for £ < L and n > N. Then

L L
1 1 r
/‘Z D xpoT ™ u(B)‘ dp = 75 > W@ (B)N B) — w(B)u(B)
m=1 r,m=1
L—1
1 1 L—
< —+ - —%(T“w (B)NB) — (B)u(B) < 26%/2 = ¢
L L — L
L
so, by Cauchy-Schwarz, [ |+ > xpo T~ — u(B)|dpu < Ve =e. 0
=1

Lemma A.16 (Block Lemma [Ada98]) For T measure-preserving and R, L,p € N with pL < R,

L—
fIR xoT’“Idu<f|L xoTpeldu+po|x\du

R-1 prl-1
Proof. O§prLLp£LJ§p7 so [ |5 20 xoT "|du < B +f|R Z x o T "|du and
pLL & -1 R -1 po1 . -1
173 pL| ] 1 = 11 P .
% et =S [l ¥ gy [rerrertery,
/R = R Lol w2 Pk im
1 Lp%J_llpfl =
Sty 2 2 [pXxer e oT"“’L!du
STE
7778 R e £=0

1

L— -1
1 74 14
/ E xo T P ldu = /‘ XoTp
Lz:o L

Proposition A.17. Let T be a rank-one transformation and {c,} a sequence such that ;n — 0. If

dp. O

{q(hn + cn)} is rank-one uniform mixing for each fized q and k,, — oo is such that %” <1 then

n—1
/’lE XOT*jkn
n “
Jj=0

This condition is called power ergodic in [CS04] and [CS10].

Proof. For each n there exists a unique m such that h,, +c¢,, <k, < b1 +6my1. Let p, be the smallest
integer such that p,k, > i1+ Cmy1. Suppose prkn > 2(hmi1 + cmy1). Then (B)ky > hpyr + gt
If p, is even, p, > &, which contradicts that p,, is the smallest integer such that p,k, > i1 + Cmg1.
If p,, is odd, p,, > p”;'l, which contradicts that p,, is smallest such that p,k, > hy41+cmy1. In the case
when p,, = 1, then &k, > 2(hy41 + ¢my1) with &y, = Ryng1 + G, contradicting that &y, < Rppg1 + Cmta-
S0 prkn < 2(hmi1 + Cmt1)- Set €y, = ppkn. Then hpi1 + ¢my1 <t < 2(Amt1 + ¢my1). For each fixed
¢ then (hy, + cm) < Lty < 20(hy, + ) s0 {€t,} is mixing by Proposition A.14.

L
Fix € > 0. By Lemma A.15, there exists L and N such that for n > N, [ |1 > xo T “»|du < e. By
i=1
Lemma A.16,

/’, XOT Jkn

n L
dp+ P e g Pn
n

du</‘7 XOT Lpnkn

pnL 1=
— —Lty
dqu /’L;OXOT

- 15 -
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Since % <1 gives ™= = Tmkn < Tm < Tm 4 ()

nky, kn hom
Pn _ Pnkn < 2(hms1 + Cmt1) < 4 (rm + D) (hm + cm +1m) _ 47“7m(1+ Tm ) 0
n nk, n(hm + cm) n (hm + cm) n R + Cm
n—1 n—1
so limsup,, [ | 3 x o T77%»|dy < e. As this holds for all € >0, [ |1 > yoT 7% |du — 0. O
Jj=0 j=0

Theorem A.18. Let T be an elevated staircase transformation with height sequence {h,} such that

% — 0. Let {t,} be a sequence such that (h, + ¢n) <t < (hpt1 + cnt1). Then {t,} is mizing.

Proof. By Corollary A.12, T* is ergodic for each fixed k. Then by Theorem A.11, the sequence {k(h,, +
¢n)} is rank-one uniform mixing for each fixed k. By Proposition A.14, if there exists a constant k such
that (hp+c,) < tn < k(h,+cp), then {t,} is mixing, so writing t,, = ky, (hn+cpn)+2, for 0 < z, < hp+c,
we may assume k,, — 00.

For 0 < a < hy, — 2, we have T' (I, ,) = Tk"(h"+c"')(ln7a+zn) and for h, + ¢, — 2z, < a < hy,,

Ttn (In a) — Ttn+a(] 0) — Tkn(hn"l'cn)"!‘zn"!‘a(ln O) — T(kn‘i‘l)(hn"!‘cn)(]n Atz —ho—c )

n!

For a union of levels B in Cy and n > N,

o —1
Z ((T* (In,a) N B) = p(Ip,a) (B)]
a=0

hp—2zpn—1 hn—1

< > T (Ina) N B) = plIna)u(B)| + cap(L) + > (T (1) N B) = p(In.a) (B
a—0 a=hp+cn+zn
hp,—1
< (@ Pnren) (1, ) 0 B) = (L ) B)] + cnp(In) (*)
b=0
hn—1
+ ) (@Dt (1 )N B) = (1) (B))- (%)
b=0

We show that sum (%) tends to zero:

hn—1 hn—1 r,—kn,

ST e (1, ) A B) — u(Lup)u(B) < 3 | ST (@ tered (1) By — (1P u(B)| (1)
b=0 1=0

b=0
hp—1 Th

2 c % 4
L Y p@ e (LR) N B) — u(ly,)u(B)). (1)
n b=0 i=rp—kn+2
For the sum (}),
hpn—1 7ry—kn

i i 1
ST S (ke et (18 A By — (1 )u(B)| < <7~nkn + gk (kn — 1)) ()
b=0 =0

hn—1 Ty —kn
+ > | > (ke ete)(15) 0 B) = w(1L, ) u(B)),
b=rnkn+3ikn(k,—1) =0
and, by Lemma A.6,

hp—1 T —kn
S Y w0t (1) B) - w1 u(B)
b=rnkn+3kn(kn—1) =0
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hn—1 Tn—kn

1 —q 1 —
=Y g X @RI, 0 B) — a(L)u(B)
b=rpkn+ikn(kn—1) i=0

rn—k
1 — 1
< T_knz_§kn(kn_1)_ B)ldu — 0
<[l & e 59

by Proposition A.17 as k,, < 7, + 1. Since k,, < 1y, Tnky + $kn(ky, — 1) < 2r2 and since
assumption, (rnkn + $kn(kn, — 1))p(I,) — 0. So sum (}) tends to zero.

For the sum (}): for r, —k,+2 < i < rp,+1and k, < r,, since Z—i — 0 we have ky,(hp+cp)+i(hn+cn) >
(rn + 2)(hn + Cn) = hn+1 + hy + 2¢p, — %Tn(rn - 1) > hn+1 50

Thelnten) () = T (L i e+ 3i-1)

_ pkn(hntcen)ti(hnten)+4i(i—1 __ mh
=T n(hnten) nen)tai )(In+1,b) =T+ (In+1,b+hn+26n7%rn(rn71))'

Therefore, the sum (}) satisfies

hpn—1 T hpt1—1
S ket 1By By wIP)uB) < 3T (T (I ) N B) — pl(Lng1y)(B))|
b=0 i=r,—kn+2 y=0

which tends to zero as {h,} is rank-one uniform mixing.

Since (1) and (f) tend to 0, we have that (%) tends to zero. The same argument with %, + 1 in place of
ky, shows that (sx) tends to zero. As c,u(l,) < 7= — 0, this shows {¢,,} is rank-one uniform mixing. [

Proof of Theorem A.3. By Proposition A.5, T is on a finite measure space. Let {t,,} be any sequence.
Set py, such that hy,  +cp, <ty < hp, 41+ Cp, +1. Choose a subsequence {t,; } of {t,,} such that p,,
is strictly increasing. Then 3 {g,} with hy, + ¢, < ¢ < hpy1 + ¢uy1 such that {t,,,} is a subsequence of
{an} (take {gn} = {tm, } U{hn +ca| n s.t. Vj, pm; # n}). Theorem A.18 gives {g,} is mixing so {t,,,}
is. As every {t,,} has a mixing subsequence, T is mixing. O

Acknowledgements We wish to thank the referee for helpful suggestions regarding terminology and
organization of the results.
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